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Preface

This is a book on linear algebra and matrix theory. While it is self contained, it will work
best for those who have already had some exposure to linear algebra. It is also assumed that
the reader has had calculus. Some optional topics require more analysis than this, however.

I think that the subject of linear algebra is likely the most significant topic discussed in
undergraduate mathematics courses. Part of the reason for this is its usefulness in unifying
so many different topics. Linear algebra is essential in analysis, applied math, and even in
theoretical mathematics. This is the point of view of this book, more than a presentation
of linear algebra for its own sake. This is why there are numerous applications, some fairly
unusual.

This book features an ugly, elementary, and complete treatment of determinants early
in the book. Thus it might be considered as Linear algebra done wrong. I have done this
because of the usefulness of determinants. However, all major topics are also presented in
an alternative manner which is independent of determinants.

The book has an introduction to various numerical methods used in linear algebra.
This is done because of the interesting nature of these methods. The presentation here
emphasizes the reasons why they work. It does not discuss many important numerical
considerations necessary to use the methods effectively. These considerations are found in
numerical analysis texts.

In the exercises, you may occasionally see 1 at the beginning. This means you ought to
have a look at the exercise above it. Some exercises develop a topic sequentially. There are
also a few exercises which appear more than once in the book. I have done this deliberately
because I think that these illustrate exceptionally important topics and because some people
don’t read the whole book from start to finish but instead jump in to the middle somewhere.
There is one on a theorem of Sylvester which appears no fewer than 3 times. Then it is also
proved in the text. There are multiple proofs of the Cayley Hamilton theorem, some in the
exercises. Some exercises also are included for the sake of emphasizing something which has
been done in the preceding chapter.
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Chapter 1

Preliminaries

1.1 Sets and Set Notation

A set is just a collection of things called elements. For example {1,2,3,8} would be a set
consisting of the elements 1,2,3, and 8. To indicate that 3 is an element of {1,2,3,8}, it is
customary to write 3 € {1,2,3,8}. 9 ¢ {1,2,3,8} means 9 is not an element of {1,2,3,8}.
Sometimes a rule specifies a set. For example you could specify a set as all integers larger
than 2. This would be written as S = {x € Z: x > 2}. This notation says: the set of all
integers, z, such that z > 2.

If A and B are sets with the property that every element of A is an element of B, then A is
a subset of B. For example, {1,2,3,8} is a subset of {1,2,3,4,5,8}, in symbols, {1,2,3,8} C
{1,2,3,4,5,8}. It is sometimes said that “A is contained in B” or even “B contains A”.
The same statement about the two sets may also be written as {1,2,3,4,5,8} 2 {1, 2, 3,8}.

The union of two sets is the set consisting of everything which is an element of at least
one of the sets, A or B. As an example of the union of two sets {1,2,3,8} U{3,4,7,8} =
{1,2,3,4,7,8} because these numbers are those which are in at least one of the two sets. In
general

AUB={zx:x € Aorxz € B}.

Be sure you understand that something which is in both A and B is in the union. It is not
an exclusive or.

The intersection of two sets, A and B consists of everything which is in both of the sets.
Thus {1,2,3,8} N{3,4,7,8} = {3,8} because 3 and 8 are those elements the two sets have
in common. In general,

ANB={x:zx€ Aand z € B}.

The symbol [a,b] where a and b are real numbers, denotes the set of real numbers z,
such that a < < b and [a,b) denotes the set of real numbers such that a < z < b. (a,b)
consists of the set of real numbers x such that a < x < b and (a,b] indicates the set of
numbers z such that a < x < b. [a,00) means the set of all numbers z such that z > a and
(—00, a] means the set of all real numbers which are less than or equal to a. These sorts of
sets of real numbers are called intervals. The two points a and b are called endpoints of the
interval. Other intervals such as (—oo, b) are defined by analogy to what was just explained.
In general, the curved parenthesis indicates the end point it sits next to is not included
while the square parenthesis indicates this end point is included. The reason that there
will always be a curved parenthesis next to co or —oo is that these are not real numbers.
Therefore, they cannot be included in any set of real numbers.

A special set which needs to be given a name is the empty set also called the null set,
denoted by @. Thus () is defined as the set which has no elements in it. Mathematicians like
to say the empty set is a subset of every set. The reason they say this is that if it were not
so, there would have to exist a set A, such that () has something in it which is not in A.
However, () has nothing in it and so the least intellectual discomfort is achieved by saying
0 C A.

If A and B are two sets, A\ B denotes the set of things which are in A but not in B.
Thus

A\B={x€ A:z ¢ B}.

Set notation is used whenever convenient.

1.2 Functions

The concept of a function is that of something which gives a unique output for a given input.

9
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Definition 1.2.1 Consider two sets, D and R along with a rule which assigns a unique
element of R to every element of D. This rule is called a function and it is denoted by a
letter such as f. Given x € D, f () is the name of the thing in R which results from doing
f tox. Then D is called the domain of f. In order to specify that D pertains to f, the
notation D (f) may be used. The set R is sometimes called the range of f. These days it
is referred to as the codomain. The set of all elements of R which are of the form f (x)
for some © € D 1is therefore, a subset of R. This is sometimes referred to as the image of
f. When this set equals R, the function f is said to be onto, also surjective. If whenever
x # y it follows f(x) # f(y), the function is called one to one. , also injective It is
common notation to write f : D — R to denote the situation just described in this definition
where f is a function defined on a domain D which has values in a codomain R. Sometimes

you may also see something like D s R to denote the same thing.

1.3 The Number Line and Algebra of the Real Num-
bers

Next, consider the real numbers, denoted by R, as a line extending infinitely far in both
directions. In this book, the notation, = indicates something is being defined. Thus the
integers are defined as

Z={--—1,01,---},

the natural numbers,
N={1,2,---}

and the rational numbers, defined as the numbers which are the quotient of two integers.
m
Q E{— such that m,n € Z,n # 0}
n

are each subsets of R as indicated in the following picture.

A

-4 -3 -2 -1 0 1 2 3 4
I
[

Y

As shown in the picture, % is half way between the number 0 and the number, 1. By
analogy, you can see where to place all the other rational numbers. It is assumed that R has
the following algebra properties, listed here as a collection of assertions called axioms. These
properties will not be proved which is why they are called axioms rather than theorems. In
general, axioms are statements which are regarded as true. Often these are things which
are “self evident” either from experience or from some sort of intuition but this does not

have to be the case.
Axiom 1.3.1 z +y =y + x, (commutative law for addition)
Axiom 1.3.2 x + 0=z, (additive identity).

Axiom 1.3.3 For each x € R, there exists —x € R such that x + (—x) = 0, (existence of
additive inverse).

Axiom 1.3.4 (x4 y)+z=2x+ (y + 2), (associative law for addition).
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Axiom 1.3.5 zy = yx, (commutative law for multiplication).
Axiom 1.3.6 (zy)z = z (yz), (associative law for multiplication).
Axiom 1.3.7 lz = x, (multiplicative identity).

Axiom 1.3.8 For each x # 0, there exists 1 such that xx—! = 1.(existence of multiplica-
tive inverse).

Axiom 1.3.9 z (y + z) = xy + zz.(distributive law).

These axioms are known as the field axioms and any set (there are many others besides
R) which has two such operations satisfying the above axioms is called a field. Division and
subtraction are defined in the usual way by x —y =+ (—y) and z/y = (y‘l) . We assume
0 # 1 so that the axioms will describe someting useful.

Here is a little proposition which derives some familiar facts.

Proposition 1.3.10 0 and 1 are unique. Also —z is unique and x~' is unique. Further-
more, 0z = 20 =0 and —x = (—1) x.

Proof: Suppose 0’ is another additive identity. Then
0=0+0=0.
Thus 0 is unique. Say 1’ is another multiplicative identity. Then
1=11=1".
Now suppose y acts like the additive inverse of . Then

—r=(-2)+0=(-2)+(@+y) =(-z+2)+y=y

Finally,
0x = (0+0)z = 0x + Oz
and so
0= —(0z) 4+ 0z = — (0z) + (0z + O0z) = (— (0x) + Oz) + Oz = Ox
Finally
z+(-1)za=01+(-1)xz=0x=0
and so by uniqueness of the additive inverse, (—1)z = —z. B

1.4 Ordered Fields

The real numbers R are an example of an ordered field. More generally, here is a definition.

Definition 1.4.1 Let F be a field. It is an ordered field if there exists an order, < which
satisfies

1. For any x,y, exactly one of the following holds: x =y, x <y, ory < x.
2. If x <y and either z < w or z = w, then, v+ z < y + w.

3. If 0 < x,0 <y, then zy > 0.
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With this definition, the familiar properties of order can be proved. The following
proposition lists many of these familiar properties. The relation ‘e > b’ has the same
meaning as ‘b < a’.

Proposition 1.4.2 The following are obtained. Recall —x 1is the symbol for the additive
inverse of x.

1. Ifr<yandy < z, then x < z.
Ifx >0 andy >0, then x +y > 0.
If x > 0, then —x < 0.

If x # 0, either x or —x is > 0.
If x <y, then —x > —y.

If x # 0, then 2% > 0.

RS TNk

If0<z<ythenaz™t >y L

Proof: First consider 1, called the transitive law. Suppose that © < y and y < z. Then
from the axioms, x + y < y + z and so, adding —y to both sides, it follows

x <z
Next consider 2. Suppose = > 0 and y > 0. Then from 2,
0=04+0<x+y.
Next consider 3. It is assumed x > 0 so
O=—-—24+2>0+(—2)=—z
Now consider 4. If x < 0, then
O=z+4(—2z) <0+ (—z) = —x.
Consider the 5. Since x < y, it follows from 2
O=z+(—2)<y+ (-2
and so by 4 and Proposition 1.3.10,
(=D +(-2) <0
Also from Proposition 1.3.10 (—1) (—z) = — (—z) = « and so
—y+x<0.

Hence
-y < —.

Consider 6. If x > 0, there is nothing to show. It follows from the definition. If x < 0,
then by 4, —z > 0 and so by Proposition 1.3.10 and the definition of the order,

(—z)* = (=1)(-1)2%> >0
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By this proposition again, (—1) (=1) = — (=1) = 1 and so 22 > 0 as claimed.

Note this shows that 1 > 0 because 1 equals 12.

Finally, consider 7. First, if # > 0 then if 27! < 0, it would follow (—1)z~! > 0 and so
z(=1)z7! = (=1)1 = —1 > 0. However, this would require

0>1=12>0

from what was just shown. Therefore, x=! > 0. Now the assumption implies y + (—1)x > 0

and so multiplying by 7!,

yr b+ (—Dazz ™ =y2~ 4+ (=1) >0

1

Now multiply by y~!, which by the above satisfies ¥~ > 0, to obtain

Tt (-D)yt>0

and so
-1 -1
z >y . 1

In an ordered field the symbols < and > have the usual meanings. Thus a < b means
a < borelse a =0, etc.

1.5 The Complex Numbers

Just as a real number should be considered as a point on the line, a complex number is
considered a point in the plane which can be identified in the usual way using the Cartesian
coordinates of the point. Thus (a,b) identifies a point whose x coordinate is a and whose
y coordinate is b. In dealing with complex numbers, such a point is written as a + ib and
multiplication and addition are defined in the most obvious way subject to the convention
that i2 = —1. Thus,

(a+ib)+ (c+id)=(a+c)+i(b+d)

and
(a4 ib) (¢ + id) = ac + iad + ibc + i*bd = (ac — bd) + i (bc + ad) .

Every non zero complex number, a+ib, with a?+b% # 0, has a unique multiplicative inverse.

1 a—1b a . b

atib aZ+b2  aZ 02 _Za2+b2'

You should prove the following theorem.

Theorem 1.5.1 The complex numbers with multiplication and addition defined as above
form a field satisfying all the field axioms listed on Page 10.

Note that if = + iy is a complex number, it can be written as

x+iy\/x2+y2<

x . Yy
+

Now (’" —~Z_ | is a point on the unit circle and so there exists a unique 6 € [0, 27)
[224y2 " \/z24y2 ’

such that this ordered pair equals (cosf,sind). Letting r = /22 + y2, it follows that the
complex number can be written in the form

x4 iy =1 (cosf + isinf)
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This is called the polar form of the complex number.

The field of complex numbers is denoted as C. An important construction regarding
complex numbers is the complex conjugate denoted by a horizontal line above the number.
It is defined as follows.

a+1b=a—ib.

What it does is reflect a given complex number across the x axis. Algebraically, the following
formula is easy to obtain.
(a+ib) (a+ib) = a® + b°.
Definition 1.5.2 Define the absolute value of a complex number as follows.
la +ib] = Va? + b2.
Thus, denoting by z the complexr number, z = a + b,
|2 = (22)"/*.

With this definition, it is important to note the following. Be sure to verify this. It is
not too hard but you need to do it.

Remark 1.5.3 : Let z = a+ib and w = c+id. Then |z —w| = \/(a — )+ (b—d)*. Thus
the distance between the point in the plane determined by the ordered pair, (a,b) and the
ordered pair (c,d) equals |z — w| where z and w are as just described.

For example, consider the distance between (2,5) and (1,8) . From the distance formula
this distance equals \/(2 —1)® + (5 — 8)% = V/10. On the other hand, letting z = 2 + i5 and
w=14+148, z—w=1—-i3and so (z —w) (z —w) = (1 —i3) (1 +¢3) = 10 so |z — w| = V10,
the same thing obtained with the distance formula.

Complex numbers, are often written in the so called polar form which is described next.
Suppose = + iy is a complex number. Then

z+iy=\/x2+y2<

z . Y
+1 .
/l'Q + y2 /1'2 + y2>
Now note that
2 2
x n Yy 1
/1‘2 + y2 /372 + y2

and so

x Y
\/12+y2’ \/x2+y2

is a point on the unit circle. Therefore, there exists a unique angle, @ € [0,27) such that

cosf = sinf =

x y
e TEe
The polar form of the complex number is then

r (cosf + isinf)

where 6 is this angle just described and r = /22 + y2.
A fundamental identity is the formula of De Moivre which follows.
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Theorem 1.5.4 Let r > 0 be given. Then if n is a positive integer,
[r (cost +isint)]" = r™ (cosnt + isinnt).
Proof: It is clear the formula holds if n = 1. Suppose it is true for n.

n+1 _

[r (cost + isint)] [r (cost +isint)]" [r (cost + isint)]

which by induction equals
= "1 (cosnt + isinnt) (cost + isint)

= "1 ((cosnt cost — sinntsint) + i (sin nt cost + cosnt sint))
=" (cos(n + 1)t +isin(n+1)t)
by the formulas for the cosine and sine of the sum of two angles. B

Corollary 1.5.5 Let z be a non zero complex number. Then there are always exactly k k"
roots of z in C.

Proof: Let z = x + iy and let z = |z| (cost + isint) be the polar form of the complex
number. By De Moivre’s theorem, a complex number,

r(cosa +isina),
is a k' root of z if and only if
¥ (cos ka + isinka) = |z| (cost 4 isint).

This requires % = |z| and so r = \z|1/k and also both cos (ka) = cost and sin (ka) = sint.
This can only happen if

ka=t+2r
for [ an integer. Thus
t+ 21

and so the k" roots of z are of the form

2 2
\z|1/k (cos (t+k lﬂ) + isin (t+k lﬂ)) ,leZ.

Since the cosine and sine are periodic of period 2w, there are exactly k distinct numbers
which result from this formula. l

Example 1.5.6 Find the three cube roots of i.

First note that i = 1 (cos (3) + isin (%)) . Using the formula in the proof of the above
corollary, the cube roots of i are

X (COS <(7r/2)3+ 2l7r) i ((ﬂ/2)3+ m))

where [ = 0, 1, 2. Therefore, the roots are

5 5
cos (%) + i sin (%) , COS (67T> + 7sin <67r> ,
cos § + 7sin §
27r 277 .

Thus the cube roots of i are @ +1 (%) , ,T\/g +1 (%) , and —i.
The ability to find k" roots can also be used to factor some polynomials.

and
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Example 1.5.7 Factor the polynomial x> — 27.

First find the cube roots of 27. By the above procedure using De Moivre’s theorem,
these cube roots are 3,3 (’71 + z§> ,and 3 (’71 — z@) Therefore, z° 4+ 27 =

e ) 9)

Note also (:1:—3(_714—1?)) (x—3(_71—2§)) =22 +4+3x+9 and so

2® =27 = (z—3) (2* + 3z +9)

where the quadratic polynomial, x? 4+ 3z 4+ 9 cannot be factored without using complex
numbers.

The real and complex numbers both are fields satisfying the axioms on Page 10 and it is
usually one of these two fields which is used in linear algebra. The numbers are often called
scalars. However, it turns out that all algebraic notions work for any field and there are
many others. For this reason, I will often refer to the field of scalars as F although F will
usually be either the real or complex numbers. If there is any doubt, assume it is the field
of complex numbers which is meant.

1.6 The Fundamental Theorem of Algebra

The reason the complex numbers are so significant in linear algebra is that they are alge-
braically complete. This means that every polynomial Y, _, apz®, n > 1,a, # 0, having
coefficients ay in C has a root in in C. I will give next a simple explanation of why it is
reasonable to believe in this theorem followed by a legitimate proof. The first completely
correct proof of this theorem was given in 1806 by Argand although Gauss is often credited
with proving it earlier and many others worked on it in the 1700’s.

Theorem 1.6.1 Let p(z) = a,2" + p_12""1 + -+ a1z + ag where each ay, is a complex
number and a, # 0,n > 1. Then there exists w € C such that p (w) = 0.

To begin with, here is the informal explanation. Dividing by the leading coefficient a,,
there is no loss of generality in assuming that the polynomial is of the form

p(2)=2"+an 12"+ +arz+ag

If ap = 0, there is nothing to prove because p(0) = 0. Therefore, assume ag # 0. From
the polar form of a complex number z, it can be written as |z| (cos@ + isin€). Thus, by
DeMoivre’s theorem,

2" = |z|" (cos (n) + isin (ndh))

It follows that 2™ is some point on the circle of radius |z|"

Denote by C,. the circle of radius 7 in the complex plane which is centered at 0. Then
if r is sufficiently large and |z| = r, the term 2" is far larger than the rest of the polyno-
mial. It is on the circle of radius |z|" while the other terms are on circles of fixed mul-
tiples of |2|* for k < n — 1. Thus, for r large enough, A, = {p(z):z € C,} describes
a closed curve which misses the inside of some circle having 0 as its center. It won’t
be as simple as suggested in the following picture, but it will be a closed curve thanks
to De Moivre’s theorem and the observation that the cosine and sine are periodic. Now
shrink r. Eventually, for r small enough, the non constant terms are negligible and so A,
is a curve which is contained in some circle centered at ag which has 0 on the outside.
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A,
A, rlarge  Thus it is reasonable to believe that for some r dur-
ing this shrinking process, the set A, must hit 0. It
follows that p (z) = 0 for some z.
r small

For example, consider the polynomial 3 +xz+1+3.
It has no real zeros. However, you could let z = r (cost +isint) and insert this into the
polynomial. Thus you would want to find a point where

(r(cost +isint))® +r(cost +isint) +1+i=0+0i

Expanding this expression on the left to write it in terms of real and imaginary parts, you
get on the left

r3cos® t — 3rd costsin®t 4+ rcost + 1+ (3r3 cos? tsint — r®sin®t + rsint + 1)
Thus you need to have both the real and imaginary parts equal to 0. In other words, you
need to have (0,0) =
(7‘3 cos®t — 3r3 costsin®t + rcost + 1, 3r3cos? tsint — r3sin®t + rsint + 1)

for some value of r and ¢. First here is a graph of this parametric function of ¢ for ¢ € [0, 27|
on the left, when r = 4. Note how the graph misses the origin 0 + ¢0. In fact, the closed
curve is in the exterior of a circle which has the point 0 4 ¢0 on its inside.

r too big 7 too small r just right
50 /-\ o N 4
\ / O \ 2
Y o Voo | . | v
\ “\ /// 0
-50 2 ) // -2
50 0 50 2 0 2 4 2 0 2 4 6
X X X

Next is the graph when r = .5. Note how the closed curve is included in a circle which
has 0+ 40 on its outside. As you shrink r you get closed curves. At first, these closed curves
enclose 0 4 0 and later, they exclude 0 + ¢0. Thus one of them should pass through this
point. In fact, consider the curve which results when r = 1.386 which is the graph on the
right. Note how for this value of r the curve passes through the point 0+ ¢0. Thus for some
t, 1.386 (cost + isint) is a solution of the equation p (z) = 0 or very close to one.

Now here is a rigorous proof for those who have studied analysis. It depends on the ex-
treme value theorem from calculus applied to the continuous function f (z,y) = |p (z + iy)|.

Proof: Suppose the nonconstant polynomial p (z) = ag + a1z + - -+ + an2", a, # 0, has
no zero in C. Since lim|.|_, |p (2)| = oo, there is a zp with

= 1 O
Ip (20)] min Ip (2)] >

Then let ¢ (z) = 2 (pz(':j)‘)). This is also a polynomial which has no zeros and the minimum of

lg(2)] is 1 and occurs at z = 0. Since ¢ (0) = 1, it follows ¢ (z) = 1 + axz® + r (z) where
r(z) is of the form

7 (2) = amz™ + am+12m+1 + ...+ a,z" form > k.
k

k< 0. For example, let —ayz¥ = (1/n) so

Choose a sequence, z, — 0, such that ayz ~

Zp = (—ak)l/k (l)l/k and Then

n

4 ()l = [1+aez® +7(2) S1=1/n+|r(20)]

n (G—Fk)/k
11 k(1
< 1-=-4-= ; - <1
< gt Yl (+)
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for all n large enough because the sum is smaller than 1 whenever n is large enough, showing
lg (2)] < 1 whenever n is large enough. This is a contradiction to |g(z)| > 1. B

1.7 Exercises

1.
2.

10.

11.
12.

13.

14.

15.

Let z =54 19. Find 2z~ .
Let z = 2 +i7 and let w = 3 — i8. Find 2w, 2z + w, 22, and w/z.
Give the complete solution to % + 16 = 0.

Graph the complex cube roots of —8 in the complex plane. Do the same for the four
fourth roots of —16.

If z is a complex number, show there exists w a complex number with |w| = 1 and
wz = |z|.

De Moivre’s theorem says [r (cost +isint)]" = r™ (cosnt + isinnt) for n a positive
integer. Does this formula continue to hold for all integers, n, even negative integers?
Explain.

You already know formulas for cos (x 4 y) and sin (z + y) and these were used to prove
De Moivre’s theorem. Now using De Moivre’s theorem, derive a formula for sin (5z)
and one for cos (5z). Hint: Use the binomial theorem.

If z and w are two complex numbers and the polar form of z involves the angle 6 while
the polar form of w involves the angle ¢, show that in the polar form for zw the angle
involved is 6 4+ ¢. Also, show that in the polar form of a complex number, z, r = |z|.

Factor 23 + 8 as a product of linear factors.

Write 2% + 27 in the form (z + 3) (2% + az + b) where 2 + az + b cannot be factored
any more using only real numbers.

Completely factor 2 + 16 as a product of linear factors.

Factor z* + 16 as the product of two quadratic polynomials each of which cannot be
factored further without using complex numbers.

If z,w are complex numbers prove Zw = Zw and then show by induction that

21" Zm = 21" Zm

Also verify that Y ;" 2k = > 1, Zx. In words this says the conjugate of a product
equals the product of the conjugates and the conjugate of a sum equals the sum of
the conjugates.

Suppose p (z) = apx™ + ap_12" "t + -+ a1x + ag where all the aj, are real numbers.
Suppose also that p(z) = 0 for some z € C. Show it follows that p (Z) = 0 also.

I claim that 1 = —1. Here is why: —1 = 2 = v/—1/=1 = 1/(=1)® = /1 = 1. This
is clearly a remarkable result but is there something wrong with it? If so, what is
wrong?
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16. De Moivre’s theorem is really a grand thing. I plan to use it now for rational exponents,
not just integers.

1=10/% = (cos 27 + isin2ﬁ)1/4 = cos (7/2) +isin (7/2) = i.

Therefore, squaring both sides it follows 1 = —1 as in the previous problem. What
does this tell you about De Moivre’s theorem? Is there a profound difference between
raising numbers to integer powers and raising numbers to non integer powers?

17. Show that C cannot be considered an ordered field. Hint: Consider i2 = —1. Recall
that 1 > 0 by Proposition 1.4.2.

18. Say a+ib < z + iy if a < x or if a = x, then b < y. This is called the lexicographic
order. Show that any two different complex numbers can be compared with this order.
What goes wrong in terms of the other requirements for an ordered field.

19. With the order of Problem 18, consider for n € N the complex number 1 — % Show
that with the lexicographic order just described, each of 1 — in is an upper bound to
all these numbers. Therefore, this is a set which is “bounded above” but has no least
upper bound with respect to the lexicographic order on C.

1.8 Completeness of R

Recall the following important definition from calculus, completeness of R.

Definition 1.8.1 A non empty set, S C R is bounded above (below) if there exists x € R
such that © > (<)s for all s € S. If S is a nonempty set in R which is bounded above,
then a number, I which has the property that | is an upper bound and that every other upper
bound is no smaller than 1 is called a least upper bound, l.u.b. (S) or often sup (S). If S is a
nonempty set bounded below, define the greatest lower bound, g.l.b.(S) or inf (S) similarly.
Thus g is the g.l.b. (S) means g is a lower bound for S and it is the largest of all lower
bounds. If S is a nonempty subset of R which is not bounded above, this information is
expressed by saying sup (S) = +oo and if S is not bounded below, inf (S) = —oo.

Every existence theorem in calculus depends on some form of the completeness axiom.

Axiom 1.8.2 (completeness) Every nonempty set of real numbers which is bounded above
has a least upper bound and every nonempty set of real numbers which is bounded below has
a greatest lower bound.

It is this axiom which distinguishes Calculus from Algebra. A fundamental result about
sup and inf is the following.

Proposition 1.8.3 Let S be a nonempty set and suppose sup (S) exists. Then for every
6 >0,
SN (sup (S) — d,sup (9)] # 0.

If inf (S) exists, then for every § > 0,
SN [inf (S),inf (S) 4+ 8) # 0.

Proof: Consider the first claim. If the indicated set equals @), then sup (S) — § is an
upper bound for S which is smaller than sup (), contrary to the definition of sup (S) as
the least upper bound. In the second claim, if the indicated set equals (), then inf (S) + ¢
would be a lower bound which is larger than inf (S) contrary to the definition of inf (5). B



20 CHAPTER 1. PRELIMINARIES

1.9 Well Ordering and Archimedean Property

Definition 1.9.1 A set is well ordered if every nonempty subset S, contains a smallest
element z having the property that z < x for all x € S.

Axiom 1.9.2 Any set of integers larger than a given number is well ordered.

In particular, the natural numbers defined as
N={1,2,---}

is well ordered.
The above axiom implies the principle of mathematical induction.

Theorem 1.9.3 (Mathematical induction) A set S C 7Z, having the property that a € S
and n+1 € S whenever n € S contains all integers x € Z such that x > a.

Proof: Let T = ([a,00) NZ)\ S. Thus T consists of all integers larger than or equal
to a which are not in S. The theorem will be proved if T = 0. If T' # () then by the well
ordering principle, there would have to exist a smallest element of T', denoted as b. It must
be the case that b > a since by definition, a ¢ T. Then the integer, b—1>aand b—1¢ S
because if b —1 € S, then b—1+1 = b € S by the assumed property of S. Therefore,
b—1¢€ (Ja,00)NZ)\ S =T which contradicts the choice of b as the smallest element of 7.
(b—1 is smaller.) Since a contradiction is obtained by assuming T # ), it must be the case
that T'= 0 and this says that everything in [a,00) N Z is also in S. A

Example 1.9.4 Show that for alln € N, % . % -l o _1

2n V2n+1’
If n = 1 this reduces to the statement that % < % which is obviously true. Suppose
then that the inequality holds for n. Then
1 3 2n — 1 2n+1< 1 2n+1  V2n+1
2 4 2n 2n+2  V2n+12n+2 2n+4+2°

The theorem will be proved if this last expression is less than \/ﬁ This happens if and

only if

( 1 )2 _ 1 2l

V2n+3) 20437 (2n+2)°

which occurs if and only if (2n + 2)* > (2n 4 3) (2n + 1) and this is clearly true which may
be seen from expanding both sides. This proves the inequality.

Definition 1.9.5 The Archimedean property states that whenever x € R, and a > 0, there
exists n € N such that na > x.

Proposition 1.9.6 R has the Archimedean property.

Proof: Suppose it is not true. Then there exists * € R and a > 0 such that na < x
for all n € N. Let S = {na:n € N}. By assumption, this is bounded above by z. By
completeness, it has a least upper bound y. By Proposition 1.8.3 there exists n € N such
that

y—a<na<y.

Theny=y—a+a<na+a=(n+1)a <y, acontradiction. B
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Theorem 1.9.7 Suppose x < y and y —x > 1. Then there exists an integer | € Z, such
that x <l < y. If x is an integer, there is no integer y satisfying r <y < x + 1.

Proof: Let x be the smallest positive integer. Not surprisingly, z = 1 but this can be
proved. If x < 1 then 22 < x contradicting the assertion that z is the smallest natural
number. Therefore, 1 is the smallest natural number. This shows there is no integer, vy,
satisfying < y < x + 1 since otherwise, you could subtract x and conclude 0 < y — 2z <1
for some integer y — x.

Now suppose y —z > 1 and let

S={weN:w>y}.

The set S is nonempty by the Archimedean property. Let k be the smallest element of S.
Therefore, k — 1 < y. Either k —1 <z ork—1>x. If k —1 <z, then

<0
——
y—z<y—(k—-1)=y—-k+1<1

contrary to the assumption that y — x > 1. Therefore, t <k —1<y. Let =k —1. R
It is the next theorem which gives the density of the rational numbers. This means that
for any real number, there exists a rational number arbitrarily close to it.

Theorem 1.9.8 If x < y then there exists a rational number r such that r < r < y.
Proof: Let n € N be large enough that
n(y—z)>1.
Thus (y — =) added to itself n times is larger than 1. Therefore,
n(y—x)=ny+n(—z)=ny —nz>1.
It follows from Theorem 1.9.7 there exists m € Z such that
nr <m <ny
and so take r =m/n. W
Definition 1.9.9 A set S C R is dense in R if whenever a < b, SN (a,b) # 0.
Thus the above theorem says Q is “dense” in R.

Theorem 1.9.10 Suppose 0 < a and let b > 0. Then there exists a unique integer p and
real number r such that 0 <r < a and b =pa +r.

Proof: Let S={n &€ N:an > b}. By the Archimedean property this set is nonempty.
Let p + 1 be the smallest element of S. Then pa < b because p + 1 is the smallest in S.
Therefore,

r=b—mpa>0.

If r > a then b —pa > a and so b > (p+ 1) a contradicting p + 1 € S. Therefore, r < a as
desired.
To verify uniqueness of p and r, suppose p; and r;, i = 1,2, both work and ry > r1. Then

a little algebra shows
To —T1

p1—p2= €(0,1).

Thus p; — p2 is an integer between 0 and 1, contradicting Theorem 1.9.7. The case that
71 > 19 cannot occur either by similar reasoning. Thus 1 = ro and it follows that p; = ps.
|

This theorem is called the Euclidean algorithm when a and b are integers.
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1.10 Division
First recall Theorem 1.9.10, the Euclidean algorithm.

Theorem 1.10.1 Suppose 0 < a and let b > 0. Then there exists a unique integer p and
unique real number r such that 0 <r < a and b =pa + 7.

The following definition describes what is meant by a prime number and also what is
meant by the word “divides”.

Definition 1.10.2 The number, a divides the number, b if in Theorem 1.9.10, r = 0. That
is there is zero remainder. The notation for this is a|b, read a divides b and a is called a
factor of b. A prime number is one which has the property that the only numbers which
divide it are itself and 1. The greatest common divisor of two positive integers, m,n is that
number, p which has the property that p divides both m and n and also if q¢ divides both m
and n, then q divides p. Two integers are relatively prime if their greatest common divisor
is one. The greatest common divisor of m and n is denoted as (m,n) .

There is a phenomenal and amazing theorem which relates the greatest common divisor
to the smallest number in a certain set. Suppose m,n are two positive integers. Then if x,y
are integers, so is xm + yn. Consider all integers which are of this form. Some are positive
such as 1m + 1In and some are not. The set S in the following theorem consists of exactly
those integers of this form which are positive. Then the greatest common divisor of m and
n will be the smallest number in S. This is what the following theorem says.

Theorem 1.10.3 Let m,n be two positive integers and define
S={aem+yneN:z,yeZ }.
Then the smallest number in S is the greatest common divisor, denoted by (m,n) .

Proof: First note that both m and n are in .S so it is a nonempty set of positive integers.
By well ordering, there is a smallest element of S, called p = zgm + yon. Either p divides m
or it does not. If p does not divide m, then by Theorem 1.9.10,

m=pq+r
where 0 < r < p. Thus m = (xgm + yon) ¢ + r and so, solving for r,
r=m(l—xz9)+ (—yoq)n € S.

However, this is a contradiction because p was the smallest element of S. Thus p|m. Similarly
pln.

Now suppose ¢ divides both m and n. Then m = gx and n = gy for integers, x and y.
Therefore,

p = mxo + nyo = 20qx + Yoqy = q (ToT + Yoy)

showing ¢|p. Therefore, p = (m,n). R

There is a relatively simple algorithm for finding (m,n) which will be discussed now.
Suppose 0 < m < n where m,n are integers. Also suppose the greatest common divisor is
(m,n) = d. Then by the Euclidean algorithm, there exist integers ¢, r such that

n=qgm-+r,r<m (1.1)
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Now d divides n and m so there are numbers k, [ such that dk = m, dl = n. From the above
equation,
r=n—qgm=dl —qdk =d(l — qgk)

Thus d divides both m and r. If k£ divides both m and r, then from the equation of 1.1 it
follows k also divides n. Therefore, k divides d by the definition of the greatest common
divisor. Thus d is the greatest common divisor of m and r but m 4+ r < m + n. This yields
another pair of positive integers for which d is still the greatest common divisor but the
sum of these integers is strictly smaller than the sum of the first two. Now you can do the
same thing to these integers. Eventually the process must end because the sum gets strictly
smaller each time it is done. It ends when there are not two positive integers produced.
That is, one is a multiple of the other. At this point, the greatest common divisor is the
smaller of the two numbers.

Procedure 1.10.4 To find the greatest common divisor of m,n where 0 < m < n, replace
the pair {m,n} with {m,r} where n = gm +r for r < m. This new pair of numbers has
the same greatest common divisor. Do the process to this pair and continue doing this till
you obtain a pair of numbers where one is a multiple of the other. Then the smaller is the
sought for greatest common divisor.

Example 1.10.5 Find the greatest common divisor of 165 and 385.
Use the Euclidean algorithm to write
385 = 2(165) + 55
Thus the next two numbers are 55 and 165. Then
165 =3 x 55
and so the greatest common divisor of the first two numbers is 55.
Example 1.10.6 Find the greatest common divisor of 1237 and 4322.
Use the Euclidean algorithm
4322 = 3(1237) 4+ 611
Now the two new numbers are 1237,611. Then
1237 =2(611) + 15
The two new numbers are 15,611. Then
611 =40 (15) + 11
The two new numbers are 15,11. Then
15=1(11)+4

The two new numbers are 11,4
2(4)+3

The two new numbers are 4, 3. Then

4=1(3)+1
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The two new numbers are 3, 1. Then
3=3x1

and so 1 is the greatest common divisor. Of course you could see this right away when the
two new numbers were 15 and 11. Recall the process delivers numbers which have the same
greatest common divisor.

This amazing theorem will now be used to prove a fundamental property of prime num-
bers which leads to the fundamental theorem of arithmetic, the major theorem which says
every integer can be factored as a product of primes.

Theorem 1.10.7 If p is a prime and plab then either pla or pl|b.

Proof: Suppose p does not divide a. Then since p is prime, the only factors of p are 1
and p so follows (p,a) = 1 and therefore, there exists integers, z and y such that

1 =ax + yp.
Multiplying this equation by b yields
b = abzx + ybp.
Since plab, ab = pz for some integer z. Therefore,
b = abx + ybp = pzx + ybp = p (xz + yb)
and this shows p divides 6. B

Theorem 1.10.8 (Fundamental theorem of arithmetic) Let a € N\ {1}. Then a =[[;—, p;
where p; are all prime numbers. Furthermore, this prime factorization is unique except for
the order of the factors.

Proof: If a equals a prime number, the prime factorization clearly exists. In particular
the prime factorization exists for the prime number 2. Assume this theorem is true for all
a <n —1.If nis a prime, then it has a prime factorization. On the other hand, if n is not
a prime, then there exist two integers & and m such that n = km where each of £ and m
are less than n. Therefore, each of these is no larger than n — 1 and consequently, each has
a prime factorization. Thus so does n. It remains to argue the prime factorization is unique
except for order of the factors.

Suppose

n m
7 =119
i=1 j=1

where the p; and g; are all prime, there is no way to reorder the g; such that m = n and
p; = q; for all i, and n + m is the smallest positive integer such that this happens. Then
by Theorem 1.10.7, p1|g; for some j. Since these are prime numbers this requires p; = g;.
Reordering if necessary it can be assumed that g; = ¢;. Then dividing both sides by p1 = q1,

n—1 m—1
[Ipiss = IT
i=1 j=1

Since n + m was as small as possible for the theorem to fail, it follows that n — 1 =m — 1
and the prime numbers, ¢o,--- , ¢, can be reordered in such a way that pr = ¢ for all
k=2,---,n. Hence p; = ¢q; for all i because it was already argued that p; = ¢, and this
results in a contradiction. l

There is a similar division result for polynomials. This will be discussed more intensively
later. For now, here is a definition and the division theorem.



1.11. SYSTEMS OF EQUATIONS 25

Definition 1.10.9 A polynomial is an expression of the form AN +an_ A" a A+
ag, an # 0 where the a; come from a field of scalars. Two polynomials are equal means that
the coefficients match for each power of A\. The degree of a polynomial is the largest
power of \. Thus the degree of the above polynomial is n. Addition of polynomials is defined
in the usual way as is multiplication of two polynomials. The leading term in the above
polynomial is a,\". The coefficient of the leading term is called the leading coefficient. It
is called a monic polynomial if a, = 1.

Lemma 1.10.10 Let f(\) and g(\) # 0 be polynomials. Then there exist polynomials,
q(N\) and r (\) such that

FA)=qaN)gA)+r(A)
where the degree of r(X\) is less than the degree of g (A\) or r(\) = 0. These polynomials
q(N\) and r (\) are unique.

Proof: Suppose that f (A) —¢q(A\) g (A) is never equal to 0 for any ¢ (\). If it is, then the
conclusion follows. Now suppose

rA)=fN)-qN)g)

and the degree of r(A\) is m > n where n is the degree of g(\). Say the leading term of
7 (X) is bA™ while the leading term of g (\) is bA"™. Then letting a = b/b , aX™ "g () has
the same leading term as r (A). Thus the degree of r1 (A) = r (A) —aX™ "¢ ()) is no more
than m — 1. Then

q1(N)
—_—~

r(A)=FN) = (@) gN) +ad" g (V) =F () = [ ¢(N) +aX" " [g(N)

Denote by S the set of polynomials f (A) —g (A) 1 (\). Out of all these polynomials, there
exists one which has smallest degree r (A). Let this take place when [ (\) = g (A). Then by
the above argument, the degree of r (\) is less than the degree of g (A). Otherwise, there is
one which has smaller degree. Thus f (A) = g(A\) g(\) +7 ().

As to uniqueness, if you have r (A),7(A),q(A), 4 (M) which work, then you would have

@A) —a(A)gA) =7(A) =7 ()

Now if the polynomial on the right is not zero, then neither is the one on the left. Hence this
would involve two polynomials which are equal although their degrees are different. This is
impossible. Hence 7 (\) = 7 (\) and so, matching coefficients implies that § (A\) = ¢ (A\). B

1.11 Systems of Equations

Sometimes it is necessary to solve systems of equations. For example the problem could be
to find z and y such that
r+y="7and 2z —y =8. (1.2)

The set of ordered pairs, (z,y) which solve both equations is called the solution set. For
example, you can see that (5,2) = (x,y) is a solution to the above system. To solve this,
note that the solution set does not change if any equation is replaced by a non zero multiple
of itself. It also does not change if one equation is replaced by itself added to a multiple
of the other equation. For example, z and y solve the above system if and only if z and y
solve the system

—3y=—6

r+y="72r—y+(=2)(z+y) =8+ (-2) (7). (1.3)
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The second equation was replaced by —2 times the first equation added to the second. Thus
the solution is y = 2, from —3y = —6 and now, knowing y = 2, it follows from the other
equation that x +2 =7 and so = = 5.

Why exactly does the replacement of one equation with a multiple of another added to
it not change the solution set? The two equations of 1.2 are of the form

Ey=fi1,E=fs (1.4)

where F; and E5 are expressions involving the variables. The claim is that if a is a number,
then 1.4 has the same solution set as

Ei=fi, Ba+ab = fo+afi. (1.5)

Why is this?

If (z,y) solves 1.4 then it solves the first equation in 1.5. Also, it satisfies aF1 = af;
and so, since it also solves Es = fo it must solve the second equation in 1.5. If (z,y) solves
1.5 then it solves the first equation of 1.4. Also aF; = af; and it is given that the second
equation of 1.5 is verified. Therefore, E5 = f5 and it follows (z,y) is a solution of the second
equation in 1.4. This shows the solutions to 1.4 and 1.5 are exactly the same which means
they have the same solution set. Of course the same reasoning applies with no change if
there are many more variables than two and many more equations than two. It is still the
case that when one equation is replaced with a multiple of another one added to itself, the
solution set of the whole system does not change.

The other thing which does not change the solution set of a system of equations consists
of listing the equations in a different order. Here is another example.

Example 1.11.1 Find the solutions to the system,

T+ 3y +6z=25
2z 4 Ty + 14z = 58 (1.6)
2y4+52 =19

To solve this system replace the second equation by (—2) times the first equation added
to the second. This yields. the system

T+ 3y+6z=25
y+22z=28 (1.7)
2y + 5z = 19

Now take (—2) times the second and add to the third. More precisely, replace the third
equation with (—2) times the second added to the third. This yields the system

x4+ 3y + 6z =25
y+22:=28 (1.8)
z=3

At this point, you can tell what the solution is. This system has the same solution as the
original system and in the above, z = 3. Then using this in the second equation, it follows
y+ 6 = 8 and so y = 2. Now using this in the top equation yields x 4+ 6 + 18 = 25 and so
r=1.

This process is not really much different from what you have always done in solving a
single equation. For example, suppose you wanted to solve 2z + 5 = 3z — 6. You did the
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same thing to both sides of the equation thus preserving the solution set until you obtained
an equation which was simple enough to give the answer. In this case, you would add —2x
to both sides and then add 6 to both sides. This yields x = 11.

In 1.8 you could have continued as follows. Add (—2) times the bottom equation to the
middle and then add (—6) times the bottom to the top. This yields

z+3y =19
y==6
z=3

Now add (—3) times the second to the top. This yields the equations

a system which has the same solution set as the original system.
It is foolish to write the variables every time you do these operations. It is easier to
write the system 1.6 as the following “augmented matrix”

1 3 6 25
2 7 14 58
0 2 5 19

It has exactly the same information as the original system but here it is understood there is

1 3 6
an x column, 2 |, ay column, 7 | and a z column, 14 | . The rows correspond
0 2 5

to the equations in the system. Thus the top row in the augmented matrix corresponds to
the equation,
x + 3y + 6z = 25.

Now when you replace an equation with a multiple of another equation added to itself, you
are just taking a row of this augmented matrix and replacing it with a multiple of another
row added to it. Thus the first step in solving 1.6 would be to take (—2) times the first row
of the augmented matrix above and add it to the second row,

1 3 6 25
01 2 8
0 2 5 19

Note how this corresponds to 1.7. Next take (—2) times the second row and add to the
third,

1 3 6 25
01 2 8
001 3

which is the same as 1.8. You get the idea I hope. Write the system as an augmented matrix
and follow the procedure of either switching rows, multiplying a row by a non zero number,
or replacing a row by a multiple of another row added to it. Each of these operations leaves
the solution set unchanged. These operations are called row operations.

Definition 1.11.2 The row operations consist of the following
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1. Switch two rows.
2. Multiply a row by a nonzero number.
3. Replace a row by a multiple of another row added to it.

It is important to observe that any row operation can be “undone” by another inverse
row operation. For example, if rq,ry are two rows, and ry is replaced with v, = ary 4 ro
using row operation 3, then you could get back to where you started by replacing the row r}
with —« times ry and adding to r}. In the case of operation 2, you would simply multiply
the row that was changed by the inverse of the scalar which multiplied it in the first place,
and in the case of row operation 1, you would just make the same switch again and you
would be back to where you started. In each case, the row operation which undoes what
was done is called the inverse row operation.

Example 1.11.3 Glive the complete solution to the system of equations, bx+10y—T7Tz = —2,
2z 4+ 4y — 3z = —1, and 3z + 6y + 5z = 9.

The augmented matrix for this system is

2 4 -3 -1
5 10 =7 -2
3 6 5 9

Multiply the second row by 2, the first row by 5, and then take (—1) times the first row and
add to the second. Then multiply the first row by 1/5. This yields

2 4 -3 -1
0 0 1 1
3 6 5 9

Now, combining some row operations, take (—3) times the first row and add this to 2 times
the last row and replace the last row with this. This yields.

2 4 -3 -1
0 0 1 1
00 1 21

Putting in the variables, the last two rows say z = 1 and z = 21. This is impossible so
the last system of equations determined by the above augmented matrix has no solution.
However, it has the same solution set as the first system of equations. This shows there is no
solution to the three given equations. When this happens, the system is called inconsistent.

This should not be surprising that something like this can take place. It can even happen
for one equation in one variable. Consider for example, x = z+1. There is clearly no solution
to this.

Example 1.11.4 Give the complete solution to the system of equations, 3v —y — bz = 9,
y—10z =0, and =2z +y = —6.

The augmented matrix of this system is
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Replace the last row with 2 times the top row added to 3 times the bottom row. This gives

3 -1 -5 9
0 1 -10 O
0 1 -10 O
Next take —1 times the middle row and add to the bottom.

3 -1 -5 9
0 1 -10 O
0 0 0 0

Take the middle row and add to the top and then divide the top row which results by 3.

10 -5 3
0 1 —-10 O
00 0 O

This says y = 10z and x = 3 4+ 5z. Apparently z can equal any number. Therefore, the
solution set of this system is z = 3 4 5t,y = 10¢, and z = t where t is completely arbitrary.
The system has an infinite set of solutions and this is a good description of the solutions.
This is what it is all about, finding the solutions to the system.

Definition 1.11.5 Since z = t where t is arbitrary, the variable z is called a free variable.

The phenomenon of an infinite solution set occurs in equations having only one variable
also. For example, consider the equation z = z. It doesn’t matter what x equals.

Definition 1.11.6 A system of linear equations is a list of equations,
n
> ajzi=f;, i=1,2,3,,m
j=1

where a;; are numbers, f; is a number, and it is desired to find (x1,--- ,x,) solving each of
the equations listed.

As illustrated above, such a system of linear equations may have a unique solution, no
solution, or infinitely many solutions. It turns out these are the only three cases which can
occur for linear systems. Furthermore, you do exactly the same things to solve any linear
system. You write the augmented matrix and do row operations until you get a simpler
system in which it is possible to see the solution. All is based on the observation that the
row operations do not change the solution set. You can have more equations than variables,
fewer equations than variables, etc. It doesn’t matter. You always set up the augmented
matrix and go to work on it. These things are all the same.

Example 1.11.7 Give the complete solution to the system of equations, —41x + 15y = 168,
1092 — 40y = —447, -3z +y =12, and 2x + z = —1.

The augmented matrix is

—41 15 0 168
109 —40 0 —447
-3 1 0 12
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To solve this multiply the top row by 109, the second row by 41, add the top row to the
second row, and multiply the top row by 1/109. Note how this process combined several
row operations. This yields

—41 15 0 168
0 -5 0 -15
-3 1 0 12

2 0 1 -1

Next take 2 times the third row and replace the fourth row by this added to 3 times the
fourth row. Then take (—41) times the third row and replace the first row by this added to
3 times the first row. Then switch the third and the first rows. This yields

123 —41 0 —492
0 -5 0 -15
0 4 0 12
0 2 3 21

Take —1/2 times the third row and add to the bottom row. Then take 5 times the third
row and add to four times the second. Finally take 41 times the third row and add to 4
times the top row. This yields

492 0 0 —1476
0 0 0 0
0 4 0 12
0 0 3 15

It follows = = _4151276 =-3,y=3and z =5.

You should practice solving systems of equations. Here are some exercises.

1.12 Exercises

1. Give the complete solution to the system of equations, 3z — y + 4z = 6, y + 8z = 0,
and —2x +y = —4.

2. Give the complete solution to the system of equations, x+3y+3z = 3, 3z +2y+2 =9,
and —4z + z = —9.

3. Consider the system —5z + 2y — z = 0 and —5z — 2y — z = 0. Both equations equal
zero and so —5x + 2y — z = —bx — 2y — z which is equivalent to y = 0. Thus x and
z can equal anything. But when x = 1, 2z = —4, and y = 0 are plugged in to the
equations, it doesn’t work. Why?

4. Give the complete solution to the system of equations, x4 2y+6z = 5,3z +2y+62z =7
,—4x 4+ 5y + 16z = —T.

5. Give the complete solution to the system of equations
r+2y+3z2 = 53 x+2y+z2=17,
—dx+d5y+z = —T7,x+4+3z=5.
6. Give the complete solution of the system of equations,

r+2y+32 = 5, 3x+2y+22=7
—4dx+>dy+5z = -7, x=5
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7. Give the complete solution of the system of equations

z+y+3z = 2,3x—y+52=6
—4dr+9y+2z = -8, x+dby+7z=2

8. Determine a such that there are infinitely many solutions and then find them. Next
determine a such that there are no solutions. Finally determine which values of a
correspond to a unique solution. The system of equations for the unknown variables
x,y, 2 is

32a° —3a+2xz+y+1=0
3ar—a—y—|—z(a2+4) -5=0
za? —a—4x+9y+9=0

9. Find the solutions to the following system of equations for z,y, z, w.

y+2=2,24+w=0y—42-5w=22y+z2z—-—w=4

10. Find all solutions to the following equations.

r+y+z = 2, z+w=0,
204+ 2y+z—w = 4, rx+y—4z—-5z=2

1.13 F”

The notation, C™ refers to the collection of ordered lists of n complex numbers. Since every
real number is also a complex number, this simply generalizes the usual notion of R™, the
collection of all ordered lists of n real numbers. In order to avoid worrying about whether
it is real or complex numbers which are being referred to, the symbol F will be used. If it is
not clear, always pick C. More generally, F" refers to the ordered lists of n elements of F™.

Definition 1.13.1 Define F" = {(z1,--- ,zn):z; €F forj=1,--- n}. (x1,-- ,2,) =
(Y1, ,yn) if and only if for all j = 1,--- ,n, z; = y;. When (x1,--- ,z,) € F", it is
conventional to denote (x1,--- ,x,) by the single bold face letter x. The numbers x; are
called the coordinates. The set

{(07 7O7t70a 70)t€F}

for t in the ith slot is called the it" coordinate azis. The point 0 = (0,--- ,0) is called the
origin.

Thus (1,2,44) € F3? and (2,1,4i) € F? but (1,2,4i) # (2, 1,44) because, even though the
same numbers are involved, they don’t match up. In particular, the first entries are not
equal.

1.14 Algebra in F”

There are two algebraic operations done with elements of F". One is addition and the other
is multiplication by numbers, called scalars. In the case of C" the scalars are complex
numbers while in the case of R™ the only allowed scalars are real numbers. Thus, the scalars
always come from F in either case.
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Definition 1.14.1 Ifx € F" and a € F, also called a scalar, then ax € F" is defined by
ax =a(x1, - ,x,) = (ax1, - ,axy,) . (1.9)
This is known as scalar multiplication. If x,y € F™ then x +y € F" and is defined by

X+y= (xla"' 7xn)+(ylv"‘ ayn)
= (:171 + Y1, 7xn,+yn) (110)

With this definition, the algebraic properties satisfy the conclusions of the following
theorem.

Theorem 1.14.2 For v,w € F" and «, § scalars, (real numbers), the following hold.

V+w=w-+vV, (1.11)
the commutative law of addition,
(v+w)+z=v+(w+1z), (1.12)
the associative law for addition,
v+0=v, (1.13)
the existence of an additive identity,
v+ (—v) =0, (1.14)

the existence of an additive inverse, Also

a(v+w) =avtaw, (1.15)
(a4 B) v =av+pv, (1.16)
a(Bv) =ap(v), (1.17)
lv=wv. (1.18)

In the above 0 = (0,---,0).

You should verify that these properties all hold. As usual subtraction is defined as
X —y = x+ (—y) . The conclusions of the above theorem are called the vector space axioms.

1.15 Exercises
1. Verify all the properties 1.11-1.18.
2. Compute 5(1,2+3,3,-2) +6 (2 —14,1,—-2,7).

3. Draw a picture of the points in R? which are determined by the following ordered
pairs.
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4. Does it make sense to write (1,2) + (2, 3,1)? Explain.

5. Draw a picture of the points in R? which are determined by the following ordered
triples. If you have trouble drawing this, describe it in words.

(a) (1,2,0)
(b) (-2,-2,1)
(C) (_2737 _2)

1.16 The Inner Product in F”

When F = R or C, there is something called an inner product. In case of R it is also called
the dot product. This is also often referred to as the scalar product.

Definition 1.16.1 Let a,b € F” define a-b as

n
a-b Ezakgk-
k=1

This will also be denoted as (a,b). Often it is also denoted as (a,b). The notation with the
dot is more usually used when the field is R.

With this definition, there are several important properties satisfied by the inner product.
In the statement of these properties, a and [ will denote scalars and a, b, c will denote
vectors or in other words, points in F™.

Proposition 1.16.2 The inner product satisfies the following properties.

a-b=b-a (1.19)

a-a >0 and equals zero if and only ifa=10 (1.20)
(ea+pb)-c=a(a-c)+B(b-c) (1.21)
c-(ca+pb)=a(c-a)+ B (c-b) (1.22)
la®=a-a (1.23)

You should verify these properties. Also be sure you understand that 1.22 follows from
the first three and is therefore redundant. It is listed here for the sake of convenience.

Example 1.16.3 Find (1,2,0,-1)-(0,4,2,3).
This equals 0 4+ 2 (—i) +0+ -3 = -3 — 2¢
The Cauchy Schwarz inequality takes the following form in terms of the inner product.
I will prove it using only the above axioms for the inner product.
Theorem 1.16.4 The inner product satisfies the inequality
|a-b| < |a]|b]|. (1.24)

Furthermore equality is obtained if and only if one of a or b is a scalar multiple of the other.
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Proof: First define § € C such that

f(a-b)=la-b[,[0] =1,
and define a function of t € R
f(t)=(a+tdb)-(a+tbb).
Then by 1.20, f (¢t) > 0 for all ¢t € R. Also from 1.21,1.22,1.19, and 1.23

f(t)=a-(a+thb) +thb - (a+ thb)
—a-a+tf(a-b)+td(b-a)+26°b-b

= |al* +2tRef (a-b) + [b|*t? = |a]* + 2t|a- b| + b]*

Now if |b|> = 0 it must be the case that a-b = 0 because otherwise, you could pick large

negative values of ¢ and violate f(t) > 0. Therefore, in this case, the Cauchy Schwarz

inequality holds. In the case that |b| # 0, y = f(¢) is a polynomial which opens up and

therefore, if it is always nonnegative, its graph is like that illustrated in the following picture
Then the quadratic formula requires that

The discriminant
V # ta b — 4]af b <0
| L t

since otherwise the function, f(¢) would have two
real zeros and would necessarily have a graph which
dips below the t axis. This proves 1.24.

It is clear from the axioms of the inner product that equality holds in 1.24 whenever one
of the vectors is a scalar multiple of the other. It only remains to verify this is the only way
equality can occur. If either vector equals zero, then equality is obtained in 1.24 so it can be
assumed both vectors are non zero. Then if equality is achieved, it follows f (¢) has exactly
one real zero because the discriminant vanishes. Therefore, for some value of t,a + t6b = 0
showing that a is a multiple of b. B

You should note that the entire argument was based only on the properties of the inner
product listed in 1.19 - 1.23. This means that whenever something satisfies these properties,
the Cauchy Schwarz inequality holds. There are many other instances of these properties
besides vectors in F™. Also note that 1.24 holds if 1.20 is simplified to a-a > 0.

The Cauchy Schwarz inequality allows a proof of the triangle inequality for distances in
F™ in much the same way as the triangle inequality for the absolute value.

Theorem 1.16.5 (Triangle inequality) For a,b € F"
|a+b| < |a] + |b| (1.25)

and equality holds if and only if one of the vectors is a nonnegative scalar multiple of the
other. Also
lla] = [b[| < |a—b] (1.26)

Proof: By properties of the inner product and the Cauchy Schwarz inequality,
la+b|>’=(a+b)-(a+b)=(a-a)+(a-b)+(b-a)+ (b-b)

=lal* +2Re(a-b) + |b]> < |a]* + 2]a- b| + [b|?
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< [al* +2lal [b] + |b[* = (la| + [b])*.

Taking square roots of both sides you obtain 1.25.

It remains to consider when equality occurs. If either vector equals zero, then that
vector equals zero times the other vector and the claim about when equality occurs is
verified. Therefore, it can be assumed both vectors are nonzero. To get equality in the
second inequality above, Theorem 1.16.4 implies one of the vectors must be a multiple of
the other. Say b = «aa. Also, to get equality in the first inequality, (a-b) must be a
nonnegative real number. Thus

0<(a-b)=(aaa)=alal’.

Therefore, o must be a real number which is nonnegative.
To get the other form of the triangle inequality,

a=a—b+b
S0
laj=]a—b+Db| <|a—Db|+|bl.
Therefore,
|a| — [b| < |a — b (1.27)
Similarly,
|~ Ja| < [b—a| = |a—b. (1.28)

It follows from 1.27 and 1.28 that 1.26 holds. This is because ||a] — |b|| equals the left side
of either 1.27 or 1.28 and either way, ||a| — |b|| < |a—Db|. H

1.17 What is Linear Algebra?

The above preliminary considerations form the necessary scaffolding upon which linear al-
gebra is built. Linear algebra is the study of a certain algebraic structure called a vector
space described in a special case in Theorem 1.14.2 and in more generality below along with
special functions known as linear transformations. These linear transformations preserve
certain algebraic properties.

A good argument could be made that linear algebra is the most useful subject in all
of mathematics and that it exceeds even courses like calculus in its significance. It is used
extensively in applied mathematics and engineering. Continuum mechanics, for example,
makes use of topics from linear algebra in defining things like the strain and in determining
appropriate constitutive laws. It is fundamental in the study of statistics. For example,
principal component analysis is really based on the singular value decomposition discussed
in this book. It is also fundamental in pure mathematics areas like number theory, functional
analysis, geometric measure theory, and differential geometry. Even calculus cannot be
correctly understood without it. For example, the derivative of a function of many variables
is an example of a linear transformation, and this is the way it must be understood as soon
as you consider functions of more than one variable.

1.18 Exercises
1. Show that (a-b) = 1 [\a—i— b)* - |a— b|2} :

2. Prove from the axioms of the inner product the parallelogram identity, |a + b|2 +
la—bl> =2al* +2b|*.
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. Fora,b € R", definea-b=>"}_, Braiby where 3, > 0 for each k. Show this satisfies

the axioms of the inner product. What does the Cauchy Schwarz inequality say in
this case.

. In Problem 3 above, suppose you only know 3, > 0. Does the Cauchy Schwarz in-

equality still hold? If so, prove it.

. Let f, g be continuous functions and define f - g = fol f(t) g (t)dt. Show this satisfies

the axioms of a inner product if you think of continuous functions in the place of a
vector in F™. What does the Cauchy Schwarz inequality say in this case?

2
. Show that if f is a real valued continuous function, (f: f@ dt) <(b-a) f; F () dt.
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Linear Transformations

2.1 Matrices

You have now solved systems of equations by writing them in terms of an augmented matrix
and then doing row operations on this augmented matrix. It turns out that such rectangular
arrays of numbers are important from many other different points of view. Numbers are
also called scalars. In general, scalars are just elements of some field. However, in the first
part of this book, the field will typically be either the real numbers or the complex numbers.

A matrix is a rectangular array of numbers. Several of them are referred to as matrices.
For example, here is a matrix.

1 2 3 4
5 2 8 7
6 -9 1 2
This matrix is a 3 x 4 matrix because there are three rows and four columns. The first
1
row is (123 4), the second row is (52 8 7) and so forth. The first column is | 5 |. The
6

convention in dealing with matrices is to always list the rows first and then the columns.
Also, you can remember the columns are like columns in a Greek temple. They stand up
right while the rows just lie there like rows made by a tractor in a plowed field. Elements of
the matrix are identified according to position in the matrix. For example, 8 is in position
2,3 because it is in the second row and the third column. You might remember that you
always list the rows before the columns by using the phrase Rowman Catholic. The symbol,
(@i;) refers to a matrix in which the ¢ denotes the row and the j denotes the column. Using
this notation on the above matrix, ass = 8, a3z = —9, a12 = 2, etc.

There are various operations which are done on matrices. They can sometimes be added,
multiplied by a scalar and sometimes multiplied. To illustrate scalar multiplication, consider
the following example.

1 2 3 4 3 6 9 12
315 2 8 7 |=]1 6 24 21
6 -9 1 2 18 =27 3 6

The new matrix is obtained by multiplying every entry of the original matrix by the given
scalar. If A is an m X n matrix —A is defined to equal (—1) A.

Two matrices which are the same size can be added. When this is done, the result is the
matrix which is obtained by adding corresponding entries. Thus

-1

NN OB N
_|_
o N
00 W
Il
ot
=)

1
3
5
Two matrices are equal exactly when they are the same size and the corresponding entries

are identical. Thus
0 0 0 0
0 0
0 0

37
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because they are different sizes. As noted above, you write (c¢;;) for the matrix C' whose
ijt" entry is ¢;;. In doing arithmetic with matrices you must define what happens in terms
of the c¢;; sometimes called the entries of the matrix or the components of the matrix.

The above discussion stated for general matrices is given in the following definition.

Definition 2.1.1 Let A = (a;;) and B = (b;;) be two m x n matrices. Then A+ B = C
where

C = (i)
for cij = ai; + bij. Also if x is a scalar,

A = (cij)

where c;; = xa;j. The number A;; will typically refer to the ij'" entry of the matriz A. The
zero matriz, denoted by 0 will be the matrix consisting of all zeros.

Do not be upset by the use of the subscripts, ij. The expression c;; = a;; + b;; is just
saying that you add corresponding entries to get the result of summing two matrices as
discussed above.

Note that there are 2 x 3 zero matrices, 3 X 4 zero matrices, etc. In fact for every size
there is a zero matrix.

With this definition, the following properties are all obvious but you should verify all of
these properties are valid for A, B, and C, m x n matrices and 0 an m X n zero matrix,

A+ B=B+ A, (2.1)
the commutative law of addition,
(A+B)+C=A+4+(B+0C), (2.2)
the associative law for addition,
A+0=A4, (2.3)
the existence of an additive identity,
A+ (—A) =0, (2.4)

the existence of an additive inverse. Also, for «, 8 scalars, the following also hold.

a(A+ B) =aA+ aB, (2.5)
(a+B)A=ad+ A, (2.6)
o (5A) = af (4), (2.7)
14 = A. (2.8)

The above properties, 2.1 - 2.8 are known as the vector space axioms and the fact that
the m x n matrices satisfy these axioms is what is meant by saying this set of matrices with
addition and scalar multiplication as defined above forms a vector space.

Definition 2.1.2 Matrices which are n x 1 or 1 x n are especially called vectors and are
often denoted by a bold letter. Thus

X

Ln

is an n x 1 matriz also called a column vector while a 1 x n matriz of the form (x1---xy,)
is referred to as a row vector.
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All the above is fine, but the real reason for considering matrices is that they can be
multiplied. This is where things quit being banal.
First consider the problem of multiplying an m x n matrix by an n x 1 column vector.
Consider the following example
1 2 3 ’
8 | =7
(30
9

() () (0)

Thus it is what is called a linear combination of the columns. These will be discussed
more later. Motivated by this example, here is the definition of how to multiply an m X n
matrix by an n x 1 matrix (vector).

It equals

Definition 2.1.3 Let A = A;; be an m x n matriz and let v be an n x 1 matriz,

U1
V= 7A:(a17"'7an)

Un
where a; is an m X 1 vector. Then Av, written as

U1

(ar o a )| ¢ |

Un

is the m X 1 column vector which equals the following linear combination of the columns.

via; +veaz + -+ +vpa, = Zvjaj (29)
j=1
If the j™ column of A is
Alj
A
then 2.9 takes the form
A As2 A
Az Az Aop
U1 . +v2 . te At
Aml Am2 Amn

Thus the it" entry of Av is 2?21 Ajjvj. Note that multiplication by an m x n matriz takes
an n X 1 matriz, and produces an m x 1 matriz (vector).



40 CHAPTER 2. LINEAR TRANSFORMATIONS

Here is another example.

Example 2.1.4 Compute

1
1 2 3

2
0 2 -2

0
2 1 1

1

First of all, this is of the form (3 x 4) (4 x 1) and so the result should be a (3 x 1).
Note how the inside numbers cancel. To get the entry in the second row and first and only
column, compute

4
Zazkvk = 2101 + Q2202 + Q23V3 + Q2404
k=1
= 0x142x241x0+(-2)x1=2.

You should do the rest of the problem and verify

1
121 3 5 8
0 2 1 -2 0 =1 2
21 4 1 )
1

With this done, the next task is to multiply an m X n matrix times an n X p matrix.
Before doing so, the following may be helpful.

(mxn)(nxp)=mxp

’If the two middle numbers don’t match, you can’t multiply the matrices! ‘

The number of columns on the left equals the number of rows on the right.

Definition 2.1.5 Let A be an m X n matriz and let B be an n X p matrix. Then B is of
the form
B = (blﬁ"' 7bp)

where by is an n X 1 matriz. Then an m X p matriz AB is defined as follows:
AB = (Aby,--- , Ab,) (2.10)
where Aby is an m x 1 matrix. Hence AB as just defined is an m X p matriz. For example,

Example 2.1.6 Multiply the following.

1 20
1 2 1
0 3 1
0 2 1
-2 1 1
The first thing you need to check before doing anything else is whether it is possible to
do the multiplication. The first matrix is a 2 x 3 and the second matrix is a 3 x 3. Therefore,
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is it possible to multiply these matrices. According to the above discussion it should be a

2 x 3 matrix of the form

First column Second column Third column
1 2
1 2 1 1 2 1 1 2 1
0 , 3 |,
0 2 1 0 2 1 0 2 1
-2 1

You know how to multiply a matrix times a vector and so you do so to obtain each of the

three columns. Thus
1 2 0
1 2 1 -1 9 3
0 3 1 = .
0 2 1 -2 7 3
-2 1 1

Here is another example.

Example 2.1.7 Multiply the following.

1 20
1 2 1
0 3 1
0 2 1
-2 1 1
First check if it is possible. This is of the form (3 x 3) (2 x 3) . The inside numbers do not
match and so you can’t do this multiplication. This means that anything you write will be
absolute nonsense because it is impossible to multiply these matrices in this order. Aren’t
they the same two matrices considered in the previous example? Yes they are. It is just

that here they are in a different order. This shows something you must always remember
about matrix multiplication.

Order Matters!

Matrix multiplication is not commutative. This is very different than multiplication of
numbers!

2.1.1 The ij'* Entry of a Product

It is important to describe matrix multiplication in terms of entries of the matrices. What
is the ij*" entry of AB? It would be the i** entry of the j*" column of AB. Thus it would
be the i'" entry of Ab;. Now

and from the above definition, the i** entry is

> AixBuj. (2.11)
k=1
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In terms of pictures of the matrix, you are doing

All A12 to Aln Bll B12 to Blp
A21 A22 T A2n BZI B22 to B2p
Aml Am2 e Amn Bnl Bn2 e Bnp

Then as explained above, the j** column is of the form

A A - Al By
A1 Az -+ Agy By
Aml Am2 o Amn an

which is a m x 1 matrix or column vector which equals

Aqy A A
Agl A22 A2n

B1j+ . ng+"'+ . an.
Aml Am2 Amn

The *" entry of this m x 1 matrix is
A Bij + AiaBaj + -+ + AinBpj = Z Aik By
k=1

This shows the following definition for matrix multiplication in terms of the ij*" entries of
the product harmonizes with Definition 2.1.3.

This motivates the definition for matrix multiplication which identifies the 5" entries
of the product.

Definition 2.1.8 Let A = (A;;) be an m x n matriz and let B = (B;;) be an n X p matriz.
Then AB is an m X p matrixz and

(AB);; = ZAikBkj- (2.12)
k=1

Two matrices, A and B are said to be conformable in a particular order if they can be
multiplied in that order. Thus if A is an r X s matriz and B is a s X p then A and B are

conformable in the order AB. The above formula for (AB)Z-J- says that it equals the it" row

of A times the j* column of B.
2 31
76 2 )

First check to see if this is possible. It is of the form (3 x 2) (2 x 3) and since the inside
numbers match, it must be possible to do this and the result should be a 3 x 3 matrix. The

1
Example 2.1.9 Multiply if possible | 3
2

S =N
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2 1 2 2
2 3 1
1 1 3 1 , 1
7 6 2
6 2 6 6
where the commas separate the columns in the resulting product. Thus the above product
equals

answer is of the form

N W =
N W =

16 15 5
13 15 5 )
46 42 14

a 3 x 3 matrix as desired. In terms of the ;" entries and the above definition, the entry in
the third row and second column of the product should equal

Zaskbkz = ag1b12 + agobos =2 x 3+ 6 x 6 = 42.
J

You should try a few more such examples to verify the above definition in terms of the ij*"
entries works for other entries.

Example 2.1.10 Multiply if possible

N W =
(o> V)
S N
S O W
(el VIS

This is not possible because it is of the form (3 x 2) (3 x 3) and the middle numbers
don’t match.

Example 2.1.11 Multiply if possible

[enlEE N BN V]
S O W
(el R

1
3
2

(2R )

This is possible because in this case it is of the form (3 x 3) (3 x 2) and the middle
numbers do match. When the multiplication is done it equals

13 13
29 32
0 0

Check this and be sure you come up with the same answer.

1
Example 2.1.12 Multiply if possible | 2 ( 1 2 10 )
1

In this case you are trying to do (3 x 1) (1 x 4). The inside numbers match so you can
do it. Verify
1

1
2(1210):2
1

N N

1
2
1

o O O
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2.1.2 Digraphs

Consider the following graph illustrated in the picture.

3

There are three locations in this graph, labelled 1,2, and 3. The directed lines represent
a way of going from one location to another. Thus there is one way to go from location 1
to location 1. There is one way to go from location 1 to location 3. It is not possible to go
from location 2 to location 3 although it is possible to go from location 3 to location 2. Lets
refer to moving along one of these directed lines as a step. The following 3 x 3 matrix is
a numerical way of writing the above graph. This is sometimes called a digraph, short for
directed graph.

11
1 0
11

O O =

Thus a;j, the entry in the it" row and j** column represents the number of ways to go from
location ¢ to location j in one step.

Problem: Find the number of ways to go from ¢ to j using exactly k steps.

Denote the answer to the above problem by afj. We don’t know what it is right now
unless £ = 1 when it equals a;; described above. However, if we did know what it was, we
could find affl as follows.

a?j+1 = Z a’?ra’rj
T

This is because if you go from i to j in k + 1 steps, you first go from ¢ to r in k steps and
then for each of these ways there are a,; ways to go from there to j. Thus afrarj gives
the number of ways to go from i to j in k + 1 steps such that the k" step leaves you at
location 7. Adding these gives the above sum. Now you recognize this as the ij*" entry of
the product of two matrices. Thus

2 _ 3 2
Qi = E AirQrg, Q5 = E Qi Qrj
I T

and so forth. From the above definition of matrix multiplication, this shows that if A is the
matrix associated with the directed graph as above, then afj is just the ijt" entry of AF

where A is just what you would think it should be, A multiplied by itself k times.
Thus in the above example, to find the number of ways of going from 1 to 3 in two steps
you would take that matrix and multiply it by itself and then take the entry in the first row

and third column. Thus )

1 3 2 1
1 1 11
1

_ o

1
0:
0 2 11

and you see there is exactly one way to go from 1 to 3 in two steps. You can easily see this
is true from looking at the graph also. Note there are three ways to go from 1 to 1 in 2
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steps. Can you find them from the graph? What would you do if you wanted to consider 5
steps?

1 11 28 19 13
1 0 0 =113 9 6
1 10 19 13 9

There are 19 ways to go from 1 to 2 in five steps. Do you think you could list them all by
looking at the graph? I don’t think you could do it without wasting a lot of time.

Of course there is nothing sacred about having only three locations. Everything works
just as well with any number of locations. In general if you have n locations, you would
need to use a n X n matrix.

Example 2.1.13 Consider the following directed graph.

Write the matrix which is associated with this directed graph and find the number of ways
to go from 2 to 4 in three steps.

Here you need to use a 4x4 matrix. The one you need is

S = = O

1
0
1
1

o O O =
_ =0 O

Then to find the answer, you just need to multiply this matrix by itself three times and look
at the entry in the second row and fourth column.

3

O = = O

1
0
1
1

S O O =
= = O O
=W N =
N W =W
— — O N
=N =

There is exactly one way to go from 2 to 4 in three steps.
How many ways would there be of going from 2 to 4 in five steps?

5

0110 5 9 5 4
roo0o0| [5 4 13
1101 |9 10 4 6
010 1 4 6 3 3

There are three ways. Note there are 10 ways to go from 3 to 2 in five steps.
This is an interesting application of the concept of the ij*" entry of the product matrices.
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2.1.3 Properties of Matrix Multiplication

As pointed out above, sometimes it is possible to multiply matrices in one order but not
in the other order. What if it makes sense to multiply them in either order? Will they be
equal then?

1 2 1 1 1 2
Example 2.1.14 Compare 0 and 0 .
3 4 1 0 1 0 3 4

The first product is
12 01\ (21
3 4 1 o) \43)
0 1 12\ (34
10 3 4) \12)

and you see these are not equal. Therefore, you cannot conclude that AB = BA for matrix
multiplication. However, there are some properties which do hold.

the second product is

Proposition 2.1.15 If all multiplications and additions make sense, the following hold for
matrices, A, B,C and a,b scalars.

A(aB+bC)=a(AB)+b(AC) (2.13)
(B+C)A=BA+CA (2.14)
A(BC)=(AB)C (2.15)

Proof: Using the above definition of matrix multiplication,

(A(aB + bC))ij = Z A;x (aB + bc)kj
2

= ZAik (CLBkj =+ bij)
k

= QZAikBkj+bZAikaj
k k

— a(AB),; +b(AC),

— (a(AB) +b(AC)),,

showing that A (B + C) = AB + AC as claimed. Formula 2.14 is entirely similar.
Consider 2.15, the associative law of multiplication. Before reading this, review the
definition of matrix multiplication in terms of entries of the matrices.

(A(BC)); = D Aw(BC)y,
k
> A BuCi
p I
Z (AB)il Cij

l
(AB)C),, .M
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Another important operation on matrices is that of taking the transpose. The following
example shows what is meant by this operation, denoted by placing a T" as an exponent on

the matrix. .
1 142
e 1 3 2
51 "\ 142 1 6
2 6 !

What happened? The first column became the first row and the second column became
the second row. Thus the 3 x 2 matrix became a 2 x 3 matrix. The number 3 was in the
second row and the first column and it ended up in the first row and second column. This
motivates the following definition of the transpose of a matrix.

Definition 2.1.16 Let A be an m x n matriz. Then AT denotes the n x m matriz which
is defined as follows.
T
(A )ij = Aji
The transpose of a matrix has the following important property.
Lemma 2.1.17 Let A be an m X n matriz and let B be a n X p matriz. Then

(AB)T = BT AT (2.16)

and if a and B are scalars,

(aA+BB)" = aA” + BBT (2.17)

Proof: From the definition,
((B)), = @By,
= Y AjB
k
= Z (BT)ik (AT)kj

k
= (BTA")
ij
2.17 is left as an exercise. B

Definition 2.1.18 An n x n matriz A is said to be symmetric if A = AT. It is said to be
skew symmetric if AT = —A.

Example 2.1.19 Let

2 1 3
A= 1 5 =3
3 -3 7
Then A is symmetric.
Example 2.1.20 Let
0 1 3
A= -1 0 2
-3 -2 0

Then A is skew symmetric.
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There is a special matrix called I and defined by
Lij = di

where 0;; is the Kronecker symbol defined by

Lifi=j
dij = e
0if 1 £ j

It is called the identity matrix because it is a multiplicative identity in the following sense.

Lemma 2.1.21 Suppose A is an m X n matriz and I, is the n x n identity matriz. Then
Al, = A. If I,, is the m x m identity matriz, it also follows that I, A = A.

Proof:
(Aln)ij = ZAikékj
k
and so AI, = A. The other case is left as an exercise for you.

Definition 2.1.22 An n x n matriz A has an inverse A~ if and only if there exists a
matriz, denoted as A™' such that AA™' = A=Y A = I where I = (8;5) for

lifi=j
5z’j = o .
0ifis]
Such a matriz is called invertible.

If it acts like an inverse, then it is the inverse. This is the message of the following
proposition.

Proposition 2.1.23 Suppose AB = BA=1. Then B= A"1.
Proof: From the definition B is an inverse for A. Could there be another one B’?
B'=B'I=B(AB)=(B'A)B=1IB = B.

Thus, the inverse, if it exists, is unique. W

2.1.4 Finding The Inverse of a Matrix

A little later a formula is given for the inverse of a matrix. However, it is not a good way
to find the inverse for a matrix. There is a much easier way and it is this which is presented
here. Tt is also important to note that not all matrices have inverses.

11
Example 2.1.24 Let A = ( 11 ) . Does A have an inverse?

One might think A would have an inverse because it does not equal zero. However,

IHISRG
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and if A~! existed, this could not happen because you could multiply on the left by the
inverse A and conclude the vector (—1,1)" = (0,0)". Thus the answer is that A does not
have an inverse.

Suppose you want to find B such that AB = I. Let

B:(bl bn>

Also the it" column of T is
T
ez':(O . 010 .- 0)

Thus, if AB = I, b;, the i*" column of B must satisfy the equation Ab; = e;. The augmented
matrix for finding b; is (Ale;) . Thus, by doing row operations till A becomes I, you end up
with (I|b;) where b; is the solution to Ab; = e;. Now the same sequence of row operations
works regardless of the right side of the agumented matrix (Ale;) and so you can save trouble
by simply doing the following.

(A|I) row opgations (I|B)

and the " column of B is b;, the solution to Ab; = e;. Thus AB = I.

This is the reason for the following simple procedure for finding the inverse of a matrix.
This procedure is called the Gauss Jordan procedure. It produces the inverse if the matrix
has one. Actually, it produces the right inverse.

Procedure 2.1.25 Suppose A is an n x n matriz. To find A™' if it exists, form the
augmented n X 2n matriz,

(AlD)

and then do row operations until you obtain an n X 2n matriz of the form
(I|B) (2.18)

if possible. When this has been done, B = A~'. The matriz A has an inverse exactly when
it is possible to do row operations and end up with one like 2.18.

As described above, the following is a description of what you have just done.

4 Rafa—gFa

1

1

RoRq—y i
where those R; sympolize row operations. It follows that you could undo what you did by
doing the inverse of these row operations in the opposite order. Thus

Ri'-R;Y RY
I <40 A

Rl_l--'R_llR71

- q

Here R™! is the row operation which undoes the row operation R. Therefore, if you form
(B|I) and do the inverse of the row operations which produced I from A in the reverse
order, you would obtain (I|A). By the same reasoning above, it follows that A is a right
inverse of B and so BA = I also. It follows from Proposition 2.1.23 that B = A~!. Thus
the procedure produces the inverse whenever it works.
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If it is possible to do row operations and end up with A ™" opepations o , then the above

argument shows that A has an inverse. Conversely, if A has an inverse, can it be found by
the above procedure? In this case there exists a unique solution x to the equation Ax =y.
In fact it is just x = Ix = A~'y. Thus in terms of augmented matrices, you would expect

to obtain
(Aly) = (1]1A7"y)
That is, you would expect to be able to do row operations to A and end up with I.
The details will be explained fully when a more careful discussion is given which is based
on more fundamental considerations. For now, it suffices to observe that whenever the above
procedure works, it finds the inverse.

1 0 1
Example 2.1.26 Let A=| 1 -1 1 |. Find A~'.
1 1 -1

Form the augmented matrix

0
-1
1 -1

1
1

S = O

1 0
0 0
0 1

Now do row operations until the n x n matrix on the left becomes the identity matrix. This
yields after some computations,

[
o = o
= o O
— = O

I N|—=
= =

[« NN
I

and so the inverse of A is the matrix on the right,

— = o
|
—_
S NI

Checking the answer is easy. Just multiply the matrices and see if it works.

1 0 1 0 1 3 100
-1 1 1 -1 0 |=|010
1 -1 1 -3 -3 00 1

Always check your answer because if you are like some of us, you will usually have made a
mistake.

2 2

0 2 . Find A71.

1 -1

Example 2.1.27 Let A =

W = =

Set up the augmented matrix (A|I)

W ==
= O N
o O =
o = O
= o O
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Next take (—1) times the first row and add to the second followed by (—3) times the first
row added to the last. This yields

1 2 2 1 0
0 -2 0 -1 1
0 -5 =7 =3 0 1

Then take 5 times the second row and add to —2 times the last row.

1 2 2 1 0 0
0 -10 0 -5 5 O
0o 0 14 1 5 =2

Next take the last row and add to (—7) times the top row. This yields

-7 =14 0 -6 5 -2
0 -10 0 -5 &5 O
0 0 14 1 5 =2

Now take (—7/5) times the second row and add to the top.

-7 0 0o 1 -2 =2
0 -100 0 -5 5 0
0 0 14 1 5 =2

Finally divide the top row by —7, the second row by -10 and the bottom row by 14 which
yields

100 -1 2 2
010 % -1 0
o001 & & -1
Therefore, the inverse is
_1 2 2
77 7
1 1
3 —3 0
1 5 _1
14 14 7
1 2 2
Example 2.1.28 Let A=| 1 0 2 |. Find A~L.
2 2 4
Write the augmented matrix (A|I)
12 2 1 00
10 2 0 10
2 2 4 0 01

and proceed to do row operations attempting to obtain (I |A_1) . Take (—1) times the top
row and add to the second. Then take (—2) times the top row and add to the bottom.

1 2 2 1 00
0 -2 0 -1 10
0 -2 0 -2 0 1
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Next add (—1) times the second row to the bottom row.

1 2 2 1 0 O
0 -2 0 -1 1 0
0 0o 0 -1 -1 1

At this point, you can see there will be no inverse because you have obtained a row of zeros
in the left half of the augmented matrix (A|I). Thus there will be no way to obtain I on
the left. In other words, the three systems of equations you must solve to find the inverse
have no solution. In particular, there is no solution for the first column of A~! which must
solve

Al y | =10
z 0
because a sequence of row operations leads to the impossible equation, 0z + 0y + 0z = —1.

2.2 Exercises
1. In 2.1 - 2.8 describe —A and 0.

2. Let A be an nxn matrix. Show A equals the sum of a symmetric and a skew symmetric
matrix.

3. Show every skew symmetric matrix has all zeros down the main diagonal. The main
diagonal consists of every entry of the matrix which is of the form a;;. It runs from
the upper left down to the lower right.

4. Using only the properties 2.1 - 2.8 show —A is unique.
5. Using only the properties 2.1 - 2.8 show 0 is unique.

6. Using only the properties 2.1 - 2.8 show 0A = 0. Here the 0 on the left is the scalar 0
and the 0 on the right is the zero for m x n matrices.

7. Using only the properties 2.1 - 2.8 and previous problems show (—1) A = —A.
8. Prove 2.17.
9. Prove that I,,A = A where A is an m X n matrix.

10. Let A and be a real m x n matrix and let x € R™ and y € R™. Show (AX,y)gm =
(X,ATy)Rn where (-, -)gr denotes the dot product in RE.

11. Use the result of Problem 10 to verify directly that (AB)T = BT AT without making
any reference to subscripts.

12. Let x =(—1,—1,1) and y =(0,1,2) . Find x”y and xy” if possible.
13. Give an example of matrices, A, B, C such that B # C, A # 0, and yet AB = AC.

1 1 1 1 -3
4. Let A=| —2 -1 ,B:(1 -1 _2>,andC: -1 2 0 |.Find
12 2 b= -3 -1 0
if possible the following products. AB, BA, AC,CA,CB, BC.
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15. Consider the following digraph.

Write the matrix associated with this digraph and find the number of ways to go from
3 to 4 in three steps.

16. Show that if A~! exists for an n x n matrix, then it is unique. That is, if BA = I and
AB =1, then B=A"".

17. Show (AB) ' = B~1A~1,
18. Show that if A is an invertible n x n matrix, then so is A7 and (AT)_1 = (A_l)T .

19. Show that if A is an n X n invertible matrix and x is a n x 1 matrix such that Ax = b
for b an n x 1 matrix, then x = A~ 'b.

20. Give an example of a matrix A such that A2 =T and yet A # I and A # —1.

21. Give an example of matrices, A, B such that neither A nor B equals zero and yet

AB =0.
T, — X9 + 273 x1
. 2x3 + 11 : T2 : . .
22. Write in the form A where A is an appropriate matrix.
3x3 3
3xy + 322 + 21 T4

23. Give another example other than the one given in this section of two square matrices,
A and B such that AB # BA.

24. Suppose A and B are square matrices of the same size. Which of the following are

correct?
(a) (A— B)* = A2 —2AB + B2
(b) (AB)* = AB
(c) (A+B)®> = A2+ 2AB + B?
(d) (A+ B)* = A2+ AB + BA + B2
(e) A2B? = A(AB)B
(f) (A+ B)®> = 4% + 342B + 34AB? + B?
(8) (A+B)(A-B) =A%
(h) None of the above. They are all wrong.
)

All of the above. They are all right.

(i

25. Let A = ( _31 _31 ) Find all 2 x 2 matrices, B such that AB = 0.
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26. Prove that if A~1 exists and Ax = 0 then x = 0.
27. Let

1 2
A=1 2 1
1 0

N =~ W

Find A~! if possible. If A~! does not exist, determine why.
28. Let

1
A=1 2
1

oS w O
N o W

Find A~ if possible. If A~' does not exist, determine why.

29. Let
1 2 3
A=1]1 2 1 4
4 5 10

Find A~! if possible. If A~! does not exist, determine why.

30. Let
1 2 0 2
1 1 2
A= 0
21 -3 2
1 2 1 2

Find A~! if possible. If A~! does not exist, determine why.

2.3 Linear Transformations
By 2.13, if A is an m X n matrix, then for v, u vectors in F" and a, b scalars,
S
——
Alau+bv | =aAu+bAv € F™ (2.19)

Definition 2.3.1 A function, A : F" — F™ is called a linear transformation if for all
u,v € F* and a,b scalars, 2.19 holds.

From 2.19, matrix multiplication defines a linear transformation as just defined. It
turns out this is the only type of linear transformation available. Thus if A is a linear
transformation from F™ to F™, there is always a matrix which produces A. Before showing
this, here is a simple definition.

Definition 2.3.2 A vector, e; € F"™ is defined as follows:

0

e = 1 ,
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where the 1 is in the it" position and there are zeros everywhere else. Thus
ei=(0,-+,0,1,0,---,0)".

Of course the e; for a particular value of 7 in F™ would be different than the e; for that
same value of ¢ in F™ for m # n. One of them is longer than the other. However, which one
is meant will be determined by the context in which they occur.

These vectors have a significant property.

Lemma 2.3.3 Let v € F". Thus v is a list of numbers arranged vertically, vy, --- ,v,. Then
el'v=u. (2.20)

Also, if A is an m X n matriz, then letting e; € F'™ and e; € F™,
el Ae; = Ay (2.21)

Proof: First note that el is a 1 x n matrix and v is an n x 1 matrix so the above
multiplication in 2.20 makes perfect sense. It equals

U1

as claimed.
Consider 2.21. From the definition of matrix multiplication, and noting that (e;), = dx;

>k Avk (€5)), Ay
eiTAej = eiT Zk A (ej)k = eZT Aij = Aij
>k Amk (€5),, A

by the first part of the lemma. B

Theorem 2.3.4 Let L : F* — F™ be a linear transformation. Then there exists a unique
m X n matrix A such that
Ax = Lx

for all x € F™. The ik entry of this matriz is given by
el'Le, (2.22)
Stated in another way, the k' column of A equals Ley.

Proof: By the lemma,

(LX)Z- = eZTLX = elT Z ripLey = Z (E?Lek> Tk-
k k
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Let A;;, = el Ley, to prove the existence part of the theorem.
To verify uniqueness, suppose Bx = Ax = Lx for all x € F™. Then in particular, this is
true for x = e; and then multiply on the left by el to obtain

B;j = e] Be; = el Ae; = Aj;
showing A=B. &

Corollary 2.3.5 A linear transformation, L : F™* — F™ is completely determined by the
vectors {Ley,--- ,Ley,} .

Proof: This follows immediately from the above theorem. The unique matrix determin-
ing the linear transformation which is given in 2.22 depends only on these vectors. B

For a different proof of this theorem and corollary, see the following section.

This theorem shows that any linear transformation defined on F” can always be consid-
ered as matrix multiplication. Therefore, the terms “linear transformation” and “matrix”
are often used interchangeably. For example, to say that a matrix is one to one, means the
linear transformation determined by the matrix is one to one.

Example 2.3.6 Find the linear transformation, L : R> — R? which has the property that
2 1
Le, = ( . ) and Leg = < 5 ) . From the above theorem and corollary, this linear trans-

formation is that determined by matriz multiplication by the matrix

(13)

2.4 Geometrically Defined Linear Transformations

If T is any linear transformation which maps F" to F™, there is always an m X n matrix
A = [T with the property that
Ax =Tx (2.23)

for all x € F*. What is the form of A? Suppose T : F* — F™ is a linear transformation
and you want to find the matrix defined by this linear transformation as described in 2.23.
Then if x € F™ it follows
X = Z xX;€e;
i=1

where e; is the vector which has zeros in every slot but the i** and a 1 in this slot. Then
since T'is linear,

Tx = z”: x;T (e;)
i=1

I
S
°
S
©
N
I
N

| | Ty Ty,

and so you see that the matrix desired is obtained from letting the i*" column equal T (e;) .
This proves the existence part of the following theorem.
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Theorem 2.4.1 Let T be a linear transformation from F" to F™. Then the matrix A sat-
isfying 2.23 is given by

where Te; is the it" column of A.
Proof: It remains to verify uniqueness. However, if A is a matrix which works, A =

( a; --- a, ) , then T'e; = Ae; = a; and so the matrix is of the form claimed above. B

Example 2.4.2 Determine the matriz for the transformation mapping R? to R? which
consists of rotating every vector counter clockwise through an angle of 6.

1 0
Let e; = ( 0 > and ey = < ) > . These identify the geometric vectors which point

along the positive x axis and positive y axis as shown.

€2

€1

From Theorem 2.4.1, you only need to find T'e; and T'es, the first being the first column
of the desired matrix A and the second being the second column. From drawing a picture
and doing a little geometry, you see that

Te, C'OSG Tey — —sinf '
sin 0 cos
Therefore, from Theorem 2.4.1,
e cosf) —sinf
sinf  cos@

Example 2.4.3 Find the matriz of the linear transformation which is obtained by first
rotating all vectors through an angle of ¢ and then through an angle 8. Thus you want the
linear transformation which rotates all angles through an angle of 0 + ¢.

Let T4 denote the linear transformation which rotates every vector through an angle
of 0 + ¢. Then to get Ty14, you could first do Ty and then do Ty where Ty is the linear
transformation which rotates through an angle of ¢ and T} is the linear transformation
which rotates through an angle of 6. Denoting the corresponding matrices by Agiq, Ag,
and Ay, you must have for every x

A9+¢X = T9+¢X = T9T¢X = A9A¢X.

Consequently, you must have

B cos(0+¢) —sin(0+¢) |\
Avro = ( sin (0 + ¢)  cos (0 + @) ) = Aods

B cosf) —sinf cos¢ —sing
B sinf  cosf sing  cos¢ '
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Therefore,

cos(0+¢) —sin(f@+¢) \ [ cosfcosp —sinfsing —cosfsinp —sinbcos¢o

sin(0+¢) cos(0+ ¢) ~\ sinfcos¢+cosfsing  cosfcosd — sinfsin ¢ '
Don’t these look familiar? They are the usual trig. identities for the sum of two angles
derived here using linear algebra concepts.

Example 2.4.4 Find the matriz of the linear transformation which rotates vectors in R3
counter-clockwise about the positive z axis.

Let T be the name of this linear transformation. In this case, Tes = e3,Te; =
(cos,sinf,0)" , and Tey = (—sinb, cos,0)” . Therefore, the matrix of this transformation
is just

cosf —sinf O
sinf cosf O (2.24)
0 0 1

In Physics it is important to consider the work done by a force field on an object. This
involves the concept of projection onto a vector. Suppose you want to find the projection
of a vector, v onto the given vector, u, denoted by proj, (v) This is done using the dot

product as follows.
. v-u
proj, (v) = (7) u

u-u
Because of properties of the dot product, the map v — proj, (v) is linear,

prosafevim) = (IR = () wes () w
= aproj, (v) + Bproj, (w).

Example 2.4.5 Let the projection map be defined above and let u = (1,273)T. Find the
matriz of this linear transformation with respect to the usual basis.

You can find this matrix in the same way as in earlier examples. proj,, (e;) gives the ‘"
column of the desired matrix. Therefore, it is only necessary to find

. e;-u
proj, (e;) = (u : u) u

For the given vector in the example, this implies the columns of the desired matrix are
| 2|
3 3

Hence the matrix is

1 2 3
i246
14

6 9

Example 2.4.6 Find the matriz of the linear transformation which reflects all vectors in
R3 through the xz plane.
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As illustrated above, you just need to find T'e; where T' is the name of the transformation.

But T'e; = e;,Tes = e3, and Te; = —e5 so the matrix is
1 0 O
0 -1 0
0O 0 1

Example 2.4.7 Find the matriz of the linear transformation which first rotates counter
clockwise about the positive z axis and then reflects through the xz plane.

This linear transformation is just the composition of two linear transformations having
matrices

cosf@ —sinf 0 1 0 0
sinf cosf O |,] 0O -1 O
0 0 1 0 0 1

respectively. Thus the matrix desired is

1 0 O cosf —sinf 0 cos) —sinf O
0 -1 0 sinf@ cosf O = —sinf® —cosf O
0 0 1 0 0 1 0 0 1

2.5 The Null Space of a Linear Transformation

The null space or kernel of a matrix or linear transformation is given in the following
definition. Essentially, it is just the set of all vectors which are sent to the zero vector by
the linear transformation.

Definition 2.5.1 Let L : F* — F™ be a linear transformation and let its matriz be the
m x n matriz A. Then ker (L) = {x € F* : Lx = 0} . Sometimes people also write this as
N (A), the null space of A.

Then there is a fundamental result in the case where m < n. In this case, the matrix A
of the linear transformation looks like the following.

Theorem 2.5.2 Let A be an m x n matriz where m < n. Then N (A) contains nonzero
vectors.

Proof: First consider the case where A is a 1 x n matrix for n > 1. Say

A=(a o an)

If a1 = 0, consider the vector x = e;. If a; # 0, let
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where b is chosen to satisfy the equation

alb—i—Zak =0
k=2

Suppose now that the theorem is true for any m x n matrix with n > m and consider an
(m x 1) x n matrix A where n > m + 1. If the first column of A is 0, then you could let
x = ey as above. If the first column is not the zero vector, then by doing row operations,
the equation Ax = 0 can be reduced to the equivalent system

A1X:0

where A; is of the form

where B is an m x (n — 1) matrix. Since n > m + 1, it follows that (n — 1) > m and so
by induction, there exists a nonzero vector y € F*~! such that By = 0. Then consider the

vector
b
X =
y
b{

A;x has for its top entry the expression b+ al'y. Letting B = : , the i*" entry of
by,

Ax for i > 11is of the form bYy = 0. Thus if b is chosen to satisfy the equation b+a’y = 0,

then A;x =0.1

2.6 Subspaces and Spans

Definition 2.6.1 Let {x1,- - ,x,} be vectors in F™. A linear combination is any expression

of the form
P
>_cxi
i=1

where the c; are scalars. The set of all linear combinations of these vectors is called
span (X1, -+ ,Xp). A nonempty V.C F", is is called a subspace if whenever «, 8 are scalars
and u and v are vectors of V, it follows au + v € V. That is, it is “closed under the
algebraic operations of vector addition and scalar multiplication”. The empty set is never a
subspace by definition. A linear combination of vectors is said to be trivial if all the scalars
in the linear combination equal zero. A set of vectors is said to be linearly independent if
the only linear combination of these vectors which equals the zero vector is the trivial linear

combination. Thus {X1, -+ ,X,} is called linearly independent if whenever
P
Z CrXE — 0
k=1
it follows that all the scalars ¢y equal zero. A set of vectors, {X1,--- ,Xp}, is called linearly

dependent if it is not linearly independent. Thus the set of vectors is linearly dependent if
there exist scalars ¢;,4 = 1,--- ,n, not all zero such that ZZ:1 cexi = 0.
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Proposition 2.6.2 Let V' C F™. Then V is a subspace if and only if it is a vector space
itself with respect to the same operations of scalar multiplication and vector addition.

Proof: Suppose first that V is a subspace. All algebraic properties involving scalar
multiplication and vector addition hold for V' because these things hold for F". Is 0 € V7 Yes
it is. This is because Ov € V and Ov = 0. By assumption, for a a scalar and v € V,av € V.
Therefore, —v = (=1)v € V. Thus V has the additive identity and additive inverse. By
assumption, V is closed with respect to the two operations. Thus V is a vector space. If
V C F" is a vector space, then by definition, if «, 8 are scalars and u,v vectors in V| it
follows that av + fuec V. R

Thus, from the above, subspaces of F™ are just subsets of F" which are themselves vector
spaces.

Lemma 2.6.3 A set of vectors {x1,--- ,X,} is linearly independent if and only if none of
the vectors can be obtained as a linear combination of the others.

Proof: Suppose first that {x1,--- ,x,} is linearly independent. If x; = Z#k ¢;X;, then
0=1xx + Z (—c¢j) x5,
itk
a nontrivial linear combination, contrary to assumption. This shows that if the set is linearly
independent, then none of the vectors is a linear combination of the others.

Now suppose no vector is a linear combination of the others. Is {xi,---,x,} linearly
independent? If it is not, there exist scalars ¢;, not all zero such that

p
Z C;X; = 0.
i=1
Say ¢ # 0. Then you can solve for x; as
xe =Y (—¢) [orx;
ik

contrary to assumption.
The following is called the exchange theorem.

Theorem 2.6.4 (Exchange Theorem) Let {x1,--- ,X,} be a linearly independent set of vec-
tors such that each x; is in span(y1, -+ ,ys). Then r < s.

Proof 1: Suppose not. Then r > s. By assumption, there exist scalars aj; such that
S
X = Z ajiy;
j=1

The matrix whose jit" entry is a;; has more columns than rows. Therefore, by Theorem
2.5.2 there exists a nonzero vector b € F” such that Ab = 0. Thus

0= Z ajibia each j
i=1
Then

Zbixi = Zbi Zaﬁy]' = Z (Z ajibi> y; =0
i=1

i=1  j=1 j=1 \i=1
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contradicting the assumption that {x;,--,x,} is linearly independent.
Proof 2: Define span{yi,---,ys} = V, it follows there exist scalars ci,--- ,c¢s such
that

X1 = Z CYyi- (225)
i=1

Not all of these scalars can equal zero because if this were the case, it would follow that
x; = 0 and so {x1, -+ ,%,} would not be linearly independent. Indeed, if x; = 0, 1x; +
Z;‘;z 0x; = x; = 0 and so there would exist a nontrivial linear combination of the vectors
{x1,-+ ,x,} which equals zero.

Say ¢ # 0. Then solve 2.25 for y; and obtain

s-1 vectors here

Ykespan X1,¥1 s Yk—1,Yk+1," " 1 Ys

Define {z1,---,zs—1} by

{Zlv"' 7Z571} = {}’1,"' 7}’k71»)’k+1,"' )YS}

Therefore, span{x1,21, - ,2s—1} = V because if v € V, there exist constants ¢y, - ,c¢;s

such that
s—1

vV = Z CiZ;i + CsYk-
i=1
Now replace the yi, in the above with a linear combination of the vectors, {x1,2z1, - ,Zs—1}
to obtain v € span {x1,21, - ,2s—1} . The vector yy, in the list {y1,--- ,ys}, has now been
replaced with the vector x; and the resulting modified list of vectors has the same span as
the original list of vectors, {y1, - ,¥s}-

Now suppose that r > s and that span{x1,--- ,x;,21,--- ,2,} = V where the vectors,
z1,- - , 2, are each taken from the set, {y1,--- ,ys} and [+ p = s. This has now been done
for [ = 1 above. Then since r > s, it follows that [ < s < r and so [+ 1 < r. Therefore, x;41
is a vector not in the list, {x1,---,x;} and since span{xiy,---,x;,21,---,2p} = V, there
exist scalars ¢; and d; such that

l P
Xi41 = Z CiX; + Z djz;. (2.26)
i=1 J=1

Now not all the d; can equal zero because if this were so, it would follow that {xi,--- ,x,}
would be a linearly dependent set because one of the vectors would equal a linear combination
of the others. Therefore, 2.26 can be solved for one of the z;, say zj, in terms of x;4; and
the other z; and just as in the above argument, replace that z; with x;,1 to obtain

p-1 vectors here

span § Xi,- Xy, Xi41,21, " Zk—1,Bk+1," " s2Zp p = V.

Continue this way, eventually obtaining
span {xy, -+ ,xs} = V.

But then x, € span{xj,---,Xs} contrary to the assumption that {xi,---,x,} is linearly
independent. Therefore, r < s as claimed.
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Proof 3: Suppose r > s. Let z; denote a vector of {y1, - ,ys}. Thus there exists j as
small as possible such that
Span(}’l»' o uys) = Span(xlu s Xmy 41, 7Zj)
where m + j = s. It is given that m = 0, corresponding to no vectors of {x1, - ,%,,} and

j = s, corresponding to all the yj results in the above equation holding. If j > 0 then m < s

and so
m J
Xm+1 = E aka—F E bizi
k=1 i=1

Not all the b; can equal 0 and so you can solve for one of them in terms of x,, 11, X, - -+ , X1,
and the other z;. Therefore, there exists

{zlv"' 7zj71}§{y17"' 7ys}

such that
sSpan (Yh"' 7}’5) = span (le"' y Xm41,21," " 7Zj—1)

contradicting the choice of j. Hence j = 0 and
Spal (Y17 e 7}’5) = Span (Xh e 7Xs)

It follows that
Xs+1 € span (Xla T 7Xs)

contrary to the assumption the xj, are linearly independent. Therefore, r < s as claimed. B

Definition 2.6.5 The set of vectors, {x1,--- ,X,} is a basis for F" if span (x1,--+ ,X,) =
F™ and {x1, - ,%,} is linearly independent.

Corollary 2.6.6 Let {x1,---,X,} and {y1, -+ ,ys} be two bases' of F*. Thenr =s=n.

Proof: From the exchange theorem, r < s and s < r. Now note the vectors,

1 is in the i*" slot

ei=(0,---,0,1,0---,0)

fori=1,2,--- ,n are a basis for F". B
Lemma 2.6.7 Let {vy,---,v,} be a set of vectors. Then V = span (vy,---,V,) is a sub-
space.

Proof: Suppose «, 8 are two scalars and let 2221 vy and 2221 d vy, are two elements

of V. What about . i,
o Z ckVE + B Z dpvy?
k=1 k=1

Is it also in V'? .

achvk —|—Bdevk = Z(ack +B8dg) v eV
k=1 k=1

k=1

so the answer is yes. l

IThis is the plural form of basis. We could say basiss but it would involve an inordinate amount of
hissing as in “The sixth shiek’s sixth sheep is sick”. This is the reason that bases is used instead of basiss.
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Definition 2.6.8 A finite set of vectors, {x1, -+ ,X,} is a basis for a subspace V of F" if
span (X1, -+ ,X,) =V and {x1, -+ ,x,} is linearly independent.

Corollary 2.6.9 Let {x1,--- ,%X,} and {y1, - ,ys} be two bases for V. Thenr =s.
Proof: From the exchange theorem, r < s and s <r. B

Definition 2.6.10 Let V' be a subspace of F*. Then dim (V') read as the dimension of V
is the number of vectors in a basis.

Of course you should wonder right now whether an arbitrary subspace even has a basis.
In fact it does and this is in the next theorem. First, here is an interesting lemma.

Lemma 2.6.11 Suppose v ¢ span (uy,--- ,ug) and {uy,--- ,u;} is linearly independent.
Then {uy, - ,uy, v} is also linearly independent.

Proof: Suppose Zle cu; +dv = 0. It is required to verify that each ¢, = 0 and
that d = 0. But if d # 0, then you can solve for v as a linear combination of the vectors,

{U—la"' ,uk}7 .
T ()

i=1

contrary to assumption. Therefore, d = 0. But then Zle c;u; = 0 and the linear indepen-
dence of {uy,--- ,ux} implies each ¢; = 0 also. W

Theorem 2.6.12 Let V' be a nonzero subspace of F*. Then V has a basis.

Proof: Let vi € V where vi # 0. If span{vy} = V, stop. {vi} is a basis for V.
Otherwise, there exists v € V' which is not in span{v;}. By Lemma 2.6.11 {vy,va} is a
linearly independent set of vectors. If span{vy,va} = V stop, {vi,va} is a basis for V. If
span {vy,va} # V, then there exists v3 ¢ span{vy,va} and {vi,vs,v3} is a larger linearly
independent set of vectors. Continuing this way, the process must stop before n + 1 steps
because if not, it would be possible to obtain n 4 1 linearly independent vectors contrary to
the exchange theorem. Wl

In words the following corollary states that any linearly independent set of vectors can
be enlarged to form a basis.

Corollary 2.6.13 Let V be a subspace of F™ and let {vy,--- ,v,} be a linearly independent
set of vectors in V. Then either it is a basis for V' or there exist vectors, v,41, - ,Vs such
that {vi, -+ ,Vy, Vop1, -+ ,Vs} 1S a basis for V.

Proof: This follows immediately from the proof of Theorem 2.6.12. You do exactly the
same argument except you start with {vy,---,v,} rather than {v,}. B
It is also true that any spanning set of vectors can be restricted to obtain a basis.

Theorem 2.6.14 Let V' be a subspace of F" and suppose span (uy---,u,) = V where
the u; are nonzero vectors. Then there exist vectors {vy--- ,v,} such that {vy---,v,} C
{u;---,u,} and {vi---,v,} is a basis for V.

Proof: Let r be the smallest positive integer with the property that for some set
{Vl"' av'r‘} g {ul ,up}’

span (vy---,v,) =W
Then r < p and it must be the case that {v;---,v,} is linearly independent because if it
were not so, one of the vectors, say vi would be a linear combination of the others. But
then you could delete this vector from {vy---,v,} and the resulting list of » — 1 vectors

would still span V' contrary to the definition of r. B
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2.7 An Application to Matrices

The following is a theorem of major significance.

Theorem 2.7.1 Suppose A is an n X n matriz. Then A is one to one (injective) if and
only if A is onto (surjective). Also, if B is an n X n matriz and AB = I, then it follows
BA=1.

Proof: First suppose A is one to one. Consider the vectors, {Aey, - , Ae, } where e
is the column vector which is all zeros except for a 1 in the k** position. This set of vectors

is linearly independent because if
n

Z ckAek = 07
k=1

then since A is linear,
n
A (Z ckek> =0
k=1

and since A is one to one, it follows

n
E Crer = 0
k=1

which implies each ¢ = 0 because the e are clearly linearly independent.

Therefore, {Aey,---, Ae,} must be a basis for F™ because if not there would exist a
vector, y ¢ span (Aeq,- -, Ae,) and then by Lemma 2.6.11, {4eq, -, Ae,,y} would be
an independent set of vectors having n + 1 vectors in it, contrary to the exchange theorem.
It follows that for y € F™ there exist constants, ¢; such that

n n
Yy = Z ckAek =A (Z ckek>
k=1 k=1

showing that, since y was arbitrary, A is onto.

Next suppose A is onto. This means the span of the columns of A equals F™. If these
columns are not linearly independent, then by Lemma 2.6.3 on Page 61, one of the columns
is a linear combination of the others and so the span of the columns of A equals the span of
the n — 1 other columns. This violates the exchange theorem because {ej, - --e,} would be
a linearly independent set of vectors contained in the span of only n — 1 vectors. Therefore,
the columns of A must be independent and this is equivalent to saying that Ax = 0 if and
only if x = 0. This implies A is one to one because if Ax = Ay, then A(x —y) = 0 and so
x—y=0.

Now suppose AB = I. Why is BA = I? Since AB = [ it follows B is one to one since
otherwise, there would exist, x # 0 such that Bx =0 and then ABx = A0 =0 # Ix.
Therefore, from what was just shown, B is also onto. In addition to this, A must be one
to one because if Ay = 0, then y = Bx for some x and then x = ABx = Ay = 0 showing
y = 0. Now from what is given to be so, it follows (AB) A = A and so using the associative
law for matrix multiplication,

A(BA) —A=A(BA-1)=0.

But this means (BA — I) x = 0 for all x since otherwise, A would not be one to one. Hence
BA =1 as claimed. B
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This theorem shows that if an n x n matrix B acts like an inverse when multiplied on
one side of A, it follows that B = A~ 'and it will act like an inverse on both sides of A.
The conclusion of this theorem pertains to square matrices only. For example, let

Lo 1 0 0
A= 0 1 ,Bz( > (2.27)
1 1 -1
1 0
Then
BA— 1 0
0 1
but
1 0 0
AB = 1 1 -1
1 0 0

2.8 Matrices and Calculus

The study of moving coordinate systems gives a non trivial example of the usefulness of the
ideas involving linear transformations and matrices. To begin with, here is the concept of
the product rule extended to matrix multiplication.

Definition 2.8.1 Let A(t) be an m x n matriz. Say A(t) = (Aij (t)). Suppose also that
Ayj (t) is a differentiable function for all i,j. Then define A’ (t) = (Aj; (t)). That is, A’ (t)
is the matriz which consists of replacing each entry by its derivative. Such an m x n matrix
in which the entries are differentiable functions is called a differentiable matriz.

The next lemma is just a version of the product rule.

Lemma 2.8.2 Let A(t) be an m x n matriz and let B(t) be an n X p matriz with the
property that all the entries of these matrices are differentiable functions. Then

(A B () =A () B(t)+A{t) B (t).

Proof: This is like the usual proof one sees in a calculus course.

(At+h)B(t+h)—A)B(t)) =

S| =

(A(t+h)B(t+h)—A(t+h)B(t))+%(A(t—kh)B(t)—A(t)B(t))

S

B({t+h)—B(@#) A({t+h)—A®)
h + h

and now, using the fact that the entries of the matrices are all differentiable, one can pass
to a limit in both sides as h — 0 and conclude that

= A(t+h)

B(t)

(AB)B@t) =A"t)B({t)+A{t)B' (t)m
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2.8.1 The Coriolis Acceleration

Imagine a point on the surface of the earth. Now consider unit vectors, one pointing South,
one pointing East and one pointing directly away from the center of the earth.

Denote the first as i, the second as j, and the third as k. If you are standing on the earth
you will consider these vectors as fixed, but of course they are not. As the earth turns, they
change direction and so each is in reality a function of ¢. Nevertheless, it is with respect
to these apparently fixed vectors that you wish to understand acceleration, velocities, and
displacements.

In general, let i*,j*, k* be the usual fixed vectors in space and let i (¢),j (¢),k (¢) be an
orthonormal basis of vectors for each ¢, like the vectors described in the first paragraph.
It is assumed these vectors are C'!' functions of t. Letting the positive  axis extend in the
direction of i(t), the positive y axis extend in the direction of j (), and the positive z axis
extend in the direction of k (¢), yields a moving coordinate system. Now let u be a vector
and let ty be some reference time. For example you could let g = 0. Then define the
components of u with respect to these vectors, i, j, k at time ¢ as

u = uti(to) + w3 (to) + v’k (to) .

Let u (t) be defined as the vector which has the same components with respect to i, j, k but
at time ¢. Thus

u(t) = u'i(t) +u?j (1) + v’k (1)
and the vector has changed although the components have not.

This is exactly the situation in the case of the apparently fixed basis vectors on the earth
if u is a position vector from the given spot on the earth’s surface to a point regarded as
fixed with the earth due to its keeping the same coordinates relative to the coordinate axes
which are fixed with the earth. Now define a linear transformation @ (t) mapping R3 to R?
by

Q) u=ui(t) +u?j(t) + v’k (¢)
where
u = u'i(to) + u?j (to) + u’k (to)

Thus letting v be a vector defined in the same manner as u and «, (3, scalars,

Q (t) (au+ Bv) = (au' + Bo')i(t) + (au® + Bo?)j(t) + (au® + Bv*) k(t)

(au'i(t) + au?j (t) + au’k (t)) + (Bu'i(t) + Bv°j (t) + B’k (t))
o (u'i(t) +u?j () + Pk () + B (v'i(t) + 0% (1) + v’k (1))
a@ (t)u+BQ (1) v
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showing that Q (¢) is a linear transformation. Also, @ (t) preserves all distances because,
since the vectors, i(t),j(t),k (t) form an orthonormal set,

Q (t)u] = (ZB: (ui)2> " = [ul.

i=1

Lemma 2.8.3 Suppose Q (t) is a real, differentiable n x n matriz which preserves distances.
Then Q (1) Q ()" =Q ()" Q (t) = I. Also, ifu(t) = Q (t) u, then there exists a vector, S (t)
such that

u(t)=Q() xu(t).

The symbol x refers to the cross product.

Proof: Recall that (z-w) = 1 (|Z +wl? —|z— W\Q) . Therefore,

QWuemyw) = (0w @+w)P Q) w-w])

(lu+wl* = ju—wf*)

= (u-w).

1
4
1
4

This implies
(" QWu-w) = (u-w)

for all u, w. Therefore, Q ()" Q () u=uandso Q (t)" Q (t) = Q (t)Q ()" = I. This proves
the first part of the lemma.
It follows from the product rule, Lemma 2.8.2 that

QWM +QmQ )" =0

and so
Qmem =-(Qmwen”) . (2.28)
From the definition, @ (t)u = u(t),
=u

u () =Q (Hu=Q' (1) Q1) ul)

Then writing the matrix of Q' (t) Q (t)” with respect to fixed in space orthonormal basis
vectors, i*,j*, k*, where these are the usual basis vectors for R3, it follows from 2.28 that
the matrix of Q' (£) Q (t)” is of the form

0 —W3 (t) wao (t)
w3 (t) O —Ww1 (t)
—W2 (fi) w1 (t) 0

for some time dependent scalars w;. Therefore,

/
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where the u’ are the components of the vector u (¢) in terms of the fixed vectors i*,j*, k*.
Therefore,

u () =) xu(t)=Q 1H)Q 1) u() (2:29)
where
Q(t) = wy (t) I"+ws () j +ws (£) k*
because
Q) xu@)=| w1 w2 w3 |=
1 2 3

(A Ve
i* (w2u3 — w3u2) +ij* (’U)3U,1 — wi’) + k* (w1u2 — wgul) .
This proves the lemma and yields the existence part of the following theorem. W
Theorem 2.8.4 Leti(t),j(t),k(t) be as described. Then there exists a unique vector S (t)
such that if u (t) is a vector whose components are constant with respect to i(t),j (t),k(¢),

then
u () =Q() xul(t).

Proof: It only remains to prove uniqueness. Suppose €2 also works. Thenu (t) = Q (t)u
and so u’ (t) = Q' (t)u and

QMNu=2xQtu=% xQH)u
for all u. Therefore,
(2-—2)xQt)u=0

for all u and since @ (¢) is one to one and onto, this implies (2 — 1) xw = 0 for all w and
thus @ —Q2; =0. R
Now let R (t) be a position vector and let

r(t)=R(t)+rp(t)
where

rp(t) =z @)i(t)+y()jt)+z () k().

rp (t)

r(t)

In the example of the earth, R (¢) is the position vector of a point p (¢) on the earth’s
surface and rp (t) is the position vector of another point from p (¢), thus regarding p (¥)
as the origin. rp (t) is the position vector of a point as perceived by the observer on the
earth with respect to the vectors he thinks of as fixed. Similarly, vp (¢) and ap (t) will be
the velocity and acceleration relative to i(t),j (¢),k (¢), and so vp = 2’1 + ¢/j + 2’k and
ag =z"i + 9"j + 2”’k. Then

v=r =R +2/i+yj+ 2'ktai’ +yj + 2K,

By, 2.29,if e €{i,j,k}, ¢ = Q X e because the components of these vectors with respect
to i, j, k are constant. Therefore,

xi’ +yj + 2K QA Xxi+yQ xj+20xk

= Qx (zi+yj+zk)
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and consequently,
v=R'+72i+yj+7k+Qxrpg=R +2'i+yj+ 2k + Qx (2i+yj+ zk).

Now consider the acceleration. Quantities which are relative to the moving coordinate
system and quantities which are relative to a fixed coordinate system are distinguished by
using the subscript B on those relative to the moving coordinate system.

Qxvp
—
a—= vl — R// +1'/Ii+y”j + Z//k+l'/i/ +y/jl +Z/k/ + QI X rp

VB Qxrp(t)

+Ox | 2'i+ 9§+ Zktxi’ +yj + 2K

:R//+aB+Q/XrB+2QXVB+QX(QXPB).

The acceleration ap is that perceived by an observer who is moving with the moving coor-
dinate system and for whom the moving coordinate system is fixed. The term 2x (2 X rp)
is called the centripetal acceleration. Solving for ap,

aB:a—R"—Q’xrB—QvaB—Qx(erB). (230)

Here the term — (2% (2 X rp)) is called the centrifugal acceleration, it being an acceleration
felt by the observer relative to the moving coordinate system which he regards as fixed, and
the term —2€Q x v is called the Coriolis acceleration, an acceleration experienced by the
observer as he moves relative to the moving coordinate system. The mass multiplied by the
Coriolis acceleration defines the Coriolis force.

There is a ride found in some amusement parks in which the victims stand next to
a circular wall covered with a carpet or some rough material. Then the whole circular
room begins to revolve faster and faster. At some point, the bottom drops out and the
victims are held in place by friction. The force they feel is called centrifugal force and it
causes centrifugal acceleration. It is not necessary to move relative to coordinates fixed with
the revolving wall in order to feel this force and it is pretty predictable. However, if the
nauseated victim moves relative to the rotating wall, he will feel the effects of the Coriolis
force and this force is really strange. The difference between these forces is that the Coriolis
force is caused by movement relative to the moving coordinate system and the centrifugal
force is not.

2.8.2 The Coriolis Acceleration on the Rotating Earth

Now consider the earth. Let i*,j*, k™, be the usual basis vectors fixed in space with k*
pointing in the direction of the north pole from the center of the earth and let i, j, k be the
unit vectors described earlier with i pointing South, j pointing East, and k pointing away
from the center of the earth at some point of the rotating earth’s surface p. Letting R (¢) be
the position vector of the point p, from the center of the earth, observe the coordinates of
R (t) are constant with respect to i(t),j(¢),k(¢). Also, since the earth rotates from West
to East and the speed of a point on the surface of the earth relative to an observer fixed in
space is w |R|sin ¢ where w is the angular speed of the earth about an axis through the poles
and ¢ is the polar angle measured from the positive z axis down as in spherical coordinates.
It follows from the geometric definition of the cross product that

R =uwk®* xR
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Therefore, the vector of Theorem 2.8.4 is 2 = wk* and so
=0
——
R'= @ xR+ QxR =0x (2 xR)
since 2 does not depend on ¢. Formula 2.30 implies
ap=a—-Ox (A xR)-2Qxvp —Ox (2 xrp). (2.31)

In this formula, you can totally ignore the term ©x (2 x rp) because it is so small when-

ever you are considering motion near some point on the earth’s surface. To see this, note
seconds in a day

w (24)(3600) = 27, and so w = 7.2722 x 107° in radians per second. If you are using
seconds to measure time and feet to measure distance, this term is therefore, no larger than

(7.2722 x 107°)* |r ] .

Clearly this is not worth considering in the presence of the acceleration due to gravity which
is approximately 32 feet per second squared near the surface of the earth.
If the acceleration a is due to gravity, then
ap=a—-Ox (2 xR)-2Q xvp =
=g
GM (R +rp)
|R +rp |3

—Ox(2xR)-2Qxvp=g—2Q X vp.

Note that
Ox (2xR)=(2-R)Q— QR

and so g, the acceleration relative to the moving coordinate system on the earth is not
directed exactly toward the center of the earth except at the poles and at the equator,
although the components of acceleration which are in other directions are very small when
compared with the acceleration due to the force of gravity and are often neglected. There-
fore, if the only force acting on an object is due to gravity, the following formula describes
the acceleration relative to a coordinate system moving with the earth’s surface.

ap=g—-2(Q xvp)

While the vector €2 is quite small, if the relative velocity, vp is large, the Coriolis acceleration
could be significant. This is described in terms of the vectors i (t),j (¢),k (¢) next.

Letting (p,0,®) be the usual spherical coordinates of the point p (¢) on the surface
taken with respect to i*,j*, k* the usual way with ¢ the polar angle, it follows the i*,j*, k*
coordinates of this point are

psin (¢) cos (0)
psin (¢) sin ()
pcos ()
It follows,
i =cos (¢)cos (0)i* + cos (¢)sin (0) j* — sin (¢) k*
j= —sin(0)i* + cos (0) j* + 0k*
and

k =sin (¢) cos (0) i* + sin (¢) sin (8) j* + cos (¢) k*.
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It is necessary to obtain k* in terms of the vectors, i,j,k. Thus the following equation
needs to be solved for a, b, ¢ to find k* = ai+bj+ck

/—/kH
0 cos (@) cos () —sin(f) sin(¢)cos () a
0 | = cos(¢)sin(d) cos(f) sin(¢)sin(0) b (2.32)
1 —sin (¢) 0 cos (¢) c

The first column is i, the second is j and the third is k in the above matrix. The solution
isa= —sin(¢),b=0, and ¢ = cos (¢).
Now the Coriolis acceleration on the earth equals

K*

2(2 x vp) =2w | —sin(¢)i+0j+cos (¢) k | x (z/i+y'j+2'k).

This equals

2w [(—y cos @) i+ (2’ cosp + 2" sing) j — (v sin p) k] . (2.33)
Remember ¢ is fixed and pertains to the fixed point, p (¢) on the earth’s surface. Therefore,
if the acceleration a is due to gravity,

ap = g—2w|[(—y cos @) i+ (' cosp + 2’ sin¢) j — (v sin ¢) k]

where g = —% — Ox (2 x R) as explained above. The term Qx (€2 x R) is pretty

small and so it will be neglected. However, the Coriolis force will not be neglected.
Example 2.8.5 Suppose a rock is dropped from a tall building. Where will it strike?
Assume a = —gk and the j component of ag is approximately
—2w (2’ cos ¢ + 2’ sin @) .

The dominant term in this expression is clearly the second one because z’ will be small.
Also, the i and k contributions will be very small. Therefore, the following equation is
descriptive of the situation.
ap = —gk—2z'wsin ¢j.
2z = —gt approximately. Therefore, considering the j component, this is
2gtw sin ¢.

Two integrations give (f.ugt3 /3) sin ¢ for the j component of the relative displacement at
time ¢.

This shows the rock does not fall directly towards the center of the earth as expected
but slightly to the east.

Example 2.8.6 In 1851 Foucault set a pendulum vibrating and observed the earth rotate
out from under it. It was a very long pendulum with a heavy weight at the end so that it
would vibrate for a long time without stopping®. This is what allowed him to observe the
earth rotate out from under it. Clearly such a pendulum will take 24 hours for the plane of
vibration to appear to make one complete revolution at the north pole. It is also reasonable
to expect that no such observed rotation would take place on the equator. Is it possible to
predict what will take place at various latitudes?

2There is such a pendulum in the Eyring building at BYU and to keep people from touching it, there is
a little sign which says Warning! 1000 ohms.
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Using 2.33, in 2.31,
ap=a—Ox (2 xR)
—2w [(—y cos @) i+ (2’ cos ¢ + 2’ sinp) j — (v sin ) k] .
Neglecting the small term, 2x (2 x R), this becomes

= —gk + T/m—2w [(—y cos ¢) i+ (z' cos ¢ + 2’ sin @) j — (y' sin ¢) K]

where T, the tension in the string of the pendulum, is directed towards the point at which
the pendulum is supported, and m is the mass of the pendulum bob. The pendulum can be
thought of as the position vector from (0,0, 1) to the surface of the sphere #2+y2+(z — 1)* =
12. Therefore,

l _
T = —T%—TQHT—Zk

l l
and consequently, the differential equations of relative motion are

o =-12 4 2wy’ cos ¢
ml
y' = 7Y 9, (2" cos ¢ + 2’ sin ¢)
ml
and

1—
=T 2 _ g + 2wy’ sin ¢.
ml

If the vibrations of the pendulum are small so that for practical purposes, z”/ = z = 0, the
last equation may be solved for T' to get

gm — 2wy’ sin (@) m = T.
Therefore, the first two equations become

" = — (gm — 2wmy’ sin @) il + 2wy’ cos ¢
m

and
1

y" = — (gm — 2wmy’ sin ¢) % — 2w (2 cos ¢ + 2’ sin @) .
m

All terms of the form xy’ or ¥’y can be neglected because it is assumed z and y remain
small. Also, the pendulum is assumed to be long with a heavy weight so that ' and vy’ are
also small. With these simplifying assumptions, the equations of motion become

z —&—g% = 2wy’ cos ¢

and
Yy + g% = —2wz’ cos ¢.
These equations are of the form

' +dx =by, vy +ad’y = —ba’ (2.34)

where a2 = 9 and b = 2w cos ¢. Then it is fairly tedious but routine to verify that for each
constant, c,

. (bt . [ VD% + 4a? bt\ . [ Vb +4a?
z =csin | 5 |sin ft , y=ccos | 5 |sin ft (2.35)



74 CHAPTER 2. LINEAR TRANSFORMATIONS

yields a solution to 2.34 along with the initial conditions,

cVb? + 4a?
—

It is clear from experiments with the pendulum that the earth does indeed rotate out from
under it causing the plane of vibration of the pendulum to appear to rotate. The purpose
of this discussion is not to establish these self evident facts but to predict how long it takes
for the plane of vibration to make one revolution. Therefore, there will be some instant in
time at which the pendulum will be vibrating in a plane determined by k and j. (Recall
k points away from the center of the earth and j points East. ) At this instant in time,
defined as t = 0, the conditions of 2.36 will hold for some value of ¢ and so the solution to
2.34 having these initial conditions will be those of 2.35 by uniqueness of the initial value
problem. Writing these solutions differently,

x (t) . sin (%) sin Vb2 + 4a2t
y(t) cos (%) 2
in (%)
cos ()

but its direction changes very slowly because b is very small. The plane of vibration is
Vb2+4a?
2

2 (0) =0,y (0) =0,2" (0) =0,y (0) = (2.36)

This is very interesting! The vector, c< always has magnitude equal to |c|

determined by this vector and the vector k. The term sin ( t) changes relatively fast

and takes values between —1 and 1. This is what describes the actual observed vibrations
of the pendulum. Thus the plane of vibration will have made one complete revolution when
t =T for

bT
— = 27.
5 m
Therefore, the time it takes for the earth to turn out from under the pendulum is
47 27

- 2w cos ¢ - Usecqb.

Since w is the angular speed of the rotating earth, it follows w = 3—2 = {5 in radians per

hour. Therefore, the above formula implies
T = 24sec ¢.

I think this is really amazing. You could actually determine latitude, not by taking readings
with instruments using the North Star but by doing an experiment with a big pendulum.
You would set it vibrating, observe T in hours, and then solve the above equation for ¢.
Also note the pendulum would not appear to change its plane of vibration at the equator
because limg_, /2 sec ¢ = oco.

The Coriolis acceleration is also responsible for the phenomenon of the next example.

Example 2.8.7 It is known that low pressure areas rotate counterclockwise as seen from
above in the Northern hemisphere but clockwise in the Southern hemisphere. Why?

Neglect accelerations other than the Coriolis acceleration and the following acceleration
which comes from an assumption that the point p () is the location of the lowest pressure.

a=—a(rg)rp

where rp = r will denote the distance from the fixed point p (¢) on the earth’s surface which
is also the lowest pressure point. Of course the situation could be more complicated but
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this will suffice to explain the above question. Then the acceleration observed by a person
on the earth relative to the apparently fixed vectors, i,k, j, is

ap = —a(rp) (vityj+2k) — 2w [~y cos (¢) i+ (2’ cos (¢) + 2" sin (¢)) j— (' sin (¢) k)]

Therefore, one obtains some differential equations from ap = z”i + y”’j + 2’k by matching
the components. These are

' +a(rg)r = 2wy cosg
y'+a(rp)y
2" +a(rg)z

—2wx’ cos ¢ — 2wz’ sin (¢)

2wy’ sin ¢

Now remember, the vectors, i, j, k are fixed relative to the earth and so are constant vectors.
Therefore, from the properties of the determinant and the above differential equations,

i j k i j ok
(rIB % I'B)l = 2 y/ P = | " y// S
r Yy =z r Yy =z
i j k

=| —a(rp)x+ 2wy cos¢ —a(rp)y— 2wz’ cosd — 2wz’ sin (¢) —a(rp)z+ 2wy sing

x Y z

Then the k** component of this cross product equals

weos (¢) (y* + xz)/ + 2wzz’ sin (¢) .

The first term will be negative because it is assumed p (t) is the location of low pressure
causing 52 + 22 to be a decreasing function. If it is assumed there is not a substantial motion
in the k direction, so that z is fairly constant and the last term can be neglected, then the
k*" component of (r; x rp)’ is negative provided ¢ € (0,%) and positive if ¢ € (Z,7).
Beginning with a point at rest, this implies r’; x rp = 0 initially and then the above implies
its k** component is negative in the upper hemisphere when ¢ < 7/2 and positive in the
lower hemisphere when ¢ > 7/2. Using the right hand and the geometric definition of the
cross product, this shows clockwise rotation in the lower hemisphere and counter clockwise
rotation in the upper hemisphere.

Note also that as ¢ gets close to 7/2 near the equator, the above reasoning tends to
break down because cos (¢) becomes close to zero. Therefore, the motion towards the low
pressure has to be more pronounced in comparison with the motion in the k direction in
order to draw this conclusion.

2.9 Exercises

1. Show the map T : R™ — R™ defined by T (x) = Ax where A is an m X n matrix and
x is an m X 1 column vector is a linear transformation.

2. Find the matrix for the linear transformation which rotates every vector in R? through
an angle of /3.

3. Find the matrix for the linear transformation which rotates every vector in R? through
an angle of 7/4.
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15.

16.
17.
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20.

21.
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Find the matrix for the linear transformation which rotates every vector in R? through
an angle of —7/3.

Find the matrix for the linear transformation which rotates every vector in R? through
an angle of 27/3.

Find the matrix for the linear transformation which rotates every vector in R? through
an angle of 7/12. Hint: Note that 7/12 = 7/3 — 7 /4.

Find the matrix for the linear transformation which rotates every vector in R? through
an angle of 2/3 and then reflects across the x axis.

Find the matrix for the linear transformation which rotates every vector in R? through
an angle of /3 and then reflects across the x axis.

Find the matrix for the linear transformation which rotates every vector in R? through
an angle of /4 and then reflects across the x axis.

Find the matrix for the linear transformation which rotates every vector in R? through
an angle of 7/6 and then reflects across the z axis followed by a reflection across the
Y axis.

Find the matrix for the linear transformation which reflects every vector in R? across

the x axis and then rotates every vector through an angle of 7/4.

Find the matrix for the linear transformation which rotates every vector in R? through
an angle of m/4 and next reflects every vector across the = axis. Compare with the
above problem.

Find the matrix for the linear transformation which reflects every vector in R? across
the = axis and then rotates every vector through an angle of /6.

Find the matrix for the linear transformation which reflects every vector in R? across
the y axis and then rotates every vector through an angle of 7/6.

Find the matrix for the linear transformation which rotates every vector in R? through
an angle of 57/12. Hint: Note that 57/12 = 27/3 — 7 /4.

Find the matrix for proj, (v) where u = (1,-2,3)" .

Find the matrix for proj, (v) where u = (1,5,3)"

Find the matrix for proj, (v) where u = (1,0,3)" .

Give an example of a 2 X 2 matrix A which has all its entries nonzero and satisfies
A? = A. A matrix which satisfies A2 = A is called idempotent.

Let A be an m X n matrix and let B be an n X m matrix where n < m. Show that
AB cannot have an inverse.

Find ker (A4) for

1 2 3 2 1

A 0 2 11 2

1 4 4 3 3

0 2 1 1 2

Recall ker (A) is just the set of solutions to Ax = 0.
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If A is a linear transformation, and Ax,= b, show that the general solution to the
equation Ax = b is of the form x, +y where y € ker (A). By this I mean to show that
whenever Az = b there exists y € ker (A) such that x, +y = z. For the definition of
ker (A) see Problem 21.

Using Problem 21, find the general solution to the following linear system.

Z1

1 2 3 2 1 11
T2

0 2 1 1 2 7
s | =

1 4 4 3 3 18
Ty

0 2 1 1 2 7
Zs

Using Problem 21, find the general solution to the following linear system.

Ty

1 2 3 2 1 6
T2

02 1 1 2 7
s | =

1 4 4 3 3 13
Ty

0 2 1 1 2 7
Zs

Show that the function Ty, defined by Ty (v) = v — proj,, (v) is also a linear transfor-
mation.

If u=(1, 2,3)T, as in Example 2.4.5 and T, is given in the above problem, find the
matrix A, which satisfies A,x = T, (x).

Let a be a fixed vector. The function T, defined by T,v = a+ v has the effect of
translating all vectors by adding a. Show this is not a linear transformation. Explain
why it is not possible to realize T, in R® by multiplying by a 3 x 3 matrix.

In spite of Problem 27 we can represent both translations and linear transformations
by matrix multiplication at the expense of using higher dimensions. This is done by
the homogeneous coordinates. I will illustrate in R® where most interest in this is
found. For each vector v = (’Ul,’UQ,’Ug)T, consider the vector in R* (v, vs, v3, 1)T.
What happens when you do

1 0 0 a; 1
01 0 a2 V2 2
0 0 1 as V3
0 0 0 1 1

Describe how to consider both linear transformations and translations all at once by
forming appropriate 4 x 4 matrices.

You want to add ( 1 2 3 ) to every point in R? and then rotate about the z axis
clockwise through the angle of 30°. Find what happens to the point ( 1 1 1 )
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30. You are given a linear transformation 7' : F* — F™ and you know that

Tal- = bz

-1
where ( a; -+ a, ) exists. Show that the matrix A of T' with respect to the

usual basis vectors (Ax = Tx) must be of the form

(b1 bm)(a1 o a, )*1

31. You have a linear transformation 7" and

1 5 ~1 1

T 2 = 1,7 -1 | =
—6 3 5 5
0 5

T -1 = 3
2 -2

Find the matrix of T. That is find A such that Tx = Ax.

32. You have a linear transformation 7" and

1 1 -1 2
T 1 = 3 1,7 0 =
-8 1 6 1
0 6
Tl -1 = 1
3 -1

Find the matrix of 7. That is find A such that Tx = Ax.

33. You have a linear transformation 7" and

1 -3 -1 1
T 3 = 1 T -2 | = 3
-7 3 6 -3
0 5
T -1 = 3
2 -3

Find the matrix of T. That is find A such that Tx = Ax.

34. You have a linear transformation 7" and

1 3 -1 1
T 1 = 3 |,T 0 =1 2
-7 3 6 3
0 1
T -1 = 3
2 -1

Find the matrix of 7. That is find A such that Tx = Ax.
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You have a linear transformation 7" and

1 5 -1 3
T 2 = 2 |, T -1 | =13
—18 ) 15 )
0 2
T -1 = 5
4 -2

Find the matrix of T. That is find A such that Tx = Ax.

Suppose V is a subspace of F" and T : V — FP is a nonzero linear transformation.
Show that there exists a basis for Im (7') = T'(V)

{Tvy, -, Tvpn}

and that in this situation,
{V17 e ,Vm}

is linearly independent.

TIn the situation of Problem 36 where V is a subspace of F", show that there exists
{21, - ,2z,} a basis for ker (T) . (Recall Theorem 2.6.12. Since ker (T') is a subspace,
it has a basis.) Now for an arbitrary Tv € T (V') , explain why

Tv=a1Tvi+ - +anTvny
and why this implies
v —(a1vi+ -+ am Vi) € ker (T).
Then explain why V = span (v, , Vi, 21, " , %) -

1In the situation of the above problem, show {vy, - ,vy,,2., -+, 2.} is a basis for V

and therefore, dim (V') = dim (ker (7")) + dim (7' (V)) .

1Let A be a linear transformation from V' to W and let B be a linear transformation
from W to U where V, W, U are all subspaces of some FP. Explain why

A (ker (BA)) C ker (B), ker (A) C ker (BA).

ker(BA)

1Let {x1,- - ,X,} be a basis of ker (A) and let

{Ayla e 7AYm}
be a basis of A (ker (BA)). Let z € ker (BA) . Explain why

Az € span{Ay1, -, Aym}
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and why there exist scalars a; such that
A(z = (my1+ -+ amym)) =0
and why it follows z — (a1y1 + - - + @myYm) € span{xy,- -, X, }. Now explain why
ker (BA) Cspan{x1, -+ ,X,, Y1, " s Ym}

and so
dim (ker (BA)) < dim (ker (B)) + dim (ker (A4)) .

This important inequality is due to Sylvester. Show that equality holds if and only if
A(ker BA) = ker(B).

Generalize the result of the previous problem to any finite product of linear mappings.
If W CV for W,V two subspaces of F” and if dim (W) = dim (V') , show W = V.
Let V be a subspace of F"and let V7, --- , V,,, be subspaces, each contained in V. Then
V=Vie- -V, (2.37)
if every v € V' can be written in a unique way in the form
V=U1+ -+ Uy

where each v; € V;. This is called a direct sum. If this uniqueness condition does not
hold, then one writes
V=V+---+V,

and this symbol means all vectors of the form
vy + -+ vy, v; € Vj for each j.
Show 2.37 is equivalent to saying that if

0=uv1+ -+ v, v; €V for each j,

then each v; = 0. Next show that in the situation of 2.37, if 8; = {u’l, e ,u'ﬁni} is a
basis for V;, then {8;,---,3,,} is a basis for V.
TSuppose you have finitely many linear mappings Li, Lo, -+ , L, which map V to V

where V' is a subspace of F" and suppose they commute. That is, L;L; = L;L; for all
i,j. Also suppose Ly, is one to one on ker (L;) whenever j # k. Letting P denote the
product of these linear transformations, P = L1Ls - - - L,,, first show

ker (Ly) + - -+ + ker (L,,) C ker (P)
Next show L; : ker (L;) — ker (L;) . Then show
ker (L1) + -+ + ker (L,,) = ker (L1) @ - - - @ ker (L) .
Using Sylvester’s theorem, and the result of Problem 42, show
ker (P) =ker (L1) @ - - - @ ker (L)
Hint: By Sylvester’s theorem and the above problem,
dim (ker (P)) < > dim (ker (L;))

= dim (ker (L1) ® - -- @ ker (L;,)) < dim (ker (P))

Now consider Problem 42.
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Let M (F™,F™) denote the set of all n x n matrices having entries in F. With the usual
operations of matrix addition and scalar multiplications, explain why M (F™ F") can

be considered as F". Give a basis for M (F™,F™). If A € M (F",F"), explain why
there exists a monic (leading coefficient equals 1) polynomial of the form

Mot ap N e+ ag

such that
Ak + ak_lAk_l +---+a1A+agl =0

The minimal polynomial of A is the polynomial like the above, for which p (A) = 0
which has smallest degree. I will discuss the uniqueness of this polynomial later. Hint:
Consider the matrices I, A, A%, --- ,A"Q. There are n? 4 1 of these matrices. Can they
be linearly independent? Now consider all polynomials and pick one of smallest degree
and then divide by the leading coefficient.

TSuppose the field of scalars is C and A is an n X n matrix. From the preceding
problem, and the fundamental theorem of algebra, this minimal polynomial factors

A=) A =2) - (A= )™
where 7; is the algebraic multiplicity of );, and the A; are distinct. Thus
(A= D" (A=) (A= X\ )™ =0

and so, letting P = (A—MI)" (A—XoD)™ - (A= XN I)™ and L; = (A—X\;1)"
apply the result of Problem 44 to verify that

C" =ker (L1) @ - ®ker (Ly)

and that A : ker (L;) — ker (L;). In this context, ker (L;) is called the generalized
eigenspace for A;. You need to verify the conditions of the result of this problem hold.

In the context of Problem 46, show there exists a nonzero vector x such that
(A — AJI) x =0.

This is called an eigenvector and the A; is called an eigenvalue. Hint:There must exist
a vector y such that

(A=MD" (A= XD (A= ND"7 (A= M) *y=2#0
Why? Now what happens if you do (A — A;I) to z?

Suppose @ (t) is an orthogonal matrix. This means @ (¢) is a real n X n matrix which
satisfies

QMW" =1
Suppose also the entries of @ (t) are differentiable. Show (QT)/ =-QTQ'Q".

Remember the Coriolis force was 22 X vp where £ was a particular vector which
came from the matrix @ (¢) as described above. Show that

i(t)-i(to) Jj(t)-i(to) k(t)-i(to)
Q= i()-jt)) ) -ite) k(t)-j(t)
i(t)-k(to) J(t) k(o) k(1) k(to)

There will be no Coriolis force exactly when £ = 0 which corresponds to @’ (t) = 0.
When will Q' () = 07?
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50. An illustration used in many beginning physics books is that of firing a rifle hori-
zontally and dropping an identical bullet from the same height above the perfectly
flat ground followed by an assertion that the two bullets will hit the ground at ex-
actly the same time. Is this true on the rotating earth assuming the experiment
takes place over a large perfectly flat field so the curvature of the earth is not an
issue? Explain. What other irregularities will occur? Recall the Coriolis acceleration
is 2w [(—y' cos @) i+ (2’ cos ¢ + 2’ sin @) j — (y' sin ¢) k] where k points away from the
center of the earth, j points East, and i points South.



Chapter 3

Determinants

3.1 Basic Techniques and Properties

Let A be an n x n matrix. The determinant of A, denoted as det (A) is a number. If the
matrix is a 2x2 matrix, this number is very easy to find.

Definition 3.1.1 Let A = < @ Z ) . Then

c
det (A) = ad — cb.

The determinant is also often denoted by enclosing the matrix with two vertical lines. Thus
b b
det ( “ ) _
c d

c d
) 2 4
Example 3.1.2 Find det ( ) .

-1 6

From the definition this is just (2) (6) — (—1) (4) = 16.
Assuming the determinant has been defined for k x k matrices for & < n — 1, it is now
time to define it for n x n matrices.

Definition 3.1.3 Let A = (a;;) be an n x n matriz. Then a new matriz called the cofactor
matriz, cof (A) is defined by cof (A) = (c;;) where to obtain c;; delete the i'" row and the
jth column of A, take the determinant of the (n — 1) x (n — 1) matriz which results, (This
is called the i7" minor of A. ) and then multiply this number by (—1)i+j. To make the

ormulas easier to remember, cof (A).. will denote the ijt" entry of the cofactor matrix.
ij

Now here is the definition of the determinant given recursively.

Theorem 3.1.4 Let A be an n X n matriz where n > 2. Then
det (A) = aijcof (A),; = > ai;cof (A),; . (3.1)
j=1 i=1

The first formula consists of expanding the determinant along the it" row and the second
expands the determinant along the j*" column.

Note that for a n X n matrix, you will need n! terms to evaluate the determinant in this
way. If n =10, this is 10! = 3,628,800 terms. This is a lot of terms.

In addition to the difficulties just discussed, why is the determinant well defined? Why
should you get the same thing when you expand along any row or column? I think you
should regard this claim that you always get the same answer by picking any row or column
with considerable skepticism. It is incredible and not at all obvious. However, it requires
a little effort to establish it. This is done in the section on the theory of the determinant
which follows.

Notwithstanding the difficulties involved in using the method of Laplace expansion,
certain types of matrices are very easy to deal with.

83
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Definition 3.1.5 A matriz M, is upper triangular if M;; = 0 whenever i > j. Thus such
a matrix equals zero below the main diagonal, the entries of the form M;;, as shown.

0 *
A lower triangular matriz is defined similarly as a matriz for which all entries above the
main diagonal are equal to zero.
You should verify the following using the above theorem on Laplace expansion.

Corollary 3.1.6 Let M be an upper (lower) triangular matriz. Then det (M) is obtained
by taking the product of the entries on the main diagonal.

Proof: The corollary is true if the matrix is one to one. Suppose it is n x n. Then the

matrix is of the form
mi1 a
0 M

where M is (n — 1) x (n — 1) . Then expanding along the first row, you get mq1 det (M;)+0.
Then use the induction hypothesis to obtain that det (M;) =[]}, m;;. W

Example 3.1.7 Let
7
7
33.7
-1

o O O
O O NN
S W o W

Find det (A) .

From the above corollary, this is —6.
There are many properties satisfied by determinants. Some of the most important are
listed in the following theorem.

Theorem 3.1.8 If two rows or two columns in an n X n matrix A are switched, the deter-
minant of the resulting matriz equals (—1) times the determinant of the original matriz. If
A is an n X n matriz in which two rows are equal or two columns are equal then det (A) = 0.
Suppose the it" row of A equals (vay + yby,--- ,xa, + yb,). Then

det (A) = xdet (A1) + ydet (As)

where the it" row of Ay is (ay, - ,an) and the it" row of As is (by,--- ,b,), all other rows
of A1 and As coinciding with those of A. In other words, det is a linear function of each
row A. The same is true with the word “row” replaced with the word “column”. In addition
to this, if A and B are n X n matrices, then

det (AB) = det (A) det (B),
and if A is an n X n matriz, then

det (A) = det (A7) .
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This theorem implies the following corollary which gives a way to find determinants. As
I pointed out above, the method of Laplace expansion will not be practical for any matrix
of large size.

Corollary 3.1.9 Let A be an nxn matriz and let B be the matriz obtained by replacing the
it" row (column) of A with the sum of the i" row (column) added to a multiple of another
row (column). Then det (A) = det (B). If B is the matriz obtained from A be replacing the
it" row (column) of A by a times the i*" row (column) then adet (A) = det (B).

Here is an example which shows how to use this corollary to find a determinant.

Example 3.1.10 Find the determinant of the matriz

1 2
1 2
11

W N =

First take —1 times the first row and add to the second and the third. The resulting
matrix is

1 2 1
0 0 1
0 -1 2

get

1 2 1
0 -1 2
0 0 1

It has determinant which is —1 times the determinant of the original matrix. Hence the
original matrix has determinant equal to 1.

The theorem about expanding a matrix along any row or column also provides a way to
give a formula for the inverse of a matrix. Recall the definition of the inverse of a matrix
in Definition 2.1.22 on Page 48. The following theorem gives a formula for the inverse of a
matrix. It is proved in the next section.

Theorem 3.1.11 A~ exists if and only if det(A) # 0. If det(A) # 0, then A= = (ai_jl)
where
ai_jl = det(A) " cof (A).,

i
for cof (A),; the it cofactor of A.

Theorem 3.1.11 says that to find the inverse, take the transpose of the cofactor matrix
and divide by the determinant. The transpose of the cofactor matrix is called the adjugate
or sometimes the classical adjoint of the matrix A. It is an abomination to call it the adjoint
although you do sometimes see it referred to in this way. In words, A~' is equal to one over
the determinant of A times the adjugate matrix of A.

Example 3.1.12 Find the inverse of the matriz

A:

=W
N O N
== W
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First find the determinant of this matrix. This is seen to be 12. The cofactor matrix of
Ais

-2 -2 6
4 -2 0
2 8§ —6

Each entry of A was replaced by its cofactor. Therefore, from the above theorem, the inverse
of A should equal

T

1 1 1

L[ 72 26 5 3§
12 5 "6 3
8 -6 O (R

This way of finding inverses is especially useful in the case where it is desired to find the
inverse of a matrix whose entries are functions.

Example 3.1.13 Suppose

et 0 0
A({t)y=1] 0 cost sint
0 —sint cost

Find A(t)".

First note det (A (¢)) = e'. A routine computation using the above theorem shows that
this inverse is

T

1 1 0 0 et 0 0
o 0 elcost elsint = 0 cost —sint
0 —e'sint elcost 0 sint cost

This formula for the inverse also implies a famous procedure known as Cramer’s rule.
Cramer’s rule gives a formula for the solutions, x, to a system of equations, Ax =y.
In case you are solving a system of equations, Ax =y for x, it follows that if A1 exists,

x=(ATA)x=A""(Ax) = A"y

thus solving the system. Now in the case that A~! exists, there is a formula for A~! given
above. Using this formula,

n a n 1
T; = Z a’ijlyj = Z M cof (A)ﬂ Yj-
j=1 j=1

By the formula for the expansion of a determinant along a column,

* e yl PR *
1 det | : :
r, = — de . . .
" det (A) : : o
where here the " column of A is replaced with the column vector, (y; - - -, yn)T, and the

determinant of this modified matrix is taken and divided by det (A). This formula is known
as Cramer’s rule.
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Procedure 3.1.14 Suppose A is an n X n matriz and it is desired to solve the system

Ax=y,y = (y1, - ,yn)T forx=(xq1,--- ,J;n)T . Then Cramer’s rule says
det Az
T =
" detA
where A; is obtained from A by replacing the i'" column of A with the column (y1,- - ,yn)T

The following theorem is of fundamental importance and ties together many of the ideas
presented above. It is proved in the next section.

Theorem 3.1.15 Let A be an n x n matriz. Then the following are equivalent.

1. A is one to one.
2. A is onto.

3. det (A) #0.

3.2 Exercises

1. Find the determinants of the following matrices.

1 2 3
(a) 3 2 2 | (The answer is 31.)
0 9 8
4 3 2
(b) 1 7 8 |(The answer is 375.)
3 =9 3
1 2 3 2
1 2
(c) 3 5 , (The answer is —2.)
41 5 0
1 2 1 2

2. If A1 exists, what is the relationship between det (4) and det (A~!) . Explain your
answer.

3. Let A be an n X n matrix where n is odd. Suppose also that A is skew symmetric.
This means A7 = —A. Show that det(A4) = 0.

4. Is it true that det (A + B) = det (A) 4 det (B)? If this is so, explain why it is so and
if it is not so, give a counter example.

5. Let A be an r X r matrix and suppose there are r — 1 rows (columns) such that all rows
(columns) are linear combinations of these r — 1 rows (columns). Show det (4) = 0.

6. Show det (aA) = a™ det (A) where here A is an n x n matrix and a is a scalar.

7. Suppose A is an upper triangular matrix. Show that A~! exists if and only if all
elements of the main diagonal are non zero. Is it true that A~! will also be upper
triangular? Explain. Is everything the same for lower triangular matrices?
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Let A and B be two n x n matrices. A ~ B (A is similar to B) means there exists an
invertible matrix S such that A = S~'BS. Show that if A ~ B, then B ~ A. Show
also that A ~ A and that if A~ B and B ~ C, then A ~ C.

In the context of Problem 8 show that if A ~ B, then det (A) = det (B).

Let A be an n X n matrix and let x be a nonzero vector such that Ax = Ax for some
scalar, A. When this occurs, the vector, x is called an eigenvector and the scalar, A
is called an eigenvalue. It turns out that not every number is an eigenvalue. Only
certain ones are. Why? Hint: Show that if Ax = Ax, then (A — A)x = 0. Explain
why this shows that (A] — A) is not one to one and not onto. Now use Theorem 3.1.15
to argue det (A\I — A) = 0. What sort of equation is this? How many solutions does it
have?

Suppose det (AT — A) = 0. Show using Theorem 3.1.15 there exists x # 0 such that
(M -A)x=0.

LetP‘@)__det< a(t) b(1) ) . Verify

c(t) d(t)
oy a'(t) b (t) (t) b(t)
F (t)det( ) d() >+det< S d () >
Now suppose
a(t) o(t) c(t)
F(t)y=det | d(t) e(t) [f(t)
g(t) h(t)

(
Use Laplace expansion and the first part to verify F’ (¢

a'(t) b (t) () a(t) b(t) c(t)
det | d(t) e(t) f@) |+det| d'@) €@ f )
g(t) h(t) i) g(t) h(t) i)
a(t) b(t) c(t)
tdet | d(t) e f()
g @) n(t) (@

Conjecture a general result valid for n x n matrices and explain why it will be true.
Can a similar thing be done with the columns?

Use the formula for the inverse in terms of the cofactor matrix to find the inverse of
the matrix
et 0 0
A=| 0 et cost etsint
0 elcost—elsint e‘cost+elsint

Let A be an r x r matrix and let B be an m X m matrix such that r +m = n. Consider
the following n x n block matrix
A 0
C = .
D B
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where the D is an m X r matrix, and the 0 is a 7 X m matrix. Letting I denote the
k x k identity matrix, tell why

A
- 0 I, 0 '

D I, 0 B
Now explain why det (C') = det (A) det (B) . Hint: Part of this will require an expla-
nation of why

det( A0 ) =det (4).

D I,

See Corollary 3.1.9.

15. Suppose @ is an orthogonal matrix. This means @ is a real n X n matrix which satisfies
QQT = I. Find the possible values for det (Q).

16. Suppose @ (t) is an orthogonal matrix. This means @ (¢) is a real n x n matrix which
satisfies Q (£) Q (£)" = I Suppose Q (t) is continuous for ¢ € [a, b], some interval. Also
suppose det (Q (t)) = 1. Show that det (Q (¢)) =1 for all ¢ € [a,b].

A~

3.3 The Mathematical Theory of Determinants

It is easiest to give a different definition of the determinant which is clearly well defined
and then prove the one which involves Laplace expansion. Let (i1,--- ,4,) be an ordered
list of numbers from {1,---,n}. This means the order is important so (1,2, 3) and (2,1, 3)
are different. There will be some repetition between this section and the earlier section on
determinants. The main purpose is to give all the missing proofs. Two books which give
a good introduction to determinants are Apostol [1] and Rudin [23]. A recent book which
also has a good introduction is Baker [3]

3.3.1 The Function sgn

The following Lemma will be essential in the definition of the determinant.

Lemma 3.3.1 There exists a function, sgn,, which maps each ordered list of numbers from

{1,--- ,n} to one of the three numbers, 0,1, or —1 which also has the following properties.

sgn, (17 U an) =1 (32)

Sgnn(i17"' y Dyt gy >Zn) = _Sgnn(i17”' s g, Py ,’Ln) (33)

In words, the second property states that if two of the numbers are switched, the value of the

function is multiplied by —1. Also, in the case where n > 1 and {iy,--- ,in} ={1,--- ,n} so
that every number from {1,--- ,n} appears in the ordered list, (i1, - ,in),

sgn,, (ilv e 7i9—17nai9+17 T a/"n) =
(_1)n_0 Sgh,—1 (ila S 10—1, 1041, 7in) (34)

where n = iy in the ordered list, (i1, ,ip) .
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Proof: Define sign(z) =1ifx > 0,-1if z < 0and 0if z = 0. If n = 1, there is only
one list and it is just the number 1. Thus one can define sgn, (1) = 1. For the general case
where n > 1, simply define

sgn,, (i1, ,in) = sign (H (is — ZT)>

r<s

This delivers either —1,1, or 0 by definition. What about the other claims? Suppose you
switch 4, with ¢, where p < ¢ so two numbers in the ordered list (i1, -- ,4,) are switched.
Denote the new ordered list of numbers as (ji,--- ,jn). Thus j, = i, and j, = i, and if
r ¢ {p,q}, jr =i,. See the following illustration.

/L.l /L.2 DR /l:p DY /L.q DRI /l:n
1 2 p q n
Zl 22 PR Z.q PR ip PR Zn
1 2 p q n
S O /2 IO I O B I L
1 2 p q n
Then
sgn,, (ji, -+, jn) = sign (H (js — jr)>
r<s
both p,q one of p,q neither p nor ¢
= sign | (ip —iq) H (ij — iq) H (ip — ij) H (is —ir)

p<j<q p<j<q r<s,r,s¢{p,q}

The last product consists of the product of terms which were in [, _, (45 —4,) while the
two products in the middle both introduce ¢ — p — 1 minus signs. Thus their product is
positive. The first factor is of opposite sign to the i, — i, which occured in sgn,, (i1, - , %) -
Therefore, this switch introduced a minus sign and

sgn,, (jla"' >]n) = —sgn, (ila"' 77/'n)

Now consider the last claim. In computing sgn,, (i1, ,i9—1,M,ig41, - ,in) there will
be the product of n — @ negative terms

(041 — 1) -+ (in — n)

and the other terms in the product for computing sgn,, (i1, ,ig—1,7, lg+1, " ,in) are
those which are required to compute sgn,,_; (i1, ,9—1,%941," - , in) multiplied by terms
of the form (n — ;) which are nonnegative. It follows that

} , . , -9 , ) . .
sgn,, (Zb oy le—1,My 1941, aln) = (_1)’” sgn,, 1 (Zh oy le—150041, >Zn>
It is obvious that if there are repeats in the list the function gives 0. B

Lemma 3.3.2 Every ordered list of distinct numbers from {1,2,--- ,n} can be obtained
from every other ordered list of distinct numbers by a finite number of switches. Also, sgn,,

18 unique.
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Proof: This is obvious if n = 1 or 2. Suppose then that it is true for sets of n — 1
elements. Take two ordered lists of numbers, Py, P,. Make one switch in both to place n at
the end. Call the result P* and P3'. Then using induction, there are finitely many switches
in Pp* so that it will coincide with P3. Now switch the n in what results to where it was in
Ps.

To see sgn,, is unique, if there exist two functions, f and g both satisfying 3.2 and 3.3,
you could start with f(1,---,n) = g(1,---,n) = 1 and applying the same sequence of
switches, eventually arrive at f (i1,--- ,4i,) = g (i1, -+ ,4p). If any numbers are repeated,
then 3.3 gives both functions are equal to zero for that ordered list. B

Definition 3.3.3 When you have an ordered list of distinct numbers from {1,2,--- ,n},
say

(7:1,"' ain)a
this ordered list is called a permutation. The symbol for all such permutations is Sy,. The
number sgn,, (i1, ,iy) s called the sign of the permutation.

A permutation can also be considered as a function from the set
{1,2,"' ,’ﬂ} to {1a23 777’}

as follows. Let f (k) = ix. Permutations are of fundamental importance in certain areas
of math. For example, it was by considering permutations that Galois was able to give a
criterion for solution of polynomial equations by radicals, but this is a different direction
than what is being attempted here.

In what follows sgn will often be used rather than sgn,, because the context supplies the
appropriate n.

3.3.2 The Definition of the Determinant

Definition 3.3.4 Let f be a real valued function which has the set of ordered lists of numbers
from {1,--- ,n} as its domain. Define

Z fky-ky)

(k1 k)

to be the sum of all the f (k1---ky) for all possible choices of ordered lists (ki, - ,kn) of
numbers of {1,--- ,n}. For example,

Do ik = F(L2) + £ (2,1)+ F(1,1) + f(2,2).

(k1,k2)

Definition 3.3.5 Let (a;;) = A denote an n x n matriz. The determinant of A, denoted
by det (A) is defined by

det (A) = Z sgn (kh e 7k7l) A1k, * Ak,
(k17...7kn)

where the sum is taken over all ordered lists of numbers from {1,--- ,n}. Note it suffices to
take the sum over only those ordered lists in which there are no repeats because if there are,
sgn (k1,--+ ,k,) =0 and so that term contributes 0 to the sum.
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Let A be an n x n matrix A = (a;;) and let (r1,---,7,) denote an ordered list of n
numbers from {1,--- ,n}. Let A(ry,---,7,) denote the matrix whose k*" row is the rj row
of the matrix A. Thus

det (A(ry,-+- ,rn)) = Z sgn (k1, - kn) Qg - Gk, (3.5)
(k1 kn)

and A(1,--- ,n) = A.

Proposition 3.3.6 Let (11, -+ ,r,) be an ordered list of numbers from {1,--- ,n}. Then
sgn(ry, -+ ,rp)det (4) = Z sgn (ki, -+, kn) Griky - Qrokony (3.6)
(klv"'vkn)
= det (A(r1, -+ ,m)). (3.7)
Proof: Let (1,--- ,n)=(1,--- ,r,---8,--+ ,n) sor <s.
det(A(L---,T,-~-,S7~-~,n)): (38)

Z sgn (ky, v koo gy k) Qig, - Grk, o Qsk, - Gk,
(klv"'ykn)
and renaming the variables, calling k, k. and k,., ks, this equals

= E Sgn(klv"’aks7"'akr,"'akn)alkl"’arks"'askr"'ankn

(klv"' akn)
These got switched
—_——
- Z —sgn ki, ) Ko ke e kn | Qi sk, s Gk, - Gk,
(klv"'7k'n)
:—det(A(l,---,s,~-~,7’,-~,n)). (39)
Consequently,

det(A(]_’ S8yt Ty ,n)):—det(A(l, N ’n)):—det(A)

Now letting A(1,---,s,--- ,r,--- ,n) play the role of A, and continuing in this way, switch-
ing pairs of numbers,
det (A (ry, -+ ,m)) = (=1)" det (A)

where it took p switches to obtain(ry,--- ,7,) from (1,--- ,n). By Lemma 3.3.1, this implies
det (A (ry,--+,my)) = (=1)P det (A) = sgn (ry,- -+ ,7,) det (A)

and proves the proposition in the case when there are no repeated numbers in the ordered list,
(ri,---,7,). However, if there is a repeat, say the " row equals the s row, then the same
reasoning of 3.8 -3.9 shows that det(A (r1,--- ,7,)) = 0 but in this case, sgn (r1, - ,r,) =0
so the formula also holds even in case a number is repeated in the list of numbers from
1,2,...,n. N

Observation 3.3.7 There are n! ordered lists of distinct numbers from {1,--- ,n}.

To see this, consider n slots placed in order. There are n choices for the first slot. For
each of these choices, there are n — 1 choices for the second. Thus there are n (n — 1) ways
to fill the first two slots. Then for each of these ways there are n — 2 choices left for the third
slot. Continuing this way, there are n! ordered lists of distinct numbers from {1,--- ,n} as
stated in the observation.
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3.3.3 A Symmetric Definition

With the above, it is possible to give a more symmetric description of the determinant from
which it will follow that det (A) = det (AT).

Corollary 3.3.8 The following formula for det (A) is valid.
1
det (4) = —- > > sgn(ry, e ra)sen (by e k) Gk, G, (3.10)
(ri,esrn) (kiyeeskn)

And also det (AT) = det (A) where A™ is the transpose of A. (Recall that (AT)Z.J. =Aji.)
Proof: From Proposition 3.3.6, if the r; are distinct,

det (4) = Z sgn (ry, -+ ,rp)sen (ky, - kn) Qrigy Gk, -

(k1 k)
Summing over all ordered lists, (r1,---,7,) where the r; are distinct, (If the r; are not
distinct, sgn (1, -+ ,7,) = 0 and so there is no contribution to the sum.)

nldet (A) = Z Z sgn (11, -+ 1) sgn (k1, -+ kn) Qryky -+ Grp ki, -
(7,17.”7/’."1) (kli‘.Aﬂk’Vl)

This proves the corollary since the formula gives the same number for A as it does for AT.
|

Corollary 3.3.9 If two rows or two columns in an n X n matric A, are switched, the
determinant of the resulting matriz equals (—1) times the determinant of the original matriz.
If A is an nxn matriz in which two rows are equal or two columns are equal then det (A) = 0.
Suppose the i'" row of A equals (vay + yby,--- ,xa, + yb,). Then

det (A) = x det (A1) + ydet (Ag)

where the it" row of Ay is (a1, - ,an) and the it row of As is (by,--- ,b,), all other rows
of A1 and As coinciding with those of A. In other words, det is a linear function of each
row A. The same is true with the word “row” replaced with the word “column’.

Proof: By Proposition 3.3.6 when two rows are switched, the determinant of the re-
sulting matrix is (—1) times the determinant of the original matrix. By Corollary 3.3.8 the
same holds for columns because the columns of the matrix equal the rows of the transposed
matrix. Thus if A; is the matrix obtained from A by switching two columns,

det (A) = det (AT) = —det (A]) = —det (4;).

If A has two equal columns or two equal rows, then switching them results in the same
matrix. Therefore, det (A) = — det (A) and so det (A) = 0.
It remains to verify the last assertion.

det (A) = Z sgn (ki,- -, kn)aig, - (Tark, + Ybrg,) - ank,

(K1, 5kn)
=T Z Sgn(klv"'akn)aflkl"'a'rki"'ankn
(k17...’kn)
+y Z sgn (k1, -+ kn) @ik, - brk; - Qng, = xdet (A7) + ydet (4s).

(k1see k)

The same is true of columns because det (A”) = det (A) and the rows of A are the columns
of A. B
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3.3.4 Basic Properties of the Determinant

Definition 3.3.10 A wvector, w, is a linear combination of the vectors {vi, -+ ,v,} if
there exist scalars cy,---c,. such that w 222:1 cxVi. This is the same as saying W €
span (vy, -+, V).

The following corollary is also of great use.

Corollary 3.3.11 Suppose A is an n X n matriz and some column (row) is a linear com-
bination of r other columns (rows). Then det (A) = 0.

Proof: Let A = ( a; - ap ) be the columns of A and suppose the condition that

one column is a linear combination of r of the others is satisfied. Say a; =3, ,; c;a;. Then
by Corollary 3.3.9, det(A4) =

det(al Zj#cjaj an):chdet(al Seeay e an>:0
J#i

because each of these determinants in the sum has two equal rows.
Recall the following definition of matrix multiplication.

Definition 3.3.12 If A and B are n x n matrices, A = (a;j) and B = (b;;), AB = (cij)
where ¢;j = Y1 airby;j.

One of the most important rules about determinants is that the determinant of a product
equals the product of the determinants.

Theorem 3.3.13 Let A and B be n x n matrices. Then
det (AB) = det (A) det (B) .

Proof: Let c;; be the ij*" entry of AB. Then by Proposition 3.3.6, and the way we
multiply matrices,

det (AB) = Z sgn (kh ) kn) Clk, " " Cnk,
(klv"'ykn)

Z sgn (k17 ) kn) (Z A1rq br1k1> e (Z Apr,, brnkn>

(k1,e skn)

= Z Z sgn (kla Tty kn) brlkl ce brnkn (alrl ce anrn)

(Tl"' ,7‘”) (kh'" 7kn)
= Z Sgn (ry -+ Tp) A1py * - Apy, det (B) = det (4) det (B) .1
(7"1'” :Tn)
The Binet Cauchy formula is a generalization of the theorem which says the determinant

of a product is the product of the determinants. The situation is illustrated in the following
picture where A, B are matrices.
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Theorem 3.3.14 Let A be an n x m matriz with n > m and let B be a m X n matriz. Also
let Al

i= 1a 7C(n7m)
be the m x m submatrices of A which are obtained by deleting n —m rows and let B; be the

m X m submatrices of B which are obtained by deleting corresponding n —m columns. Then

C(n,m)

det (BA) = Y det (By)det (A))
k=1

Proof: This follows from a computation. By Corollary 3.3.8 on Page 93, det (BA) =

Z Z Sgn (Zl o Zm) Sgn (]1 ) (BA)lljl (BA)712]2 o (BA)irnjnl
’ (il"'i'm) (jl"'jm,)
m' Z Z 5gn : 7;m) sgn (.71 o 'j’m) .
(t1-+1m) (J1-"dm)
Z Bil"‘lAlel Z Bi2T2AT2j2 T Z BinLTmA"‘nLj'm
ri=1 ro=1 Tm=1
Now denote by I one of the subsets of {1,---,n} which has m elements. Thus there are

C (n,m) of these.

C(n,m)

1 ) ) ) )
= D > D> D seu(inim)sen(gm)
k=1 {ri,~.rm}=Ix  (i1~im) (J1-im)
BllTlA B A

r1j1Piaralregs T Bim,"‘nz Arrnjnl

C(n,m)

- Z Z T:L' Z sgn (il U im) BilTl BiQTQ T Bimrm .

k=1 {ri,,rm}=Ir  (i1-im)

Z sgn (.]1 o ]m) Alel A7“2j2 e A""mjm

(jl"'jm)
Clnm) 1 C(n,m)
> > —sgn (- rm)” det (By)det (Ag) = Y det (By) det (Ay)
k=1 {le"',Tm}:Ik 1
since there are m! ways of arranging the indices {ry,--- ,r,,,}. B

3.3.5 Expansion Using Cofactors

Lemma 3.3.15 Suppose a matriz is of the form

M:(‘éi)or(fS) (3.11)

where a is a number and A is an (n — 1) X (n — 1) matriz and * denotes either a column
or a row having length n — 1 and the 0 denotes either a column or a row of length n — 1
consisting entirely of zeros. Then det (M) = adet (A).
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Proof: Denote M by (m;;). Thus in the first case, m,, = a and my; = 0 if i # n while
in the second case, m,, = a and m;,, = 0 if ¢ # n. From the definition of the determinant,

det (M) = Z sgn, (klv' o 7k’n) Mik, * " Mnk,

(K1, skn)
Letting 6 denote the position of n in the ordered list, (ki,---,k,) then using the earlier
conventions used to prove Lemma 3.3.1, det (M) equals
n—0 (4 n—1
S ()" sgn, g (ke koo kg, B ) mag, i,

(K1, kn)

Now suppose the second case. Then if k, # n, the term involving m,, in the above
expression equals zero. Therefore, the only terms which survive are those for which § = n
or in other words, those for which k,, = n. Therefore, the above expression reduces to

a Z sgn,, 1 (kh o kn—l) Mmik, « - m(n—l)knfl = adet (A) .
(k17"'7knfl)

To get the assertion in the first case, use Corollary 3.3.8 to write

AT o

* a

det(M):det(MT):det<< )) =adet (AT) = adet (A) W

In terms of the theory of determinants, arguably the most important idea is that of
Laplace expansion along a row or a column. This will follow from the above definition of a
determinant.

Definition 3.3.16 Let A = (a;j) be an nxn matriz. Then a new matriz called the cofactor
matriz cof (A) is defined by cof (A) = (ci;) where to obtain c;; delete the i*" row and the
jth column of A, take the determinant of the (n — 1) x (n — 1) matriz which results, (This
is called the i7" minor of A. ) and then multiply this number by (—I)Hj. To make the

formulas easier to remember, cof (A)ij will denote the ijt" entry of the cofactor matriz.

The following is the main result. Earlier this was given as a definition and the outrageous
totally unjustified assertion was made that the same number would be obtained by expanding
the determinant along any row or column. The following theorem proves this assertion.

Theorem 3.3.17 Let A be an n X n matriz where n > 2. Then
det (A) = " ayjcof (A); = Y ayj cof (A),; . (3.12)
=1 i=1

The first formula consists of expanding the determinant along the it" row and the second
expands the determinant along the j*" column.

Proof: Let (a;1,--- ,a;,) be the i*" row of A. Let Bj be the matrix obtained from A by
leaving every row the same except the i*"* row which in Bj equals (0,---,0,a;;,0,---,0).
Then by Corollary 3.3.9,

det (A) = i det (B;)
j=1
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For example if

a b c
A= d e f
h @ j
and ¢ = 2, then
a b c a b ¢ a b ¢
B = d 0 0 |,By= 0 e 0 |,Bs= 0 0 f
h i j h i j h i j

Denote by A% the (n — 1) x (n — 1) matrix obtained by deleting the i*" row and the ;"
column of A. Thus cof (A),; = (—1)"*7 det (A%) . At this point, recall that from Proposition
3.3.6, when two rows or two columns in a matrix M, are switched, this results in multiplying
the determinant of the old matrix by —1 to get the determinant of the new matrix. Therefore,

by Lemma 3.3.15,
w » AY
(—1)" 7 (=1)" Ldet(( * ))
0 Qi

. ij
(1) det << AO af- >) = a;j cof (A),; -
ij

det (A) = Z aij cof (A),;
j=1

det (BJ)

Therefore,

which is the formula for expanding det (4) along the i** row. Also,
n n
det (A) = det (A7) = Z a;; cof (AT)Z,J, = Z aji cof (A),,
j=1 j=1
which is the formula for expanding det (4) along the i'" column. W

3.3.6 A Formula for the Inverse

Note that this gives an easy way to write a formula for the inverse of an n x n matrix. Recall
the definition of the inverse of a matrix in Definition 2.1.22 on Page 48.

Theorem 3.3.18 A~ exists if and only if det(A) # 0. If det(A) # 0, then A~ = (ai_jl)
where

a;;' = det(A) ™" cof (4),,
for cof (A),; the ijt" cofactor of A.

Proof: By Theorem 3.3.17 and letting (a;.) = A, if det (A) # 0,

> i cof (A),, det(A) " = det(A) det(A) ™" = L.
=1
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Now in the matrix A, replace the k" column with the r** column. This results in two equal
columns if 7 # k and no change if 7 = k. Then expand along the k" column. This yields
for k #£ r,

Z air cof (A),, det(A)™t =0
i=1

because there are two equal columns by Corollary 3.3.9. Summarizing,
Z a;r cof (A),, det (A)_1 = 0pk-
i=1
Using the other formula in Theorem 3.3.17, and similar reasoning,
Z arj cof (A),; det (A" =6,
j=1

This proves that if det (A4) # 0, then A=! exists with A= = (ai_jl), where

a;;" = cof (A),,; det (4) ™.

i
Now suppose A~! exists. Then by Theorem 3.3.13,
1 =det (I) = det (AA™") = det (A) det (A™")

so det (4) #0. B
The next corollary points out that if an n X n matrix A has a right or a left inverse, then
it has an inverse.

Corollary 3.3.19 Let A be an n X n matriz and suppose there exists an n X n matriz B
such that BA = 1. Then A~ exists and A~' = B. Also, if there exists C an n X n matric
such that AC = I, then A™" exists and A~1 = C.

Proof: Since BA = I, Theorem 3.3.13 implies det Bdet A = 1 and so det A # 0.
Therefore from Theorem 3.3.18, A~! exists. Therefore,

A™'=(BA)A™' =B (AA™')=BI=B.

The case where CA = I is handled similarly. B

The conclusion of this corollary is that left inverses, right inverses and inverses are all
the same in the context of n X n matrices.

Theorem 3.3.18 says that to find the inverse, take the transpose of the cofactor matrix
and divide by the determinant. The transpose of the cofactor matrix is called the adjugate
or sometimes the classical adjoint of the matrix A. It is an abomination to call it the adjoint
although you do sometimes see it referred to in this way. In words, A~! is equal to one over
the determinant of A times the adjugate matrix of A.

In case you are solving a system of equations, Ax = y for x, it follows that if A~! exists,

x=(AT"A)x=A""(Ax) = A"y

thus solving the system. Now in the case that A~! exists, there is a formula for A~! given
above. Using this formula,

n 3 n 1
vi= a0y =) det (A) ot tA);i v
j=1 j=1
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By the formula for the expansion of a determinant along a column,

* PR yl e *
= _det| : : :
T det (4) : : Nk
* PR yn e *
where here the " column of A is replaced with the column vector, (y; - -, yn)T, and the

determinant of this modified matrix is taken and divided by det (A). This formula is known
as Cramer’s rule.

Definition 3.3.20 A matriz M, is upper triangular if M;; = 0 whenever i > j. Thus such
a matrixz equals zero below the main diagonal, the entries of the form M;; as shown.

* % *
0 =

*
0 0 =

A lower triangular matrixz is defined similarly as a matriz for which all entries above the
main diagonal are equal to zero.

With this definition, here is a simple corollary of Theorem 3.3.17.

Corollary 3.3.21 Let M be an upper (lower) triangular matriz. Then det (M) is obtained
by taking the product of the entries on the main diagonal.

3.3.7 Rank of a Matrix

Definition 3.3.22 A submatrixz of a matriz A is the rectangular array of numbers obtained
by deleting some rows and columns of A. Let A be an m x n matriz. The determinant
rank of the matriz equals r where v is the largest number such that some r X r submatrix
of A has a non zero determinant. The row rank is defined to be the dimension of the span
of the rows. The column rank is defined to be the dimension of the span of the columns.

Theorem 3.3.23 If A, an m X n matriz has determinant rank r, then there exist r rows of
the matriz such that every other row is a linear combination of these r rows.

Proof: Suppose the determinant rank of A having ij*" entry a;; equals r. Thus some

r X r submatrix has non zero determinant and there is no larger square submatrix which
has non zero determinant. Suppose such a submatrix is determined by the r columns whose
indices are

jl <--< jr
and the r rows whose indices are

<<y
I want to show that every row is a linear combination of these rows. Consider the [*" row
and let p be an index between 1 and n. Form the following (r 4+ 1) x (r 4+ 1) matrix

Qiygy 0 Qigg. Qigp

Wipjy "t Qinge Gip
ayy Ay, ap
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Of course you can assume [ ¢ {iy,--- ,i,} because there is nothing to prove if the [*"

row is one of the chosen ones. The above matrix has determinant 0. This is because if
p & {j1, - ,Jr} then the above would be a submatrix of A which is too large to have non
zero determinant. On the other hand, if p € {j1, - ,j,} then the above matrix has two
columns which are equal so its determinant is still 0.

Expand the determinant of the above matrix along the last column. Let C} denote the
cofactor associated with the entry a;, ,. This is not dependent on the choice of p. Remember,
you delete the column and the row the entry is in and take the determinant of what is left
and multiply by —1 raised to an appropriate power. Let C' denote the cofactor associated
with ay,. This is given to be nonzero, it being the determinant of the matrix r x r matrix
in the upper left corner. Thus

0= alpC + Z Ckaikp
k=1

which implies
ks

ks

—Cy 7

Alp = Taikp = E MEQip
k=1 k=1

Since this is true for every p and since my, does not depend on p, this has shown the I*" row

is a linear combination of the iy,1is,--- , 4, rows. l

Corollary 3.3.24 The determinant rank equals the row rank.

Proof: From Theorem 3.3.23, every row is in the span of r rows where r is the deter-
minant rank. Therefore, the row rank (dimension of the span of the rows) is no larger than
the determinant rank. Could the row rank be smaller than the determinant rank? If so,
it follows from Theorem 3.3.23 that there exist p rows for p < r = determinant rank, such
that the span of these p rows equals the row space. But then you could consider the r x r
sub matrix which determines the determinant rank and it would follow that each of these
rows would be in the span of the restrictions of the p rows just mentioned. By Theorem
2.6.4, the exchange theorem, the rows of this sub matrix would not be linearly independent
and so some row is a linear combination of the others. By Corollary 3.3.11 the determinant
would be 0, a contradiction. H

Corollary 3.3.25 If A has determinant rank r, then there exist v columns of the matriz
such that every other column is a linear combination of these r columns. Also the column
rank equals the determinant rank.

Proof: This follows from the above by considering A”. The rows of AT are the columns
of A and the determinant rank of A” and A are the same. Therefore, from Corollary 3.3.24,
column rank of A = row rank of A7 = determinant rank of A7 = determinant rank of A.
|

The following theorem is of fundamental importance and ties together many of the ideas
presented above.

Theorem 3.3.26 Let A be an n X n matriz. Then the following are equivalent.
1. det (A) = 0.
2. A, AT are not one to one.

3. A is not onto.
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Proof: Suppose det (4) = 0. Then the determinant rank of A = r < n. Therefore,
there exist r columns such that every other column is a linear combination of these columns

by Theorem 3.3.23. In particular, it follows that for some m, the m!* column is a linear

combination of all the others. Thus letting A = ( a;y -+ @&, - ay ) where the

columns are denoted by a;, there exists scalars a; such that

Ay = E arag.

k#m
T
Now consider the column vector, x = < a - =1 oy ) . Then

Ax = —a,, + Z aiag = 0.
k#m

Since also A0 = 0, it follows A is not one to one. Similarly, A7 is not one to one by the
same argument applied to AT. This verifies that 1.) implies 2.).
Now suppose 2.). Then since AT is not one to one, it follows there exists x # 0 such that

ATx =o0.
Taking the transpose of both sides yields
xTA =0T
where the 07 is a 1 x n matrix or row vector. Now if Ay = x, then
Ix|* = xT (4y) = (x"4)y=0y=0

contrary to x # 0. Consequently there can be no y such that Ay = x and so A is not onto.
This shows that 2.) implies 3.).

Finally, suppose 3.). If 1.) does not hold, then det (A) # 0 but then from Theorem 3.3.18
A~ exists and so for every y € F" there exists a unique x € F” such that Ax =y. In fact
x = A~ly. Thus A would be onto contrary to 3.). This shows 3.) implies 1.). B

Corollary 3.3.27 Let A be an n x n matrixz. Then the following are equivalent.

1. det(A) # 0.
2. A and AT are one to one.

3. A is onto.

Proof: This follows immediately from the above theorem.

3.3.8 Summary of Determinants

In all the following A, B are n X n matrices

1. det (A) is a number.

2. det (A) is linear in each row and in each column.
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3. If you switch two rows or two columns, the determinant of the resulting matrix is —1
times the determinant of the unswitched matrix. (This and the previous one say
(a;---a,) = det(a;---ay,)
is an alternating multilinear function or alternating tensor.
4. det(eq, - ,e,) =1.
5. det (AB) = det (A) det (B)
det (A) can be expanded along any row or any column and the same result is obtained.
ot (A) = det (A7)

A~! exists if and only if det (A) # 0 and in this case

.0051@

(A™h), = L ot (A) (3.13)

i det (A)

Ji

9. Determinant rank, row rank and column rank are all the same number for any m x n
matrix.

3.4 The Cayley Hamilton Theorem

Definition 3.4.1 Let A be an n x n matriz. The characteristic polynomial is defined as
qa (t) =det (tI — A)

and the solutions to qa (t) = 0 are called eigenvalues. For A a matriz and p (t) = t" +
An_1t""L+ -+ ait + ag, denote by p (A) the matriz defined by

p(A)= A" + A 1 A"V a A+ aol.
The explanation for the last term is that A° is interpreted as I, the identity matriz.

The Cayley Hamilton theorem states that every matrix satisfies its characteristic equa-
tion, that equation defined by g4 (¢t) = 0. It is one of the most important theorems in linear
algebra!. The proof in this section is not the most general proof, but works well when the
field of scalars is R or C. The following lemma will help with its proof.

Lemma 3.4.2 Suppose for all |\| large enough,
Ag+ AN+ -+ AN =0
where the A; are n X n matrices. Then each A; = 0.

Proof: Suppose some A; # 0. Let p be the largest index of those which are non zero.
Then multiply by A7P.

AN+ AP A, N A, =0

Now let A — oco. Thus A, = 0 after all. Hence each A; =0. W
With the lemma, here is a simple corollary.

1A special case was first proved by Hamilton in 1853. The general case was announced by Cayley some
time later and a proof was given by Frobenius in 1878.
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Corollary 3.4.3 Let A; and B; be n X n matrices and suppose
Ao+ A+ -+ ApN" = B+ Bid+ -+ BpA™

for all |A| large enough. Then A; = B; for all i. If A; = B; for each A;, B; then one can
substitute an n x n matriz M for A and the identity will continue to hold.

Proof: Subtract and use the result of the lemma. The last claim is obvious by matching
terms. l
With this preparation, here is a relatively easy proof of the Cayley Hamilton theorem.

Theorem 3.4.4 Let A be an n x n matriz and let g (\) = det (AI — A) be the characteristic
polynomial. Then q(A) = 0.

Proof: Let C'(\) equal the transpose of the cofactor matrix of (A — A) for |A| large.
(If || is large enough, then A cannot be in the finite list of eigenvalues of A and so for such
A, (AT — A)~" exists.) Therefore, by Theorem 3.3.18

C) =g -A)7".

Say
g\ =ap+aA+--+ A"

Note that each entry in C (A) is a polynomial in A having degree no more than n — 1. For
example, you might have something like

M—_6A+9 3—\ 0
C(\) = 2A—6 A2 -3\ 0
A—1 A—1 XN —3\+2
9 3 0 -6 -1 0 1 00
=] =6 0 0 |+Xx| 2 =3 0 |[+X[o0 10
-1 -1 2 1 1 -3 0 0 1

Therefore, collecting the terms in the general case,
CAN)=Co+CiA+--+Cp A"t
for C; some n x n matrix. Then
CANM=A) = (Co+CiA+ - +Cp N )M —A)=q(\) I
Then multiplying out the middle term, it follows that for all |A| sufficiently large,
aol +arIA+ -+ IN" = CoA+ CIA* + -+ + Cry g A"
— [COA + C1AN+ -+ C’n—1A)\”71]

= —CoA+ (Co—CLA N+ (CL —CoA) N2 + -+ 4 (Crg — Crp 1 A) N 4 A

Then, using Corollary 3.4.3, one can replace A on both sides with A. Then the right side is
seen to equal 0. Hence the left side, ¢ (A) I is also equal to 0. W
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3.5 Block Multiplication of Matrices

Consider the following problem
A B E F
C D G H

You know how to do this. You get

AE+ BG AF+ BH
CE+ DG CF+DH |’

Now what if instead of numbers, the entries, A, B,C, D, E, F, G are matrices of a size such
that the multiplications and additions needed in the above formula all make sense. Would
the formula be true in this case? I will show below that this is true.

Suppose A is a matrix of the form

A o A
A= o (3.14)
Arl T Arm
where A;; is a s; X p; matrix where s; is constant for j = 1,--- ,m for each ¢ = 1,--- ,r.

Such a matrix is called a block matrix, also a partitioned matrix. How do you get the
block A;;? Here is how for A an m x n matrix:

nxp;
—_—~

siXm 0
( O ISiXSi 0 )A ijij . (315)

0
In the block column matrix on the right, you need to have ¢; — 1 rows of zeros above the
small p; x p; identity matrix where the columns of A involved in A;; are ¢j,--- ,¢; +pj — 1
and in the block row matrix on the left, you need to have r; — 1 columns of zeros to the left
of the s; x s; identity matrix where the rows of A involved in A;; are r;,--- ,r; +5;. An

important observation to make is that the matrix on the right specifies columns to use in
the block and the one on the left specifies the rows used. Thus the block A;; in this case
is a matrix of size s; x p;. There is no overlap between the blocks of A. Thus the identity
n x n identity matrix corresponding to multiplication on the right of A is of the form

Ipl Xp1 0

0 Ipm XPm

where these little identity matrices don’t overlap. A similar conclusion follows from consid-
eration of the matrices I, «s,. Note that in 3.15 the matrix on the right is a block column
matrix for the above block diagonal matrix and the matrix on the left in 3.15 is a block row
matrix taken from a similar block diagonal matrix consisting of the I, «s,.

Next consider the question of multiplication of two block matrices. Let B, A be block
matrices of the form

N (3.16)
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and that for all 4, j, it makes sense to multiply B;sAs; for all s € {1,---,p}. (That is the
two matrices, B;; and A,; are conformable.) and that for fixed ij, it follows B;sA,; is the
same size for each s so that it makes sense to write Zs BiAg;.

The following theorem says essentially that when you take the product of two matrices,
you can do it two ways. One way is to simply multiply them forming BA. The other way
is to partition both matrices, formally multiply the blocks to get another block matrix and
this one will be BA partitioned. Before presenting this theorem, here is a simple lemma
which is really a special case of the theorem.

Lemma 3.5.1 Consider the following product.

0

1|(or10)

0

where the first is nxr and the second is r x n. The small identity matriz I is an r X r matrix
and there are | zero rows above I and | zero columns to the left of I in the right matriz.
Then the product of these matrices is a block matriz of the form

o O O
© ~ O
o © ©o

Proof: From the definition of the way you multiply matrices, the product is

0 0 0 0 0 0
I 10 -~ T |0 I e - I |e, I |0 - I 10
0 0 0 0 0 0

which yields the claimed result. In the formula e; refers to the column vector of length r
which has a 1 in the j** position. B

Theorem 3.5.2 Let B be a q X p block matriz as in 3.16 and let A be a p X n block matrix
as in 3.16 such that B;s is conformable with As; and each product, BisAg; fors=1,---,p
is of the same size so they can be added. Then BA can be obtained as a block matriz such
that the ij*" block is of the form

> Bi.As;. (3.17)

Proof: From 3.15

0 0
BiAyy = (0 Lre 0)B| Ly | (0 Tpsp 0 )A| Iy,
0 0

where here it is assumed B;, is r; X p, and A,; is ps X g;. The product involves the sth
block in the i** row of blocks for B and the s block in the j** column of A. Thus there
are the same number of rows above the I,_ ;. as there are columns to the left of I, «, in
those two inside matrices. Then from Lemma 3.5.1

0 0 0 0

Iy, xp, (0 Iy, xp, 0): 0 Ipxp, O
0 0 0 0
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Since the blocks of small identity matrices do not overlap,

0 0 © Iy xp, 0
Z 0 Ihxp, 0 |= =1
s 0 0 0 0 Iy sp,
and so
0 0
Z BléAb./ = Z ( 0 I”‘z‘xri 0 ) B Ipsxps ( 0 Ipsxps O ) A IquQ.i
s s 0 0
0 0
= ( 0 I’riX’l“i O )BZ Istps ( 0 IPsXPs 0 )A Iquqj
s 0 0
0 0
= (0 L 0)BIA| Iy | = (0 L 0)BA| I,
0 0

which equals the ij*" block of BA. Hence the ;" block of BA equals the formal multipli-
cation according to matrix multiplication, > B;sAg;. B

“ 2 ) where P isn—1xn—1.

Example 3.5.3 Let an nxn matriz have the form A = <
c

P q

Multiply it by B = <
r

) where B is also an n X n matrix and Q ism—1xn —1.

You use block multiplication

a b p q \ [ apt+br aq+bQ
c P r Q B pc+ Pr cq+ PQ
Note that this all makes sense. For example, b=1xn—-1landr=n—1x1so brisa
1 x 1. Similar considerations apply to the other blocks.
Here is an interesting and significant application of block multiplication. In this theorem,
g (t) denotes the characteristic polynomial, det (¢ — M) . The zeros of this polynomial will

be shown later to be eigenvalues of the matrix M. First note that from block multiplication,
for the following block matrices consisting of square blocks of an appropriate size,

Ao\ [(Aao\[(1 o)
Bco) \B1)loc)™
det(A 0):det<A O)det<I O)zdet(A)det(C)
B C B I 0 C

Theorem 3.5.4 Let A be an m X n matriz and let B be an n x m matriz for m < n. Then

— tnfm

qBa (t) qaB (t),

so the eigenvalues of BA and AB are the same including multiplicities except that BA has
n—m extra zero eigenvalues. Here qa (t) denotes the characteristic polynomial of the matriz

A.
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AB ABA
B BA
( y

AB ABA )

Proof: Use block multiplication to write
AB 0
B

I A 0

0 I B B B

I A AB 0 I A
0 I B BA 0 I

(b3) (53 ) (5 )

Since the two matrices above are similar, it follows that

Omsxm O AB 0
B BA J’\ B 0pxn

have the same characteristic polynomials. See Problem 8 on Page 88. Thus

Therefore,

tLxm tI — AB
det X 0 = det 0 (3.18)
—B tI—-BA -B tlyxn
Therefore,
t" det (tI — BA) =t"det (tI — AB) (3.19)

and so det (tI — BA) = qpa (t) =t""™det (tI — AB) =t" ™qap (t). R

3.6 Exercises

1. Let m < n and let A be an m x n matrix. Show that A is not one to one. Hint:
Consider the n x n matrix A; which is of the form

(1)

where the 0 denotes an (n —m) x n matrix of zeros. Thus det A; = 0 and so 4; is
not one to one. Now observe that A;x is the vector,

A
Alx B ( ) )
0
which equals zero if and only if Ax = 0.

2. Let vi,---,v, be vectors in F” and let M (v1,---,Vv,) denote the matrix whose i‘"

column equals v;. Define
d(vi, -, vp) =det (M (v, -+ ,Vy)).
Prove that d is linear in each variable, (multilinear), that

d(Vl,"' S Vi, oo ’vj’... 7vn) = 7d(v1’... ’vj’... S Vi, oo ,vn)’ (320)
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and
d(ey, - ,e,)=1 (3.21)

where here e; is the vector in " which has a zero in every position except the 4th
position in which it has a one.

Suppose f: F? x --- x F" — F satisfies 3.20 and 3.21 and is linear in each variable.
Show that f =d.

. Show that if you replace a row (column) of an n X n matrix A with itself added to

some multiple of another row (column) then the new matrix has the same determinant
as the original one.

Use the result of Problem 4 to evaluate by hand the determinant

1 2 3 2
-6 3 2 3
det
5 2 2 3
3 4 6 4
Find the inverse if it exists of the matrix
et cost sint
et —sint cost
et —cost —sint

Let Ly = y™ + a,_1 (x)y"™ Y 4+ -+ + ay (2)y + ao (x)y where the a; are given
continuous functions defined on an interval, (a,b) and y is some function which has n
derivatives so it makes sense to write Ly. Suppose Ly, = 0 for £k = 1,2,--- ,n. The
Wronskian of these functions, y; is defined as

n(x) o oy (@)
W)@ =det | y”:(x)
V@) Y ()

Show that for W (z) = W (y1,- -+ ,yn) (z) to save space,

yi(@) o ya(2)
W' (z) = det 2 o _2
" () s ()
@ oy (@)

Now use the differential equation, Ly = 0 which is satisfied by each of these functions,
y; and properties of determinants presented above to verify that W/ +a,,_; () W = 0.
Give an explicit solution of this linear differential equation, Abel’s formula, and use
your answer to verify that the Wronskian of these solutions to the equation, Ly = 0
either vanishes identically on (a, b) or never.

Two n x n matrices, A and B, are similar if B = S~'AS for some invertible n x n
matrix S. Show that if two matrices are similar, they have the same characteristic
polynomials. The characteristic polynomial of A is det (Al — A).
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9.

10.

11.

12.

13.

14.

Suppose the characteristic polynomial of an n X n matrix A is of the form
"t ap_1t" N+ art+ag

and that ag # 0. Find a formula A~! in terms of powers of the matrix A. Show that
A~ exists if and only if ag # 0. In fact, show that ag = (—1)" det (A4).

1Letting p () denote the characteristic polynomial of A, show that p. (t) = p(t —¢)
is the characteristic polynomial of A 4 eI. Then show that if det (A) = 0, it follows
that det (A + eI) # 0 whenever |e| is sufficiently small.

In constitutive modeling of the stress and strain tensors, one sometimes considers sums
of the form Y7 a, A" where A is a 3x3 matrix. Show using the Cayley Hamilton
theorem that if such a thing makes any sense, you can always obtain it as a finite sum
having no more than 3 terms.

Recall you can find the determinant from expanding along the 5" column.

det (A) = Z Ajj (cof (A)),;

Think of det (A) as a function of the entries, A;;. Explain why the 5" cofactor is
really just
Odet (A)
aAij '
Let U be an open set in R™ and let g:U — R™ be such that all the first partial

derivatives of all components of g exist and are continuous. Under these conditions
form the matrix Dg (x) given by

D (x), = 52 =g

The best kept secret in calculus courses is that the linear transformation determined
by this matrix Dg (x) is called the derivative of g and is the correct generalization
of the concept of derivative of a function of one variable. Suppose the second partial
derivatives also exist and are continuous. Then show that }; (cof (Dg)),; ; = 0. Hint:
First explain why >, g; x cof (Dg),; = ;i det (Dg) . Next differentiate with respect to
x; and sum on j using the equality of mixed partial derivatives. Assume det (Dg) # 0
to prove the identity in this special case. Then explain using Problem 10 why there
exists a sequence e, — 0 such that for g, (x) = g (x) + exx, det (Dg., ) # 0 and so
the identity holds for g.,. Then take a limit to get the desired result in general. This
is an extremely important identity which has surprising implications. One can build
degree theory on it for example. It also leads to simple proofs of the Brouwer fixed
point theorem from topology. See Evans [9] for example.

A determinant of the form

1 1 1
ag ai an

2 2 2
ag ai a,
n—1 n—1 n—1

) a; Qp,

n n

QA ay a,
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15.

16.

17.

18.
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is called a Vandermonde determinant. Show it equals [Jo;;<, (a; —a;). By this is
meant to take the product of all terms of the form (a; — a;) such that j > i. Hint:

Show it works if n = 1 so you are looking at . Then suppose it holds for

Go ai
n — 1 and consider the case n. Consider the polynomial in ¢, p(¢) which is obtained

T
from the above by replacing the last column with the column ( Tt -t ) .

Explain why p(a;) =0 for i =0,--- ,n — 1. Explain why p(t) = cH?;Ol (t—a;). Of
course c is the coefficient of ¢". Find this coefficient from the above description of p (t)
and the induction hypothesis. Then plug in ¢ = a,, and observe you have the formula
valid for n.

The example in this exercise was shown to me by Marc van Leeuwen and it helped to
correct a misleading proof of the Cayley Hamilton theorem presented in this chapter.
If p(A\) = g(A) for all A or for all A large enough where p (A), ¢ (\) are polynomials
having matrix coefficients, then it is not necessarily the case that p (4) = ¢ (A4) for A
a matrix of an appropriate size. The proof in question read as though it was using
this incorrect argument. Let

1 1
B, = 0 By — 0 0 N = 0
0 0 0 1 0 0

Show that for all A\, (A + Ey) (M + E») = ()\2 + )\) I = (M + E3) (A + Ey). How-
ever, (NI + E1) (NI 4+ Es) # (NI + E3) (NI + Ey) . Explain why this can happen. In
the proof of the Cayley-Hamilton theorem given in the chapter, show that the matrix
A does commute with the matrices C; in that argument. Hint: Multiply both sides
out with NV in place of A. Does N commute with E;?

Explain how 3.19 follows from 3.18. Hint: If you have two real or complex polynomials
p(t),q(t) of degree p and they are equal, for all ¢ # 0, then by continuity, they are
equal for all ¢. Also

tr 0 (o (T o
0 tI-BA ) \ 0 I 0 tI—BA
thus the determinant of the one on the left equals ¢ det (¢ — BA).

Explain why the proof of the Cayley-Hamilton theorem given in this chapter cannot
possibly hold for arbitrary fields of scalars.

Suppose A is m x n and B is n X m. Letting I be the identity of the appropriate size,
is it the case that det (I + AB) = det (I + BA)? Explain why or why not.



Chapter 4

Row Operations

4.1 Elementary Matrices

The elementary matrices result from doing a row operation to the identity matrix.
Definition 4.1.1 The row operations consist of the following

1. Switch two rows.
2. Multiply a row by a nonzero number.

3. Replace a row by a multiple of another row added to it.
The elementary matrices are given in the following definition.

Definition 4.1.2 The elementary matrices consist of those matrices which result by apply-
ing a row operation to an identity matrix. Those which involve switching rows of the identity
are called permutation matrices. More generally, if (i1,42, -+ ,in) S a permutation, a ma-
triz which has a 1 in the i position in row k and zero in every other position of that row is
called a permutation matriz. Thus each permutation corresponds to a unique permutation
matriz.

As an example of why these elementary matrices are interesting, consider the following.

0 1 0 a b ¢ d rT Yy z w
1 00 r y z w |=]a b ¢ d
0 0 1 f g h i f g h i

A 3 x 4 matrix was multiplied on the left by an elementary matrix which was obtained from
row operation 1 applied to the identity matrix. This resulted in applying the operation 1
to the given matrix. This is what happens in general.

Now consider what these elementary matrices look like. First consider the one which
involves switching row ¢ and row j where i < j. This matrix is of the form

1 0

0 1

The two exceptional rows are shown. The i*" row was the j** and the j** row was the i*"

111
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in the identity matrix. Now consider what this does to a column vector.

1

0

0 (%1 U1
V; Vj
Uj ) (7
1 Un, Up,

Now denote by P¥ the elementary matrix which comes from the identity from switching
explained consider multiplication on the left by this

rows ¢ and j. From what was just

elementary matrix.

From the way you multiply matrices this

a11

anl

a11

apl

ail

ajl

Gnl

aig - aip
;2 Qip
ajz o Gp
Qp2 Anp

is a matrix which has the indicated columns.

@12 Q1p
;2 Qip
[ aP J
aj2 Qjp
Ap2 Qpp
ai2 Q1p
aj2 Ajp
) k)

@i2 Aip

an2 Qpp
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aixz aiz -+ Qip
aji  aj2 Ajp
a1 Qg2 0 Qap
apl  Ap2 - Anp

This has established the following lemma.

Lemma 4.1.3 Let P¥Y denote the elementary matriz which involves switching the it" and
the j*" rows. Then -

P7A=B
where B is obtained from A by switching the it" and the j rows.

As a consequence of the above lemma, if you have any permutation (i1,---,i,), it
follows from Lemma 3.3.2 that the corresponding permutation matrix can be obtained by
multiplying finitely many permutation matrices, each of which switch only two rows. Now
every such permutation matrix in which only two rows are switched has determinant —1.
Therefore, the determinant of the permutation matrix for (iy,--- ,i,) equals (—1) where
the given permutation can be obtained by making p switches. Now p is not unique. There
are many ways to make switches and end up with a given permutation, but what this shows
is that the total number of switches is either always odd or always even. That is, you could
not obtain a given permutation by making 2m switches and 2k 4+ 1 switches. A permutation
is said to be even if p is even and odd if p is odd. This is an interesting result in abstract
algebra which is obtained very easily from a consideration of elementary matrices and of
course the theory of the determinant. Also, this shows that the composition of permutations
corresponds to the product of the corresponding permutation matrices.

To see permutations considered more directly in the context of group theory, you should
see a good abstract algebra book such as [18] or [14].

Next consider the row operation which involves multiplying the i*” row by a nonzero
constant, c. The elementary matrix which results from applying this operation to the i*®
row of the identity matrix is of the form

1 0

0 1
Now consider what this does to a column vector.

1 0 U1 (%1

C (7 = CU;
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Denote by E (c,i) this elementary matrix which multiplies the i** row of the identity

by the nonzero constant, c. Then from what was just discussed and the way matrices are
multiplied,

all a12 .. ... alp
Eei) | an ai -+ - ap
anl an2 .. ... anp

equals a matrix having the columns indicated below.

aii a2 ap
- E(c,i)| apn JE (i) | aim | B led) | ai
an1 an?2 Anp
a1l a2 e e alp
= ca;1  Cajg - Cee Clgp
[€2%%) 7% “e e Qnp

This proves the following lemma.

Lemma 4.1.4 Let E (c,i) denote the elementary matriz corresponding to the row opera-
tion in which the it" row is multiplied by the nonzero constant, c. Thus F (c,i) involves
multiplying the it" row of the identity matriz by c. Then

E(c,i)A=1DB
where B is obtained from A by multiplying the it row of A by c.

Finally consider the third of these row operations. Denote by E (¢ X i + j) the elementary
matrix which replaces the j** row with itself added to ¢ times the i*" row added to it. In
case ¢ < j this will be of the form

1 0
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Now consider what this does to a column vector.

1 0 (41 U1

1 Uz Vi

c -+ 1 vj ) cv; + v
0 1 Up Up

Now from this and the way matrices are multiplied,

a/ll a12 PR PR .. ... alp

a'Ll a,1/2 e e e ... a’Lp
E(cxi+j)

a]2 a]2 DY DY DR ... a]p

anl a/77,2 DRI DY DR ... anp

equals a matrix of the following form having the indicated columns.

ai1 a12 Q1p
Qi1 @2 Qip
Elexi+j)| i |[Bexi+s)| i |.-Elexity)
aj2 aj2 Ajp
an1 an2 Qnp
ai1 a12 T A1p
ai1 ai2 T Qip
(le —+ CQa;1 ajg —+ Cca;2 e ajp —+ C(ll'p
an1 An2 ce Anp

The case where ¢ > j is handled similarly. This proves the following lemma.

Lemma 4.1.5 Let E (c X i + j) denote the elementary matriz obtained from I by replacing
the j*" row with ¢ times the i row added to it. Then

E(cxi+j)A=B
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where B is obtained from A by replacing the ' row of A with itself added to ¢ times the
it" row of A.

The next theorem is the main result.

Theorem 4.1.6 To perform any of the three row operations on a matriz A it suffices to do
the row operation on the identity matriz obtaining an elementary matriz E and then take
the product, EA. Furthermore, each elementary matriz is invertible and its inverse is an
elementary matriz.

Proof: The first part of this theorem has been proved in Lemmas 4.1.3 - 4.1.5. It
only remains to verify the claim about the inverses. Consider first the elementary matrices
corresponding to row operation of type three.

E(—cxi+j)E(cxi+j)=1

This follows because the first matrix takes ¢ times row 7 in the identity and adds it to row j.
When multiplied on the left by E (—c X i + j) it follows from the first part of this theorem
that you take the i*" row of E (¢ x i + j) which coincides with the i*" row of I since that
row was not changed, multiply it by —c and add to the j** row of E (¢ x i + j) which was
the j*" row of I added to ¢ times the i*" row of I. Thus E (—c x i + j) multiplied on the
left, undoes the row operation which resulted in E (¢ x ¢ + j). The same argument applied
to the product
E(cxi+j)E(—cxi+j)

replacing ¢ with —c¢ in the argument yields that this product is also equal to I. Therefore,
E(cxi+j) " =FE(—exi+j).

Similar reasoning shows that for E (c,¢) the elementary matrix which comes from mul-
tiplying the i*" row by the nonzero constant, c,

E(c,i) ' =FE (c71,1).
Finally, consider P¥ which involves switching the i*"* and the j** rows.
PIPI =1

because by the first part of this theorem, multiplying on the left by P% switches the i*?
and j** rows of P¥ which was obtained from switching the i** and j** rows of the identity.
First you switch them to get P¥ and then you multiply on the left by P% which switches
these rows again and restores the identity matrix. Thus (P¥ )_1 =Pi N

4.2 The Rank of a Matrix

Recall the following definition of rank of a matrix.

Definition 4.2.1 A submatriz of a matriz A is the rectangular array of numbers obtained
by deleting some rows and columns of A. Let A be an m x n matriz. The determinant
rank of the matriz equals v where r is the largest number such that some r X r submatriz
of A has a non zero determinant. The row rank is defined to be the dimension of the span
of the rows. The column rank is defined to be the dimension of the span of the columns.
The rank of A is denoted as rank (A).

The following theorem is proved in the section on the theory of the determinant and is
restated here for convenience.
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Theorem 4.2.2 Let A be an m X n matriz. Then the row rank, column rank and determi-
nant rank are all the same.

So how do you find the rank? It turns out that row operations are the key to the practical
computation of the rank of a matrix.

In rough terms, the following lemma states that linear relationships between columns
in a matrix are preserved by row operations.

Lemma 4.2.3 Let B and A be two m X n matrices and suppose B results from a row
operation applied to A. Then the k" column of B is a linear combination of the i1, - ,i,
columns of B if and only if the k' column of A is a linear combination of the i1, --- , i,
columns of A. Furthermore, the scalars in the linear combination are the same. (The linear
relationship between the k" column of A and the iy,--- ,i, columns of A is the same as the
linear relationship between the k" column of B and the iy,--- i, columns of B.)

Proof: Let A equal the following matrix in which the a; are the columns

(al as e an)

and let B equal the following matrix in which the columns are given by the by

(b1 by - bn)

Then by Theorem 4.1.6 on Page 116 by = Fa; where FE is an elementary matrix. Suppose
then that one of the columns of A is a linear combination of some other columns of A. Say

ap = Z Cray.
res
Then multiplying by F,
by = Eay = »_c.Ea, = » c¢;b,.M
res res

Corollary 4.2.4 Let A and B be two m X n matrices such that B is obtained by applying
a row operation to A. Then the two matrices have the same rank.

Proof: Lemma 4.2.3 says the linear relationships are the same between the columns of
A and those of B. Therefore, the column rank of the two matrices is the same. B

This suggests that to find the rank of a matrix, one should do row operations until a
matrix is obtained in which its rank is obvious.

Example 4.2.5 Find the rank of the following matriz and identify columns whose linear
combinations yield all the other columns.

(4.1)

W = =
~N W N

1
6
8

S O W
DD NN

Take (—1) times the first row and add to the second and then take (—3) times the first
row and add to the third. This yields

1 21 3 2
015 -3 0
015 -3 0
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By the above corollary, this matrix has the same rank as the first matrix. Now take (—1)
times the second row and add to the third row and then —2 times the second added to the
first yielding

10 -9 9 2

01 5 =30

00 0 0 O

At this point it is clear the rank is 2. This is because every column is in the span of the
first two and these first two columns are linearly independent.

Example 4.2.6 Find the rank of the following matriz and identify columns whose linear
combinations yield all the other columns.

(4.2)

LW ==
DD NN
S O W
S NN

1
6
8

Take (—1) times the first row and add to the second and then take (—3) times the first
row and add to the last row. This yields

121 3 2
0 05 -3 0
0 05 =3 0

Now multiply the second row by 1/5 and add 5 times it to the last row.

1 2 1 3 2
001 —3/5 0
0 0 O 0 0
Add (—1) times the second row to the first.
1 2 0 18/5 2
001 —3/5 0 (4.3)
0 0 0 0 0

It is now clear the rank of this matrix is 2 because the first and third columns form a
basis for the column space.
The matrix 4.3 is the row reduced echelon form for the matrix 4.2.

4.3 The Row Reduced Echelon Form

The following definition is for the row reduced echelon form of a matrix.

Definition 4.3.1 Let e; denote the column vector which has all zero entries except for the
it slot which is one. An mxn matriz is said to be in row reduced echelon form if, in viewing
successive columns from left to right, the first nonzero column encountered is €1 and if you
have encountered e, ey, --- ey, the next column is either ey or is a linear combination
of the vectors, e1,ea,- - , €.



4.3. THE ROW REDUCED ECHELON FORM 119

For example, here are some matrices which are in row reduced echelon form.

01 3 0 3 10 3 —-11 0
00015 |,/ 014 4 0
00 0 00O 000 0 1

Theorem 4.3.2 Let A be an m x n matriz. Then A has a row reduced echelon form
determined by a simple process.

Proof: Viewing the columns of A from left to right take the first nonzero column. Pick
a nonzero entry in this column and switch the row containing this entry with the top row of
A. Now divide this new top row by the value of this nonzero entry to get a 1 in this position
and then use row operations to make all entries below this entry equal to zero. Thus the
first nonzero column is now e;. Denote the resulting matrix by A;. Consider the submatrix
of A; to the right of this column and below the first row. Do exactly the same thing for it
that was done for A. This time the e; will refer to F™~!. Use this 1 and row operations
to zero out every entry above it in the rows of A;. Call the resulting matrix As. Thus As
satisfies the conditions of the above definition up to the column just encountered. Continue
this way till every column has been dealt with and the result must be in row reduced echelon
form. H

Definition 4.3.3 The first pivot column of A is the first nonzero column of A. The next
pivot column is the first column after this which is not a linear combination of the columns to
its left. The third pivot column is the next column after this which is not a linear combination
of those columns to its left, and so forth. Thus by Lemma 4.2.3 if a pivot column occurs
as the j*" column from the left, it follows that in the row reduced echelon form there will be
one of the ey, as the j" column.

There are three choices for row operations at each step in the above theorem. A natural
question is whether the same row reduced echelon matrix always results in the end from
following the above algorithm applied in any way. The next corollary says this is the case.

Definition 4.3.4 Two matrices are said to be row equivalent if one can be obtained from
the other by a sequence of row operations.

Since every row operation can be obtained by multiplication on the left by an elementary
matrix and since each of these elementary matrices has an inverse which is also an elementary
matrix, it follows that row equivalence is a similarity relation. Thus one can classify matrices
according to which similarity class they are in. Later in the book, another more profound
way of classifying matrices will be presented.

It has been shown above that every matrix is row equivalent to one which is in row
reduced echelon form. Note

T1
=2x1€1 + -+ Tpe,
Ty
S0 to say two column vectors are equal is to say they are the same linear combination of the
special vectors e;.
Thus the row reduced echelon form is completely determined by the positions of columns

which are not linear combinations of preceding columns (These become the e; vectors in
the row reduced echelon form.) and the scalars which are used in the linear combinations of
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these special pivot columns to obtain the other columns. All of these considerations pertain
only to linear relations between the columns of the matrix, which by Lemma 4.2.3 are all
preserved. Therefore, there is only one row reduced echelon form for any given matrix. The
proof of the following corollary is just a more careful exposition of this simple idea.

Corollary 4.3.5 The row reduced echelon form is unique. That is if B,C are two matrices
in row reduced echelon form and both are row equivalent to A, then B = C.

Proof: Suppose B and C are both row reduced echelon forms for the matrix A. Then
they clearly have the same zero columns since row operations leave zero columns unchanged.
If B has the sequence eq, e, - - - , €, occurring for the first time in the positions, i1,40,- - , iy,
the description of the row reduced echelon form means that each of these columns is not a
linear combination of the preceding columns. Therefore, by Lemma 4.2.3, the same is true of
the columns in positions i1, @2, - - - , 4, for C. It follows from the description of the row reduced
echelon form, that eq,--- ,e, occur respectively for the first time in columns 1,40, , i,
for C. Thus B,C have the same columns in these positions. By Lemma 4.2.3, the other
columns in the two matrices are linear combinations, involving the same scalars, of the
columns in the iy, -+ i position. Thus each column of B is identical to the corresponding
column in C. B

The above corollary shows that you can determine whether two matrices are row equiv-
alent by simply checking their row reduced echelon forms. The matrices are row equivalent
if and only if they have the same row reduced echelon form.

The following corollary follows.

Corollary 4.3.6 Let A be an m X n matriz and let R denote the row reduced echelon form
obtained from A by row operations. Then there exists a sequence of elementary matrices,
Ey,---,E, such that

(EyEp_1---E1) A= R.

Proof: This follows from the fact that row operations are equivalent to multiplication
on the left by an elementary matrix. ll

Corollary 4.3.7 Let A be an invertible n X n matriz. Then A equals a finite product of
elementary matrices.

Proof: Since A~! is given to exist, it follows A must have rank n because by Theorem
3.3.18 det(A) # 0 which says the determinant rank and hence the column rank of A is n
and so the row reduced echelon form of A is I because the columns of A form a linearly
independent set. Therefore, by Corollary 4.3.6 there is a sequence of elementary matrices,
Eq,---, E, such that

(EpEp—1---E1)A=1.

But now multiply on the left on both sides by Ezjl then by E];ll and then by E;EZ etc.
until you get
A=FE "By ENE)!

and by Theorem 4.1.6 each of these in this product is an elementary matrix.

Corollary 4.3.8 The rank of a matriz equals the number of nonzero pivot columns. Fur-
thermore, every column is contained in the span of the pivot columns.

Proof: Write the row reduced echelon form for the matrix. From Corollary 4.2.4 this
row reduced matrix has the same rank as the original matrix. Deleting all the zero rows
and all the columns in the row reduced echelon form which do not correspond to a pivot
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column, yields an r X r identity submatrix in which r is the number of pivot columns. Thus
the rank is at least r.

From Lemma 4.2.3 every column of A is a linear combination of the pivot columns since
this is true by definition for the row reduced echelon form. Therefore, the rank is no more
than r. B

Here is a fundamental observation related to the above.

Corollary 4.3.9 Suppose A is an mxn matriz and that m < n. That is, the number of rows
is less than the number of columns. Then one of the columns of A is a linear combination
of the preceding columns of A.

Proof: Since m < n, not all the columns of A can be pivot columns. That is, in the
row reduced echelon form say e; occurs for the first time at 7; where 1y <17y < -+ <1y
where p < m. It follows since m < n, there exists some column in the row reduced echelon
form which is a linear combination of the preceding columns. By Lemma 4.2.3 the same is
true of the columns of A. B

Definition 4.3.10 Let A be an m xn matriz having rank, r. Then the nullity of A is defined
to be n —r. Also define ker (A) = {x € F" : Ax = 0}. This is also denoted as N (A).

Observation 4.3.11 Note that ker (A) is a subspace because if a,b are scalars and x,y are
vectors in ker (A), then

A(ax+by) =aAx+bAy=0+0=0

Recall that the dimension of the column space of a matrix equals its rank and since the
column space is just A (F™), the rank is just the dimension of A (F™). The next theorem
shows that the nullity equals the dimension of ker (A).

Theorem 4.3.12 Let A be an m x n matriz. Then rank (A) + dim (ker (4)) = n.

Proof: Since ker (A) is a subspace, there exists a basis for ker (A), {x1, -+ ,xx}. Also
let {Ay1,---,Ay;} be a basis for A(F™). Let u € F*. Then there exist unique scalars ¢;

such that l

Au = Z ciAyi

i=1

!
A (u— ZQ‘}%‘) =0
i=1
and so the vector in parenthesis is in ker (A). Thus there exist unique b; such that
! k
u= Z cyi + Z ijj
i=1 j=1

Since u was arbitrary, this shows {xi, - ,Xg,¥1, - ,¥:} spans F". If these vectors are
independent, then they will form a basis and the claimed equation will be obtained. Suppose

then that
l k
D eyt bx; =0
i=1 j=1

Apply A to both sides. This yields

It follows that

l
Z CiAyi =0
i=1

and so each ¢; = 0. Then the independence of the x; imply each b; = 0. B
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4.4 Existence of Solutions to Linear Systems

Consider the linear system of equations,
Ax=Db (4.4)

where A is an m X n matrix, x is a n X 1 column vector, and b is an m X 1 column vector.

Suppose
A= ( a; - a, )

where the aj, denote the columns of A. Then x = (x1,--- ,xn)T is a solution of the system
4.4, if and only if
ria1 + -+ Tpa, =b

which says that b is a vector in span (aj,--- ,a,). This shows that there exists a solution
to the system, 4.4 if and only if b is contained in span (aj, - ,a,). In words, there is a
solution to 4.4 if and only if b is in the column space of A. In terms of rank, the following
proposition describes the situation.

Proposition 4.4.1 Let A be an m X n matriz and let b be an m x 1 column vector. Then
there exists a solution to 4.4 if and only if

rank( A | b ) =rank (4). (4.5)

Proof: Place ( A | b ) and A in row reduced echelon form, respectively B and C. If

the above condition on rank is true, then both B and C have the same number of nonzero
rows. In particular, you cannot have a row of the form

(0 0 %)

where % # 0 in B. Therefore, there will exist a solution to the system 4.4.

Conversely, suppose there exists a solution. This means there cannot be such a row in
B described above. Therefore, B and C' must have the same number of zero rows and so
they have the same number of nonzero rows. Therefore, the rank of the two matrices in 4.5
is the same. W

4.5 Fredholm Alternative

There is a very useful version of Proposition 4.4.1 known as the Fredholm alternative.
I will only present this for the case of real matrices here. Later a much more elegant and
general approach is presented which allows for the general case of complex matrices.

The following definition is used to state the Fredholm alternative.

Definition 4.5.1 Let S CR™. Then St ={z € R™ :z-s =0 for every s € S}. The funny
exponent, 1 is called “perp”.

Now note

ker (AT) = {z ATz = 0} = {z : szak. = O}
k=1
Lemma 4.5.2 Let A be a real m x n matriz, let x € R™ andy € R™. Then

(Ax - y) = (x~ATy)
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Proof: This follows right away from the definition of the inner product and matrix
multiplication.

(Ax-y) = ZAklxzyk = Z (AT)lk zyr = (x-ATy). R
kol ol

Now it is time to state the Fredholm alternative. The first version of this is the following
theorem.

Theorem 4.5.3 Let A be a real m x n matriz and let b € R™. There exists a solution, X
to the equation Ax = b if and only if b € ker (AT)J',

Proof: First suppose b € ker (AT)L. Then this says that if AT”x = 0, it follows that
b-x =x’b = 0. In other words, taking the transpose, if

xTA = 0,then xb = 0.

Thus, if P is a product of elementary matrices such that PA is in row reduced echelon form,
then if PA has a row of zeros, in the k' position, obtained from the k" row of P times A,
then there is also a zero in the k** position of Pb. This is because the k" position in Pb is

just the k' row of P times b. Thus the row reduced echelon forms of A and ( A | b )

have the same number of zero rows. Thus rank ( A | b ) = rank (A). By Proposition

4.4.1, there exists a solution x to the system Ax = b. It remains to prove the converse.
Let z € ker (AT) and suppose Ax = b. I need to verify b-z = 0. By Lemma 4.5.2,

bz=Ax-z=x-ATz=x-0=01

This implies the following corollary which is also called the Fredholm alternative. The
“alternative” becomes more clear in this corollary.

Corollary 4.5.4 Let A be an m x n matriz. Then A maps R™ onto R™ if and only if the
only solution to ATx =0 isx=0.

Proof: If the only solution to A”x = 0 is x = 0, then ker (A”) = {0} and so
ker (AT)L =R™

because every b € R™ has the property that b - 0 = 0. Therefore, Ax = b has a solution for

any b € R™ because the b for which there is a solution are those in ker (AT)L by Theorem
4.5.3. In other words, A maps R™ onto R™.

Conversely if A is onto, then by Theorem 4.5.3 every b € R™ is in ker (AT)L and so if
ATx =0, then b -x = 0 for every b. In particular, this holds for b = x. Hence if ATx = 0,
thenx=0. &

Here is an amusing example.

Example 4.5.5 Let A be an m x n matriz in which m > n. Then A cannot map onto R™.
The reason for this is that A7 is an n x m where m > n and so in the augmented matrix
(4" 0)

there must be some free variables. Thus there exists a nonzero vector x such that ATx = 0.
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4.6 Exercises

1.

Let {uy,---,u,} be vectors in R™. The parallelepiped determined by these vectors
P(uy,---,u,) is defined as

P(uy, - ,u,) = {Ztkuk iy € 10,1] for all k}

k=1

Now let A be an n x n matrix. Show that
{Ax:x € P(uy, - ,u,)}

is also a parallelepiped.

. In the context of Problem 1, draw P (e;, e3) where e1, es are the standard basis vectors

for R2. Thus e; = (1,0), ez = (0,1) . Now suppose

()

where E is the elementary matrix which takes the third row and adds to the first.
Draw

{Ex:x € P(e1,ea)}.

In other words, draw the result of doing E to the vectors in P (e1,e3). Next draw the
results of doing the other elementary matrices to P (e, e3).

In the context of Problem 1, either draw or describe the result of doing elementary
matrices to P (e1, e, e3). Describe geometrically the conclusion of Corollary 4.3.7.
Consider a permutation of {1,2,--- ,n}. This is an ordered list of numbers taken from
this list with no repeats, {i1,42,- - ,i,}. Define the permutation matrix

P(ilai% e 7Zn)
as the matrix which is obtained from the identity matrix by placing the j** column of T
as the i;h column of P (iq,42,- - ,iy). Thus the 1 in the i?h column of this permutation

matrix occurs in the j** slot. What does this permutation matrix do to the column
vector (1,2, -- 7n)T?

TConsider the 3 x 3 permutation matrices. List all of them and then determine the

dimension of their span. Recall that you can consider an m X n matrix as something
lIl ]F‘W/W'L.

Determine which matrices are in row reduced echelon form.

2 0
17

—

&

Nao
VR
S =

o O O

O O = O O =
S =

O = O O =

SO N O O N O

= O O
W = Tt
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7. Row reduce the following matrices to obtain the row reduced echelon form. List the
pivot columns in the original matrix.

1 2 0 3
@ |21 2 2
1 0 3
1 2 3
2 1 =2
b
(b) 3 0 0
3 2
1 2 1 3
(c) -3 2 10
3 2 11

8. Find the rank and nullity of the following matrices. If the rank is r, identify r columns
in the original matrix which have the property that every other column may be
written as a linear combination of these.

2

(a) 12

N =W
— = NN O
-3 o

O O = =
W N O N
= W 0o N

N = W =
— = N O
o O O O
W N Ut =
NN R O

(c)

o O O O o O O O o O O O

BN ON RN O N

N =W =
= = N O
S O = o=
W N Ut =
— = =N

9. Find the rank of the following matrices. If the rank is r, identify r columns in the
original matrix which have the property that every other column may be written
as a linear combination of these. Also find a basis for the row and column spaces of
the matrices.

1 2 0
3 2 1

@151
02 1
100
41 1

b

O
02 0
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10.

11.

12.

13.

14.

15.

16.
17.

18.
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010 2 1 2 2
032121 6 8
()
011 5 02 3
021 7 03 4
0102010
032605 4
(d)
01120 2 2
02140 3 2
01021 1 2
0326151
(e)
01120 21
02140 31

Suppose A is an m x n matrix. Explain why the rank of A is always no larger than
min (m,n) .

Suppose A is an m X n matrix in which m < n. Suppose also that the rank of A equals
m. Show that A maps F"™ onto F™. Hint: The vectors ey, - , e, occur as columns
in the row reduced echelon form for A.

Suppose A is an m x n matrix and that m > n. Show there exists b € F" such that
there is no solution to the equation

Ax =b.

Suppose A is an m X n matrix in which m > n. Suppose also that the rank of A
equals n. Show that A is one to one. Hint: If not, there exists a vector, x # 0 such
that Ax = 0, and this implies at least one column of A is a linear combination of the
others. Show this would require the column rank to be less than n.

Explain why an n x n matrix A is both one to one and onto if and only if its rank is
n.

Suppose A is an m X n matrix and {wy,---,wg} is a linearly independent set of
vectors in A (F™) C F™. Suppose also that Az, = w;. Show that {zy,--- ,2z;} is also
linearly independent.

Show rank (A + B) < rank (A) + rank (B).

Suppose A is an m X n matrix, m > n and the columns of A are independent. Sup-
pose also that {z;,--- , 2z} is a linearly independent set of vectors in F™. Show that
{Azy,- -, Az} is linearly independent.

Suppose that A is an m x n matrix and B is an n X p matrix. Show that
dim (ker (AB)) < dim (ker (A4)) + dim (ker (B)) .

Hint: Consider the subspace, B (FP) Nker (A) and suppose a basis for this subspace
is {wy,--- ,wy}. Now suppose {uy,---,u,} is a basis for ker (B). Let {z1, - ,zx}
be such that Bz; = w; and argue that

ker(AB) g Span(uh'" s Up, 21,00 ,Zk)'
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Let m < n and let A be an m x n matrix. Show that A is not one to one.

Let A be an m X n real matrix and let b € R™. Show there exists a solution, x to the
system

AT Ax = ATb
Next show that if x,x; are two solutions, then Ax = Ax;. Hint: First show that

(ATA)T = AT A. Next show if x € ker (ATA) , then Ax = 0. Finally apply the Fred-
holm alternative. Show ATb € ker(AT A)+. This will give existence of a solution.

Show that in the context of Problem 20 that if x is the solution there, then |b — Ax| <
|b — Ay| for every y. Thus Ax is the point of A (R™) which is closest to b of every
point in A (R™). This is a solution to the least squares problem.

tHere is a point in R* : (1,2, 3, 4)T . Find the point in span which

w N O =
N W = O

is closest to the given point.

1Here is a point in R* : (1,2, 3, 4)T . Find the point on the plane described by x + 2y —
4z + 4w = 0 which is closest to the given point.

Suppose A, B are two invertible n x n matrices. Show there exists a sequence of row
operations which when done to A yield B. Hint: Recall that every invertible matrix
is a product of elementary matrices.

If A is invertible and n x n and B is n X p, show that AB has the same null space as
B and also the same rank as B.

Here are two matrices in row reduced echelon form

1 01 1 00
A=l 0 1 1 |,B=|0 11
0 0 0 0 00

Does there exist a sequence of row operations which when done to A will yield B?
Explain.

Is it true that an upper triagular matrix has rank equal to the number of nonzero
entries down the main diagonal?

Let {v1,---,Vvy,_1} be vectors in F". Describe a systematic way to obtain a vector v,
which is perpendicular to each of these vectors. Hint: You might consider something
like this

e €92 .. en
V11 V12 to Vin
det
VUn-1)1 Ymn-1)2 " VYUmn-1)n

where v;; is the 4t entry of the vector v;. This is a lot like the cross product.

Let A be an m x n matrix. Then ker (A) is a subspace of F". Is it true that every
subspace of F™ is the kernel or null space of some matrix? Prove or disprove.
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30.

31.

32.

33.
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Let A be an n x n matrix and let P* be the permutation matrix which switches the i**
and j" rows of the identity. Show that P AP% produces a matrix which is similar
to A which switches the i** and j** entries on the main diagonal.

Recall the procedure for finding the inverse of a matrix on Page 49. It was shown that
the procedure, when it works, finds the inverse of the matrix. Show that whenever
the matrix has an inverse, the procedure works.

If FA = B where FE is invertible, show that A and B have the same linear relationships
among their columns.

You could define column operations by analogy to row operations. That is, you
switch two columns, multiply a column by a nonzero scalar, or add a scalar multiple
of a column to another column. Let E be one of these column operations applied to
the identity matrix. Show that AF produces the column operation on A which was
used to define E.



Chapter 5

Some Factorizations

5.1 LU Factorization

An LU factorization of a matrix involves writing the given matrix as the product of a
lower triangular matrix which has the main diagonal consisting entirely of ones, L, and an
upper triangular matrix U in the indicated order. The L goes with “lower” and the U with
“upper”. It turns out many matrices can be written in this way and when this is possible,
people get excited about slick ways of solving the system of equations, Ax = y. The method
lacks generality but is of interest just the same.

0 1
Example 5.1.1 Can you write ( 10 ) in the form LU as just described?

To do so you would need

)i )= (00

Therefore, b = 1 and a = 0. Also, from the bottom rows, xa = 1 which can’t happen and
have a = 0. Therefore, you can’t write this matrix in the form LU. It has no LU factorization.
This is what I mean above by saying the method lacks generality.

Which matrices have an LU factorization? It turns out it is those whose row reduced
echelon form can be achieved without switching rows and which only involve row operations
of type 3 in which row j is replaced with a multiple of row 7 added to row j for i < j.

5.2 Finding an LU Factorization

There is a convenient procedure for finding an LU factorization. It turns out that it is
only necessary to keep track of the multipliers which are used to row reduce to upper
triangular form. This procedure is described in the following examples and is called the
multiplier method. It is due to Dolittle.

1 2 3
Example 5.2.1 Find an LU factorization for A=1 2 1 —4
2

Write the matrix next to the identity matrix as shown.

100 2 3
01 0 2 1 -4
0 0 1 2

The process involves doing row operations to the matrix on the right while simultaneously
updating successive columns of the matrix on the left. First take —2 times the first row and
add to the second in the matrix on the right.

1 0 0 1 2 3
210 0 -3 -10
0 0 1 1 5 2

129
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Note the method for updating the matrix on the left. The 2 in the second entry of the first
column is there because —2 times the first row of A added to the second row of A produced
a 0. Now replace the third row in the matrix on the right by —1 times the first row added
to the third. Thus the next step is

1 00 1 2 3
210 0 -3 -10
1 01 0o 3 -1

Finally, add the second row to the bottom row and make the following changes

1 0 O 1 2 3
1 0 0 -3 -10
-1 1 0 0 -11

At this point, stop because the matrix on the right is upper triangular. An LU factorization
is the above.
The justification for this gimmick will be given later.

Example 5.2.2 Find an LU factorization for A =

=N N =

1
2
1
1

NN ==

2
1
3
1

S W O N

This time everything is done at once for a whole column. This saves trouble. First
multiply the first row by (—1) and then add to the last row. Next take (—2) times the first
and add to the second and then (—2) times the first and add to the third.

10 0 0 1 2 1 2 1
21 00 0 -4 0 -3 -1
2 010 0 -1 -1 -1 0
1 0 0 1 0o -2 0 -1 1

This finishes the first column of L and the first column of U. Now take — (1/4) times the
second row in the matrix on the right and add to the third followed by — (1/2) times the
second added to the last.

1 0 00 12 1 2 1
2 1 00 0 -4 0 -3 -1
2 1/4 1 0 0 0 -1 —1/4 1/4
1 1/2 0 1 0 0 0 1/2 3/2

This finishes the second column of L as well as the second column of U. Since the matrix
on the right is upper triangular, stop. The LU factorization has now been obtained. This
technique is called Dolittle’s method. »»

This process is entirely typical of the general case. The matrix U is just the first upper
triangular matrix you come to in your quest for the row reduced echelon form using only
the row operation which involves replacing a row by itself added to a multiple of another
row. The matrix L is what you get by updating the identity matrix as illustrated above.

You should note that for a square matrix, the number of row operations necessary to
reduce to LU form is about half the number needed to place the matrix in row reduced
echelon form. This is why an LU factorization is of interest in solving systems of equations.
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5.3 Solving Linear Systems Using an LU Factorization

The reason people care about the LU factorization is it allows the quick solution of systems
of equations. Here is an example.

12 3 2 v
Example 5.3.1 Suppose you want to find the solutions to 4 3 1 1 4 =
1230 :
w
1
2
3

Of course one way is to write the augmented matrix and grind away. However, this
involves more row operations than the computation of an LU factorization and it turns out
that an LU factorization can give the solution quickly. Here is how. The following is an LU
factorization for the matrix.

1 2 3 2 1 0 0 1 2 3 2
4311 ]1=]14120 0 -5 —-11 -7
1 2 3 0 1 01 0 O 0 -2

Let Ux =y and consider Ly = b where in this case, b =(1, 2, 3)T. Thus

1 00 Y1 1
4 1 0 Y2 =
1 0 1 Y3 3
1
which yields very quickly that y = —2 | . Now you can find x by solving Ux = y. Thus
2
in this case,
x
1 2 3 2 1
0 -5 —11 -7 Y= -2
00 0 -2 N 2
w
which yields
3,71
-5+ 5t
9 _ 1y
X = 5 5 ,teR
t
-1

Work this out by hand and you will see the advantage of working only with triangular
matrices.

It may seem like a trivial thing but it is used because it cuts down on the number of
operations involved in finding a solution to a system of equations enough that it makes a
difference for large systems.
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5.4 The PLU Factorization

As indicated above, some matrices don’t have an LU factorization. Here is an example.

1 2
M=|1 2 (5.1)
4 3

= W W
= O N

In this case, there is another factorization which is useful called a PLU factorization. Here
P is a permutation matrix.

Example 5.4.1 Find a PLU factorization for the above matrix in 5.1.

Proceed as before trying to find the row echelon form of the matrix. First add —1 times
the first row to the second row and then add —4 times the first to the third. This yields

1 00 1 2 3 2
1 1 0 0 O 0 -2
4 0 1 0 -5 —-11 -7

There is no way to do only row operations involving replacing a row with itself added to a
multiple of another row to the second matrix in such a way as to obtain an upper triangular
matrix. Therefore, consider M with the bottom two rows switched.

M =

—_ R =
N W N
W = W

2
1
0

Now try again with this matrix. First take —1 times the first row and add to the bottom
row and then take —4 times the first row and add to the second row. This yields

1 00 1 2 3 2
4 1 0 0 -5 —-11 -7
1 01 0 O 0 -2

The second matrix is upper triangular and so the LU factorization of the matrix M’ is
1 00 1 2 3 2
4 10 0 -5 —-11 -7
1 01 0 0 0 -2
Thus M’ = PM = LU where L and U are given above. Therefore, M = P?M = PLU and

1 2 3 2 1 00 1 00 1 2 3 2
123 0]=(001 4 1 0 0 -5 —-11 -7
4 3 11 0 1 0 1 01 0 0 0 -2

This process can always be followed and so there always exists a PLU factorization of a
given matrix even though there isn’t always an LU factorization.

1
Example 5.4.2 Use a PLU factorization of M = 1
4

W NN

3 2
3 0 to solve the system
1 1

Mx =b where b = (1,2,3)" .
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Let Ux =y and consider PLy = b. In other words, solve,

1 0 0 1 00 Y1 1
0 0 1 4 1 0 Y2 | =1 2
0 1 0 1 0 1 Y3 3
Then multiplying both sides by P gives
1 0 0 Y1
4 1 0 Y2 = 3
1 01 Y3 2
and so
(1 1
y=1 v |=] -1
Y3 1
Now Ux =y and so it only remains to solve
T
1 2 3 2 1
T
0 -5 —-11 -7 =1 -1
T3
0 0 0 =2 1
Ty
which yields
9 _ 11
2o 0T B teR
T3 t
Xy 7%

5.5 Justification for the Multiplier Method

Why does the multiplier method work for finding an LU factorization? Suppose A is a
matrix which has the property that the row reduced echelon form for A may be achieved
using only the row operations which involve replacing a row with itself added to a multiple
of another row. It is not ever necessary to switch rows. Thus every row which is replaced
using this row operation in obtaining the echelon form may be modified by using a row
which is above it. Furthermore, in the multiplier method for finding the LU factorization,
we zero out the elements below the pivot entry in first column and then the next and so on
when scanning from the left. In terms of elementary matrices, this means the row operations
used to reduce A to upper triangular form correspond to multiplication on the left by lower
triangular matrices having all ones down the main diagonal and the sequence of elementary
matrices which row reduces A has the property that in scanning the list of elementary
matrices from the right to the left, this list consists of several matrices which involve only
changes from the identity in the first column, then several which involve only changes from
the identity in the second column and so forth. More precisely, E, --- E1A = U where U is

upper triangular, Ej having all zeros below the main diagonal except for a single column.
Will be L

Therefore, A = Efl . Ep*_l1 E; LU. You multiply the inverses in the reverse order. Now each
of the E;” 1is also lower triangular with 1 down the main diagonal. Therefore their product
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has this property. Recall also that if F; equals the identity matrix except for having an a
in a single column somewhere below the main diagonal, £ ! is obtained by replacing the a
in F; with —a, thus explaining why we replace with —1 times the multiplier in computing
L. In the case where A is a 3 x m matrix, E; ' Ep:llE];1 is of the form

S = O
= o O
S = O
= o O

1
0
b

o = O
= o O
I

1 0
a 1
b ¢

= o O

1 1
a 0
0 0
Note that scanning from left to right, the first two in the product involve changes in the
identity only in the first column while in the third matrix, the change is only in the second.

If the entries in the first column had been zeroed out in a different order, the following
would have resulted.

o = O
_ o O
o = O
_ o O

1 0
0 1
0 ¢

_ o O
Il

1 0
a 1
b ¢

_ o O

1 1
0 a
b 0
However, it is important to be working from the left to the right, one column at a time.

A similar observation holds in any dimension. Multiplying the elementary matrices which
involve a change only in the j*" column you obtain A equal to an upper triangular, n x m
matrix U which is multiplied by a sequence of lower triangular matrices on its left which is

of the following form, in which the a;; are negatives of multipliers used in row reducing to
an upper triangular matrix.

a1 : 0 1 : 1o o1
0 0
a1p-1 0 -+ 1 0 agp-o -+ 1 0+ app-1 1

From the matrix multiplication, this product equals

A1p—1 Gn,n—1 1

Notice how the end result of the matrix multiplication made no change in the a;;. It just
filled in the empty spaces with the a;; which occurred in one of the matrices in the product.
This is why, in computing L, it is sufficient to begin with the left column and work column
by column toward the right, replacing entries with the negative of the multiplier used in the
row operation which produces a zero in that entry.

5.6 Existence for the PLU Factorization

Here I will consider an invertible n x n matrix and show that such a matrix always has
a PLU factorization. More general matrices could also be considered but this is all I will
present.



5.6. EXISTENCE FOR THE PLU FACTORIZATION 135

Let A be such an invertible matrix and consider the first column of A. If Ay # 0, use
this to zero out everything below it. The entry Aj; is called the pivot. Thus in this case
there is a lower triangular matrix L; which has all ones on the diagonal such that

* ok
L1PA= 5.2
ma= (o o) 52)

Here P, = I. In case A1 = 0, let r be such that A,; # 0 and r is the first entry for which
this happens. In this case, let P; be the permutation matrix which switches the first row
and the r** row. Then as before, there exists a lower triangular matrix L; which has all
ones on the diagonal such that 5.2 holds in this case also. In the first column, this L; has
zeros between the first row and the 7 row.

Go to A;. Following the same procedure as above, there exists a lower triangular matrix
and permutation matrix L}, P5 such that

b3 k
L. PA, =
22 <0 Ag)
P I D G
0 I 0 P

Then using block multiplication, Theorem 3.5.2,

1 0 1 0 * ok _

0 L 0 Pj 0 A |
- 1 0 * * B * *
“\lo 1 0 PjA, )\ 0 LyPyA,

Let

0 * =LoPo L1 P A
0 0 A

and Lo has all the subdiagonal entries equal to 0 except possibly some nonzero entries in
the second column starting with position ro where P, switches rows ro and 2. Continuing
this way, it follows there are lower triangular matrices L; having all ones down the diagonal
and permutation matrices P; which switch only two rows such that

Ln1Py1Ly_oPy_oLy_3- LoPol PLA=U (5.3)

where U is upper triangular. The matrix L; has all zeros below the main diagonal except
for the 7% column and even in this column it has zeros between position j and r; where P;
switches rows j and r;. Of course in the case where no switching is necessary, you could get
all nonzero entries below the main diagonal in the j** column for L;.

The fact that L; is the identity except for the 4t column means that each Py for k > j
almost commutes with L;. Say P, switches the kth and the ¢* rows for ¢ > k > j. When
you place P, on the right of L; it just switches the k" and the ¢*" columns and leaves the
jt" column unchanged. Therefore, the same result as placing P; on the left of L; can be
obtained by placing P, on the right of L; and modifying L; by switching the k" and the ¢'"
entries in the %" column. (Note this could possibly interchange a 0 for something nonzero.)
It follows from 5.3 there exists P, the product of permutation matrices, P = P,_1--- P
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each of which switches two rows, and L a lower triangular matrix having all ones on the
main diagonal, L = L] _, -+ L4 L}, where the L;- are obtained as just described by moving a
succession of Py, from the left to the right of L; and modifying the j* column as indicated,
such that LPA = U. Then A = PTL~'U.

It is customary to write this more simply as
A=PLU

where L is an upper triangular matrix having all ones on the diagonal and P is a permutation
matrix consisting of P, - -+ P,,_1 as described above. This proves the following theorem.

Theorem 5.6.1 Let A be any invertible n X n matriz. Then there exists a permutation
matriz P and a lower triangular matriz L having all ones on the main diagonal and an
upper triangular matrix U such that A = PLU.

5.7 The QR Factorization

As pointed out above, the LU factorization is not a mathematically respectable thing be-
cause it does not always exist. There is another factorization which does always exist. Much
more can be said about it than I will say here. At this time, I will only deal with real ma-
trices and so the inner product will be the usual real dot product. Letting A be an m X n
real matrix and letting (-,-) denote the usual real inner product,

(Ax,y) = Z (Ax)iyi = ZZAijl‘jyi = ZZ (AT)ji Yilj

> (ATy) ;= (x,ATy)

J

Thus, when you take the matrix across the comma, you replace with a transpose.
Definition 5.7.1 An n x n real matriz Q is called an orthogonal matriz if
QR =Q"Q=1
Thus an orthogonal matriz is one whose inverse is equal to its transpose.
From the above observation,
Qx> = (Qx,9x) = (x,Q7Qx) = (x,Ix) = (x,x) = x|’

This shows that orthogonal transformations preserve distances. Conversely you can also
show that if you have a matrix which does preserve distances, then it must be orthogonal.

Example 5.7.2 One of the most important examples of an orthogonal matriz is the so
called Householder matriz. You have v a unit vector and you form the matriz

I—2vwT

This is an orthogonal matriz which is also symmetric. To see this, you use the rules of
matrix operations.

(I — 2VVT)T = JT— (2VVT)T

I—2w7T
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so it is symmetric. Now to show it is orthogonal,

(I — 2VVT) (I — 2VVT) = JT—2vwwl — 2w +avwwTvv”T

= T—awl 44wl =1
because vIiv=v-v = |v|2 = 1. Therefore, this is an example of an orthogonal matriz.
Consider the following problem.

Problem 5.7.3 Given two vectors x,y such that |x| = |y| # 0 but x #y and you want an
orthogonal matriz @ such that Qx =y and Qy = x. The thing which works is the House-
holder matriz

Q=1-2—-"" (x—y)
Ix —y|
Here is why this works.
Qx—y) = <x—y>—2ﬁ(x—yﬁx—y>
= &—YV—a;:gzk—yf=y—x
Qx+y) = <x+y>—2ﬁ<x—y> (x+y)
= (x+y) 22— ((x—y)- (x+Y))

Hence

Qx+Qy = x+y
Qx—-Qy = y-—x

Adding these equations, 2Qx = 2y and subtracting them yields 2Qy = 2x.

A picture of the geometric significance follows.

The orthogonal matrix @) reflects across the dotted line taking x to y and y to x.

Definition 5.7.4 Let A be an m x n matriz. Then a QR factorization of A consists of two
matrices, Q orthogonal and R upper triangular (right triangular) having oll the entries on
the main diagonal nonnegative such that A = QR.
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With the solution to this simple problem, here is how to obtain a QR factorization for
any matrix A. Let
A = (alan? e ,a")

where the a; are the columns. If a; =0, let Q, = I. If a; # 0, let

|a|

0

b= )

0

and form the Householder matrix
a;—b
lef—zélml@l—bf
|-

As in the above problem Q1a; = b and so

R
QM_(O @)

where A3 is am—1xn—1 matrix. Now find in the same way as was just done am—1xm—1

matrix Q2 such that
~ *x ok
A =
Q242 ( 0 A, )

(1 0
@=(4 4
(1 0 lag| =
(3 )03 2

|a1| * *

Let

Then

= D% %
0 0 A;

Continuing this way until the result is upper triangular, you get a sequence of orthogonal
matrices QpQp—1 - - - Q1 such that

QpQp-1---QA=R (5.4)

where R is upper triangular.
Now if @)1 and Q)2 are orthogonal, then from properties of matrix multiplication,

Q1Q2(Q1Q2)" = Q1@Q5QT =i 1QT =1

and similarly .
(@Q1Q2)" Q1Q2=1.

Thus the product of orthogonal matrices is orthogonal. Also the transpose of an orthogonal
matrix is orthogonal directly from the definition. Therefore, from 5.4

A=(QyQp1--Q1)" R=QR.

This proves the following theorem.
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Theorem 5.7.5 Let A be any real m X n matriz. Then there exists an orthogonal matriz
Q@ and an upper triangular matriz R having nonnegative entries on the main diagonal such
that

A=QR

and this factorization can be accomplished in a systematic manner.

> >

5.8 Exercises

1 2 0
1. Find a LU factorizationof | 2 1 3
1 2 3
2 3 2
2. Find a LU factorization of 1 3 2
5 0 3
1
3. Find a PLU factorization of 1 2
2
2 2 1
4. Find a PLU factorization of 2 4 4 1
1 21 3 2
1 2 1
. .. 1 2 2
5. Find a PLU factorization of
2 4 1
3 2 1

6. Is there only one LU factorization for a given matrix? Hint: Consider the equation

L)-()(00)

7. Here is a matrix and an LU factorization of it.

1 2 5 0 1 0 O 1 2 5 0
A= 1 1 4 9 | = 1 0 0 -1 -1 9
01 2 5 0 -1 1 0 O 1 14

Use this factorization to solve the system of equations

1
Ax=1| 2
3


http://www.math.byu.edu/~klkuttle/precalculus/lz7.mp4
http://www.math.byu.edu/~klkuttle/precalculus/lz8.mp4
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10.

11.

12.

13.
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Find a QR factorization for the matrix

1 2 1
3 -2 1
1 0 2

Find a QR factorization for the matrix

= = O

1
3
1

o O N

1
1
2
If you had a QR factorization, A = QR, describe how you could use it to solve the

equation Ax = b.

If @ is an orthogonal matrix, show the columns are an orthonormal set. That is show

that for
Q= ( q1 - da )

it follows that q; - q; = d;5. Also show that any orthonormal set of vectors is linearly
independent.

Show you can’t expect uniqueness for QR factorizations. Consider

0 0 0
0 0 1
0 0 1
and verify this equals
0 1 0 00 V2
V2 0 V2 00 0
W2 0 -iV2 00 0
and also
1 0 0 0 0 O
01 0 0 0 1
0 0 1 0 0 1

Using Definition 5.7.4, can it be concluded that if A is an invertible matrix it will
follow there is only one QR factorization?

Suppose {ay,--- ,a,} are linearly independent vectors in R™ and let

a=(ar - an)

Form a QR factorization for A.

i1 Ti2z2 0 Tin

0 raa -0 oy
(a0 o )=(a - a)] * ™
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Show that for each k < n,

span (ay, -+ ,ax) = span (qu, -, qx)

Prove that every subspace of R"” has an orthonormal basis. The procedure just de-
scribed is similar to the Gram Schmidt procedure which will be presented later.

Suppose @, R,, converges to an orthogonal matrix () where @, is orthogonal and R,
is upper triangular having all positive entries on the diagonal. Show that then @,
converges to Q and R,, converges to the identity.
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Chapter 6

Spectral Theory

Spectral Theory refers to the study of eigenvalues and eigenvectors of a matrix. It is of
fundamental importance in many areas. Row operations will no longer be such a useful tool
in this subject.

6.1 Eigenvalues and Eigenvectors of a Matrix

The field of scalars in spectral theory is best taken to equal C although I will sometimes
refer to it as F when it could be either C or R.

Definition 6.1.1 Let M be an n X n matriz and let x € C™ be a nonzero vector for which
Mx = Ax (6.1)

for some scalar, \. Then x is called an eigenvector and X is called an eigenvalue (charac-
teristic value) of the matriz M.

’Eigenvectors are never equal to zero! ‘

The set of all eigenvalues of an n x n matric M, is denoted by o (M) and is referred to as
the spectrum of M.

Eigenvectors are vectors which are shrunk, stretched or reflected upon multiplication by
a matrix. How can they be identified? Suppose x satisfies 6.1. Then

M-M)x=0

for some x # 0. Therefore, the matrix M — Al cannot have an inverse and so by Theorem
3.3.18

det (AT — M) =0. (6.2)
In other words, A must be a zero of the characteristic polynomial. Since M is an n Xn matrix,
it follows from the theorem on expanding a matrix by its cofactor that this is a polynomial
equation of degree n. As such, it has a solution, A € C. Is it actually an eigenvalue? The
answer is yes and this follows from Theorem 3.3.26 on Page 100. Since det (A — M) =0
the matrix Al — M cannot be one to one and so there exists a nonzero vector, x such that
(M — M)x = 0. This proves the following corollary.

Corollary 6.1.2 Let M be an nxn matriz and det (M — X\I) = 0. Then there exists x € C™
such that (M — \)x = 0.

As an example, consider the following.

Example 6.1.3 Find the eigenvalues and eigenvectors for the matrix

5 —10 -5
A= 2 14 2
-4 -8 6

You first need to identify the eigenvalues. Recall this requires the solution of the equation

1 00 5 —10 -5
det | X[ 0 1 0 | — 2 14 2 =0
0 01 -4 -8
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When you expand this determinant, you find the equation is
(A —5) (A% = 20\ + 100) = 0

and so the eigenvalues are
5,10, 10.

I have listed 10 twice because it is a zero of multiplicity two due to
A% — 20\ + 100 = (A — 10)*.

Having found the eigenvalues, it only remains to find the eigenvectors. First find the
eigenvectors for A = 5. As explained above, this requires you to solve the equation,

1 00 5 —10 =5 T 0
51 0 1 0 | — 2 14 2 y | =10
0 0 1 -4 -8 6 z 0

That is you need to find the solution to

0 10 5 x 0
—2 -9 -2 y =10
4 8 -1 z 0

By now this is an old problem. You set up the augmented matrix and row reduce to get the
solution. Thus the matrix you must row reduce is

0 10 5 0
—2 -9 -2 0 |. (6.3)
4 8 -1 0

The reduced row echelon form is

5
1o -3 0
1
01 5 0
00 0 O
and so the solution is any vector of the form
5 5
1~ 1
z 1

where z € F. You would obtain the same collection of vectors if you replaced z with 4z.
Thus a simpler description for the solutions to this system of equations whose augmented

matrix is in 6.3 is
5

2| -2 (6.4)
4

where z € F. Now you need to remember that you can’t take z = 0 because this would
result in the zero vector and

Eigenvectors are never equal to zero!
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Other than this value, every other choice of z in 6.4 results in an eigenvector. It is a good
idea to check your work! To do so, I will take the original matrix and multiply by this vector
and see if I get 5 times this vector.

5 —-10 -5 ) 25 5
2 14 2 -2 | = —-10 | =5 -2
-4 -8 6 4 20 4

so it appears this is correct. Always check your work on these problems if you care about
getting the answer right.

The variable, z is called a free variable or sometimes a parameter. The set of vectors in
6.4 is called the eigenspace and it equals ker (AI — A) . You should observe that in this case
the eigenspace has dimension 1 because there is one vector which spans the eigenspace. In
general, you obtain the solution from the row echelon form and the number of different free
variables gives you the dimension of the eigenspace. Just remember that not every vector
in the eigenspace is an eigenvector. The vector, 0 is not an eigenvector although it is in the
eigenspace because

Eigenvectors are never equal to zero!

Next consider the eigenvectors for A = 10. These vectors are solutions to the equation,

1 00 5 —10 -5 x 0
101 0 1 0 | — 2 14 2 y |=10
0 01 -4 -8 6 z 0
That is you must find the solutions to
5 10 5 x 0
-2 —4 -2 y | =120
4 8 4 z 0

which reduces to consideration of the augmented matrix

5 10 5 O
-2 -4 -2 0
4 8 4 0

The row reduced echelon form for this matrix is

1 210
0 0 0O
0 0 0O
and so the eigenvectors are of the form
—2y—z -2 -1
Yy =yl 1 +z
z 0 1

You can’t pick z and y both equal to zero because this would result in the zero vector and

Eigenvectors are never equal to zero!
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However, every other choice of z and y does result in an eigenvector for the eigenvalue
A = 10. As in the case for A = 5 you should check your work if you care about getting it
right.

5 —10 -5 -1 —10 -1
2 14 2 0 = 0 =10 0
-4 -8 6 1 10 1

so it worked. The other vector will also work. Check it.

The above example shows how to find eigenvectors and eigenvalues algebraically. You
may have noticed it is a bit long. Sometimes students try to first row reduce the matrix
before looking for eigenvalues. This is a terrible idea because row operations destroy the
value of the eigenvalues. The eigenvalue problem is really not about row operations. A
general rule to remember about the eigenvalue problem is this.

If it is not long and hard it is usually wrong!

The eigenvalue problem is the hardest problem in algebra and people still do research on
ways to find eigenvalues. Now if you are so fortunate as to find the eigenvalues as in the
above example, then finding the eigenvectors does reduce to row operations and this part
of the problem is easy. However, finding the eigenvalues is anything but easy because for
an n X n matrix, it involves solving a polynomial equation of degree n and none of us are
very good at doing this. If you only find a good approximation to the eigenvalue, it won’t
work. It either is or is not an eigenvalue and if it is not, the only solution to the equation,
(M — M) x = 0 will be the zero solution as explained above and

Eigenvectors are never equal to zero!

Here is another example.

Example 6.1.4 Let

2 2 =2
A= 1 3 -1
-1 1 1
First find the eigenvalues.
1 00 2 2 =2
det [A] O 1 0 | — 1 3 -1 =0
0 0 1 -1 1 1

This is A> — 62\ + 8\ = 0 and the solutions are 0, 2, and 4.

0 Can be an Eigenvalue!

Now find the eigenvectors. For A = 0 the augmented matrix for finding the solutions is

2 2 =20
1 3 -1 0
-1 1 1 0
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and the row reduced echelon form is

10 -1 0
01 0 O
00 0 O
Therefore, the eigenvectors are of the form
1
z| O
1

where z # 0.
Next find the eigenvectors for A = 2. The augmented matrix for the system of equations
needed to find these eigenvectors is

0O -2 2 0
-1 -1 1 0
1 -1 1 0
and the row reduced echelon form is
1 0 0 O
01 -1 0
0 0 0 O

and so the eigenvectors are of the form

o

—_

where z # 0.
Finally find the eigenvectors for A = 4. The augmented matrix for the system of equations
needed to find these eigenvectors is

2 =2
-1 1
1 -1

and the row reduced echelon form is
1 -1 0 O
0 0 1 0
0 0 0 0

Therefore, the eigenvectors are of the form

where y # 0.



148 CHAPTER 6. SPECTRAL THEORY

Example 6.1.5 Let

2 -2 -1
A=| —2 -1 -2
14 25 14

Find the eigenvectors and eigenvalues.

In this case the eigenvalues are 3,6,6 where I have listed 6 twice because it is a zero of
algebraic multiplicity two, the characteristic equation being

A=3)(A—6)>=0.

It remains to find the eigenvectors for these eigenvalues. First consider the eigenvectors for
A = 3. You must solve

100 2 -2 -1 z 0
31010 |- -2 -1 -2 y =10
00 1 14 25 14 z 0

Using routine row operations, the eigenvectors are nonzero vectors of the form

z 1
-z | =z| —1
z 1

Next consider the eigenvectors for A = 6. This requires you to solve

100 2 -2 -1 T 0
6l o010 |- -2 -1 -2 y =10
00 1 14 25 14 2 0

and using the usual procedures yields the eigenvectors for A\ = 6 are of the form

_1

8
o -

1

or written more simply,

-1

z| =2

8

where z € F.

Note that in this example the eigenspace for the eigenvalue A\ = 6 is of dimension 1
because there is only one parameter which can be chosen. However, this eigenvalue is of
multiplicity two as a root to the characteristic equation.

Definition 6.1.6 If A is an n X n matrix with the property that some eigenvalue has alge-
braic multiplicity as a root of the characteristic equation which is greater than the dimension
of the eigenspace associated with this eigenvalue, then the matrix is called defective.

There may be repeated roots to the characteristic equation, 6.2 and it is not known
whether the dimension of the eigenspace equals the multiplicity of the eigenvalue. However,
the following theorem is available.
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Theorem 6.1.7 Suppose Mv; = A\;jvi, i =1,---,7, v; #0, and that if i # j, then \; # ).
Then the set of eigenvectors, {v1, -+ ,v,} is linearly independent.

Proof. Suppose the claim of the lemma is not true. Then there exists a subset of this
set of vectors

{wi, oo owip C{ve, - v}

such that

> ejw;=0 (6.5)
j=1
where each ¢; # 0. Say Mw; = p;w; where

{Mla"' 7Mr}g {)\17"' 7)\/6}7

the u; being distinct eigenvalues of M. Out of all such subsets, let this one be such that r
is as small as possible. Then necessarily, » > 1 because otherwise, c;w; = 0 which would
imply w; = 0, which is not allowed for eigenvectors.

Now apply M to both sides of 6.5.

chujwj =0. (6.6)
j=1

Next pick pg # 0 and multiply both sides of 6.5 by u;. Such a p, exists because r > 1.
Thus

Z cjmpw; =0 (6.7)
j=1

Subtract the sum in 6.7 from the sum in 6.6 to obtain
s
ch (Hy, = 1) wj =0
=1

Now one of the constants c; (uk - uj) equals 0, when j = k. Therefore, r was not as small
as possible after all.

In words, this theorem says that eigenvectors associated with distinct eigenvalues are
linearly independent.

Sometimes you have to consider eigenvalues which are complex numbers. This occurs in
differential equations for example. You do these problems exactly the same way as you do
the ones in which the eigenvalues are real. Here is an example.

Example 6.1.8 Find the eigenvalues and eigenvectors of the matriz

0
A= 0 2 -1
0o 1 2
You need to find the eigenvalues. Solve
1 00 1 0
det | Al O 1 0 [|—-| 0 2 -1 =0.
0 0 1 0 2
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This reduces to (A — 1) ()\2 —4X+5) = 0. The solutions are A\ =1,A =2+, A =2—1.
There is nothing new about finding the eigenvectors for A = 1 so consider the eigenvalue
A =2 +4. You need to solve

100 10 0 x 0
2+i)l o1 0|-]o02 -1 y | =10
00 1 01 2 2 0

In other words, you must consider the augmented matrix

1+2 0 0 O
0 ¢t 1 0
0 -1 7 0

for the solution. Divide the top row by (1 +¢) and then take —i times the second row and
add to the bottom. This yields

10 0 0
0 ¢« 1 0
0 0 0O
Now multiply the second row by —¢ to obtain
1 0 0
-1 0
0 0 0

Therefore, the eigenvectors are of the form

1

You should find the eigenvectors for A = 2 — 4. These are

0 0 0 0 0
2 -1 i = —1-2i |=@-0| —i
01 2 1 24 1

so it worked.

6.2 Some Applications of Eigenvalues and Eigenvec-
tors

Recall that n x n matrices can be considered as linear transformations. If F'is a 3 x 3 real
matrix having positive determinant, it can be shown that F = RU where R is a rotation
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matrix and U is a symmetric real matrix having positive eigenvalues. An application of
this wonderful result, known to mathematicians as the right polar decomposition, is to
continuum mechanics where a chunk of material is identified with a set of points in three
dimensional space.

The linear transformation, F' in this context is called the deformation gradient and
it describes the local deformation of the material. Thus it is possible to consider this
deformation in terms of two processes, one which distorts the material and the other which
just rotates it. It is the matrix U which is responsible for stretching and compressing. This
is why in continuum mechanics, the stress is often taken to depend on U which is known in
this context as the right Cauchy Green strain tensor. This process of writing a matrix as a
product of two such matrices, one of which preserves distance and the other which distorts
is also important in applications to geometric measure theory an interesting field of study
in mathematics and to the study of quadratic forms which occur in many applications such
as statistics. Here I am emphasizing the application to mechanics in which the eigenvectors
of U determine the principle directions, those directions in which the material is stretched
or compressed to the maximum extent.

Example 6.2.1 Find the principle directions determined by the matrix

N
1O
2}
[=2]

1 11 11
6 41 19
11 44 44
6 19 41
11 44 44

The eigenvalues are 3,1, and %

It is nice to be given the eigenvalues. The largest eigenvalue is 3 which means that in
the direction determined by the eigenvector associated with 3 the stretch is three times as
large. The smallest eigenvalue is 1/2 and so in the direction determined by the eigenvector
for 1/2 the material is compressed, becoming locally half as long. It remains to find these
directions. First consider the eigenvector for 3. It is necessary to solve

29 6 6
1 0 0 T U U
6 41 19 —
310 1 0 |- T o o = 0
6 19 41

Thus the augmented matrix for this system of equations is

4 6
T —1u —1 Y
_6 9 _1
11 44 14
_6 _19 91
11 4 1
The row reduced echelon form is
1 0 -3 0
01 -1 0
0 0 0 O

and so the principle direction for the eigenvalue 3 in which the material is stretched to the
maximum extent is
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A direction vector in this direction is

3/V11
1/v/11
1/V11

You should show that the direction in which the material is compressed the most is in the
direction
0

_1/\/5
1/v2

Note this is meaningful information which you would have a hard time finding without
the theory of eigenvectors and eigenvalues.

Another application is to the problem of finding solutions to systems of differential
equations. It turns out that vibrating systems involving masses and springs can be studied
in the form

x" = Ax (6.8)

where A is a real symmetric n X n matrix which has nonpositive eigenvalues. This is
analogous to the case of the scalar equation for undamped oscillation, 2" + w2z = 0. The
main difference is that here the scalar w? is replaced with the matrix —A. Consider the
problem of finding solutions to 6.8. You look for a solution which is in the form

x (t) = ve (6.9)
and substitute this into 6.8. Thus

X// _ V)\Qe/\t — e/\tAV

and so

Ny = Av.
Therefore, A needs to be an eigenvalue of A and v needs to be an eigenvector. Since A
has nonpositive eigenvalues, A = —a? and so A\ = +ia where —a? is an eigenvalue of A.

Corresponding to this you obtain solutions of the form
x (t) = vcos (at),vsin (at).

Note these solutions oscillate because of the cos(at) and sin (at) in the solutions. Here is
an example.

Example 6.2.2 Find oscillatory solutions to the system of differential equations, x" = Ax
where

5 1 _1
3 3 3

~| _1 _13 s
A= 3 6 6
1 s _1

3 6 6

The eigenvalues are —1,—2, and —3.

According to the above, you can find solutions by looking for the eigenvectors. Consider
the eigenvectors for —3. The augmented matrix for finding the eigenvectors is

4 1

3 3

Wl Wl
ol

oot oot

[N IS EN[]

o O O
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and its row echelon form is

o O =
S = O
S = O
o O O

Therefore, the eigenvectors are of the form

It follows

0 0
—1 | cos (\@t) , —1 | sin <\/§t)
1 1

are both solutions to the system of differential equations. You can find other oscillatory
solutions in the same way by considering the other eigenvalues. You might try checking
these answers to verify they work.

This is just a special case of a procedure used in differential equations to obtain closed
form solutions to systems of differential equations using linear algebra. The overall philos-
ophy is to take one of the easiest problems in analysis and change it into the eigenvalue
problem which is the most difficult problem in algebra. However, when it works, it gives
precise solutions in terms of known functions.

6.3 Exercises

1.

If A is the matrix of a linear transformation which rotates all vectors in R? through
30°, explain why A cannot have any real eigenvalues.

If Ais an n X n matrix and c is a nonzero constant, compare the eigenvalues of A and
cA.

If A is an invertible n x n matrix, compare the eigenvalues of A and A~'. More
generally, for m an arbitrary integer, compare the eigenvalues of A and A™.

. Let A, B be invertible n x n matrices which commute. That is, AB = BA. Suppose

x is an eigenvector of B. Show that then Ax must also be an eigenvector for B.

Suppose A is an n X n matrix and it satisfies A™ = A for some m a positive integer
larger than 1. Show that if A is an eigenvalue of A then |A| equals either 0 or 1.

Show that if Ax = Ax and Ay = Ay, then whenever a, b are scalars,
A(ax +by) = X (ax + by) .

Does this imply that ax + by is an eigenvector? Explain.

-1 -1 7
Find the eigenvalues and eigenvectors of the matrix —1 0 4 |. Determine
-1 -1 5

whether the matrix is defective.
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-3 -7 19
8. Find the eigenvalues and eigenvectors of the matrix -2 -1 8 .Determine
-2 =3 10
whether the matrix is defective.
-7 =12 30
9. Find the eigenvalues and eigenvectors of the matrix -3 =7 15
-3 -6 14
7T -2 0
10. Find the eigenvalues and eigenvectors of the matrix 8 —1 0 |. Determine
-2 4 6
whether the matrix is defective.
3 -2 -1
11. Find the eigenvalues and eigenvectors of the matrix | 0 5 1

whether the matrix is defective.

5 2 =5
12 3 —10 . Determine
12 4 -11

0
6 8 —23
12. Find the eigenvalues and eigenvectors of the matrix 4 5 —16 |. Determine
13. Find the eigenvalues and eigenvectors of the matrix (

whether the matrix is defective.

20 9 -18
14. Find the eigenvalues and eigenvectors of the matrix 6 5 —6 . Determine
30 14 =27
whether the matrix is defective.
1 26 —17
15. Find the eigenvalues and eigenvectors of the matrix 4 -4 4 . Determine
-9 -18 9
whether the matrix is defective.
3 -1 =2
16. Find the eigenvalues and eigenvectors of the matrix | 11 3 -9 |. Determine
8§ 0 —6
whether the matrix is defective.
-2 1
17. Find the eigenvalues and eigenvectors of the matrix —11 -2 9 | . Determine
-8 0

whether the matrix is defective.
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18.

19.

20.

21.

22.

23.

24.

25.

26.
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2 1 -1
Find the eigenvalues and eigenvectors of the matrix | 2 3 —2 | . Determine
2 2 -1
whether the matrix is defective.
4 -2 =2
Find the complex eigenvalues and eigenvectors of the matrix | 0 2 -2
2 0 2
9 6 -3
Find the eigenvalues and eigenvectors of the matrix 0 6 0 . Determine
-3 -6 9
whether the matrix is defective.
4 -2 =2
Find the complex eigenvalues and eigenvectors of the matrix 0 2 —2 |.De-
2 0 2
termine whether the matrix is defective.
—4 2 0
Find the complex eigenvalues and eigenvectors of the matrix 2 -4 0
-2 2 =2
Determine whether the matrix is defective.
1 1 -6
Find the complex eigenvalues and eigenvectors of the matrix 7 -5 —6
-1 7 2
Determine whether the matrix is defective.
4 20
Find the complex eigenvalues and eigenvectors of the matrix —2 4 0 | . Deter-
-2 2 6

mine whether the matrix is defective.

Here is a matrix.

1 a 0 O
01 b 0
00 2 ¢
0 0 0 2

Find values of a, b, ¢ for which the matrix is defective and values of a, b, ¢ for which it
is nondefective.

Here is a matrix.

o O 2

1
b
0

o = O

where a, b, ¢ are numbers. Show this is sometimes defective depending on the choice
of a,b,c. What is an easy case which will ensure it is not defective?
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27.

28.

29.

30.
31.
32.

33.

34.

CHAPTER 6. SPECTRAL THEORY

Suppose A is an n X n matrix consisting entirely of real entries but a + b is a complex
eigenvalue having the eigenvector, x + iy. Here x and y are real vectors. Show that
then a — b is also an eigenvalue with the eigenvector, x — iy. Hint: You should
remember that the conjugate of a product of complex numbers equals the product of
the conjugates. Here a + ¢b is a complex number whose conjugate equals a — ¢b.

Recall an n x n matrix is said to be symmetric if it has all real entries and if A = AT.
Show the eigenvalues of a real symmetric matrix are real and for each eigenvalue, it
has a real eigenvector.

Recall an n x n matrix is said to be skew symmetric if it has all real entries and if
A = —AT. Show that any nonzero eigenvalues must be of the form ib where i2 = —1.
In words, the eigenvalues are either 0 or pure imaginary.

Is it possible for a nonzero matrix to have only 0 as an eigenvalue?
Show that the eigenvalues and eigenvectors of a real matrix occur in conjugate pairs.

Suppose A is an n x n matrix having all real eigenvalues which are distinct. Show
there exists S such that S™'AS = D, a diagonal matrix. If

A1 0
D=
0 An
define e” by
eM 0
el =
0 etn
and define

et =5eP st

Next show that if A is as just described, so is tA where t is a real number and the
eigenvalues of At are t\. If you differentiate a matrix of functions entry by entry so
that for the ij®" entry of A’ (t) you get aj; (t) where a;; (t) is the ij" entry of A(t),
show

4
dt
Next show det (eAt) # 0. This is called the matrix exponential. Note I have only
defined it for the case where the eigenvalues of A are real, but the same procedure will

work even for complex eigenvalues. All you have to do is to define what is meant by
eaJrib.

(eAt) — AeAt

|

[~
=
=

Find the principle directions determined by the matrix . The

mh—-%l G‘\]
o= N
win

o=

eigenvalues are %, 1, and % listed according to multiplicity.

Find the principle directions determined by the matrix
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35.

36.

37.

38.

39.

40.
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wlon
|

The eigenvalues are 1,2, and 1. What is the physical interpreta-

Wl Wl
SN[ EN|

tion of the repeated eigenvalue?

Find oscillatory solutions to the system of differential equations, x”/ = Ax where A =

-3 -1 -1
-1 -2 0 The eigenvalues are —1, —4, and —2.
-1 0 =2

Let A and B be n x n matrices and let the columns of B be

b1, -, by
and the rows of A are

a?7 P ’a,’j;'
Show the columns of AB are

Ab; --- Ab,

and the rows of AB are
al'B...al'B.

Let M be an n x n matrix. Then define the adjoint of M, denoted by M* to be the
transpose of the conjugate of M. For example,

2 i\ [ 2 1-i
1+ 3 ) \ —i 3 )

A matrix M, is self adjoint if M* = M. Show the eigenvalues of a self adjoint matrix
are all real.

Let M be an n X n matrix and suppose X1, -+ ,X, are n eigenvectors which form a
linearly independent set. Form the matrix S by making the columns these vectors.
Show that S—! exists and that S~*MS is a diagonal matrix (one having zeros every-
where except on the main diagonal) having the eigenvalues of M on the main diagonal.
When this can be done the matrix is said to be diagonalizable.

Show that a n x n matrix M is diagonalizable if and only if F™ has a basis of eigenvec-
tors. Hint: The first part is done in Problem 38. It only remains to show that if the
matrix can be diagonalized by some matrix S giving D = S~'MS for D a diagonal
matrix, then it has a basis of eigenvectors. Try using the columns of the matrix S.

Let
1 2 2
A= 3 4 0
;
and let
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41.

42.

43.

44.

45.
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1 2
Multiply AB verifying the block multiplication formula. Here A1; = ( ) JA12 =

3 4
<§>,A21:(0 1>andA22:(3).

Suppose A, B are n x n matrices and \ is a nonzero eigenvalue of AB. Show that then
it is also an eigenvalue of BA. Hint: Use the definition of what it means for A to be
an eigenvalue. That is,

ABx = \x

where x # 0. Maybe you should multiply both sides by B.

Using the above problem show that if A, B are n x n matrices, it is not possible that
AB — BA = al for any a # 0. Hint: First show that if A is a matrix, then the
eigenvalues of A — al are A — a where A is an eigenvalue of A.

Consider the following matrix.

0o --- 0 —ap

1 0 —aq
C =

0 ]- —Qp—1

Show det (\I — C) = ag+Aaj +---a, 1\ '+ \". This matrix is called a companion
matrix for the given polynomial.

A discreet dynamical system is a relation of the following form in which x(k) isanx1
vector and A is a n X n square matrix.

x(k+1)=Ax(k), x(0) = %o

Show first that
x (k) = AFxg

for all k£ > 1. If A is nondefective so that it has a basis of eigenvectors, {vy, - ,v,}
where
AVj = )‘jvj

you can write the initial condition X in a unique way as a linear combination of these

eigenvectors. Thus
n
Xp = E a;Vvj
j=1

Now explain why
x (k) = ZajAkvj = Zaj)\?vj
j=1 j=1
which gives a formula for x (k) , the solution of the dynamical system.

Suppose A is an n X n matrix and let v be an eigenvector such that Av = Av. Also
suppose the characteristic polynomial of A is

det M —A) = X"+ an A" 4 +ad+ap
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Explain why
(A" +ap A" "+ +aA+agl)v=0

If A is nondefective, give a very easy proof of the Cayley Hamilton theorem based on
this. Recall this theorem says A satisfies its characteristic equation,

A"+ an 1 A"V 4+ a1 A+ agl = 0.

46. Suppose an n x n nondefective matrix A has only 1 and —1 as eigenvalues. Find A2,

47. Suppose the characteristic polynomial of an n x n matrix A is 1—\". Find A™" where
m is an integer. Hint: Note first that A is nondefective. Why?

48. Sometimes sequences come in terms of a recursion formula. An example is the Fi-
bonacci sequence.
ro=1=21, Tpy1 =Tn +Tn1

Show this can be considered as a discreet dynamical system as follows.

Tpe1 (11 Tp z\ (1
Tn N 1 0 Tno1 ) o B 1
Now use the technique of Problem 44 to find a formula for x,,.
49. Let A be an n x n matrix having characteristic polynomial

det (A — A) = N" 4 ap A"+ + a1 + ag

Show that ag = (—1)" det (A).

6.4 Schur’s Theorem

Every matrix is related to an upper triangular matrix in a particularly significant way. This
is Schur’s theorem and it is the most important theorem in the spectral theory of matrices.

Lemma 6.4.1 Let {x1, -+ ,X,} be a basis for ™. Then there exists an orthonormal ba-
sis for B, {uy, -+ ,u,} which has the property that for each k < n, span(xi,--- ,Xi) =
span (ug, -+ ,ug) .

Proof: Let {x1,---,x,} be a basis for F". Let u; = x;/|x1|. Thus for £ = 1,
span (u;) = span (x;) and {u;} is an orthonormal set. Now suppose for some k < n,
uy, - - -, Ui have been chosen with (u; - u;) = d;; and span (x1,--- ,X;) = span (i, - - , Ug).
Then define

k
X - 1 (X -u;)uy
N TR » SO 6.0

k
Xp+1 = Do (Xe1 - uj) 0y

where the denominator is not equal to zero because the x; form a basis and so
Xk+1 ¢ span (X1, -+, Xg) = span (ug, -+, uy)
Thus by induction,

11 € span (ug, -, Uk, Xgr1) = span (X, -, Xg, Xkt+1) -
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Also, xj41 € span (uy,- - ,ug, ur+1) which is seen easily by solving 6.10 for xj11 and it
follows
span (X17 e axkaxk-‘rl) = span (ula sy Uk, uk+1) .

If I < k, then for ¢ = 1/ |Xp41 — Z?:l (Xp41 - wy) uj,

k
(g1 -w) =C | (Xpg1 - W) Z Xp1-0j) (uj-w) | =
Jj=1

k
C (Rrrr-w) =Y (Kkgr - wy) 835 | = C (kg1 - W) — (Kpgr - w)) = 0.
Jj=1

The vectors, {uj}?:17 generated in this way are therefore an orthonormal basis because
each vector has unit length. W
The process by which these vectors were generated is called the Gram Schmidt process.

Here is a fundamental definition.

Definition 6.4.2 An n x n matriz U, is unitary if UU* = I = U*U where U* is defined to
be the transpose of the conjugate of U.

Proposition 6.4.3 An n x n matriz is unitary if and only if the columns (rows) are an
orthonormal set.

Proof: This follows right away from the way we multiply matrices. If U is an n X n
complex matrix, then
(U"0),;; = uju; = (u;,u;)
and the matrix is unitary if and only if this equals d;; if and only if the columns are
orthonormal.
Note that if U is unitary, then so is UT. This is because

(") uT=@wnvT = (v (W))T — U =1 =1
Thus an n x n matrix is unitary if and only if the rows are an orthonormal set. B
Theorem 6.4.4 Let A be an n x n matriz. Then there exists a unitary matriz U such that
U*AU =T, (6.11)

where T is an upper triangular matrix having the eigenvalues of A on the main diagonal
listed according to multiplicity as roots of the characteristic equation.

Proof: The theorem is clearly true if A is a 1 x 1 matrix. Just let U = 1 the 1 x 1
matrix which has 1 down the main diagonal and zeros elsewhere. Suppose it is true for
(n —1) x (n — 1) matrices and let A be an n x n matrix. Then let v; be a unit eigenvector
for A . Then there exists \; such that

AV1 = A1V17 |V1| =1.

Extend {v1} to a basis and then use Lemma 6.4.1 to obtain {vy,---,v,}, an orthonormal
basis in F*. Let Uy be a matrix whose i** column is v;. Then from the above, it follows Uy
is unitary. Then Ug AUy is of the form

BE(Al *>
0 A
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where A; is an n — 1 x n — 1 matrix. The above matrix B has the same eigenvalues as A.
Also note in case of an eigenvalue p for B,

a a *
= B =
so x is an eigenvector for A; with the same eigenvalue . Now by induction there exists an
(n —1) x (n — 1) unitary matrix U; such that

Uf AUy = Ty,

an upper triangular matrix. Consider

This is a unitary matrix and

1 1 0
vigAv = | 1 0 ) (M O _ (M o« ) _p
0 Uik 0 A1 0 U1 0 Tn—l

where T is upper triangular. Then let U = UyU;. Since (UgU;)" = U;Ug, it follows A
is similar to T and that UyU; is unitary. Hence A and T have the same characteristic
polynomials and since the eigenvalues of T are the diagonal entries listed according to
algebraic multiplicity, these are also the eigenvalues of A listed according to multiplicity. B

Corollary 6.4.5 Let A be a real n X n matrix having only real eigenvalues. Then there
exists a real orthogonal matrix Q@ and an upper triangular matrix T such that

QTAQ=T
and furthermore, if the eigenvalues of A are listed in decreasing order,
AL > A2 >0 2 Ay

Q can be chosen such that T is of the form

Aok - %
0 Ao
0 -« 0

Proof: Repeat the above argument but pick a real eigenvector for the first step which
corresponds to A; as just described. Then use induction as above. Simply replace the word
“unitary” with the word “orthogonal”. H

As a simple consequence of the above theorem, here is an interesting lemma.

Lemma 6.4.6 Let A be of the form
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where Py is an my X my, matrixz. Then

det (A) = [ [ det (Px).
k

Also, the eigenvalues of A consist of the union of the eigenvalues of the P;.
Proof: Let Uy be an my X my unitary matrix such that
Ui P U, =Ty,

where Ty, is upper triangular. Then it follows that for

Uy -+ 0 us -+ 0
U= Lo |, U= : .o
0 - U, 0o --- U
and also
us - 0 P x U - 0 T, - %
0o - U* 0o --- P, 0 .- U, 0 - T,

Therefore, since the determinant of an upper triangular matrix is the product of the diagonal
entries,

det (A) = [ [ det (Tx) = [ ] det (Py).
k k

From the above formula, the eigenvalues of A consist of the eigenvalues of the upper trian-
gular matrices T}, and each T} has the same eigenvalues as P,. B
What if A is a real matrix and you only want to consider real unitary matrices?

Theorem 6.4.7 Let A be a real n x n matriz. Then there exists a real unitary (orthogonal)
matriz Q and a matrix T of the form

P
T= U (6.12)

0 P,
where P; equals either a real 1 X 1 matriz or P; equals a real 2 X 2 matriz having as its
eigenvalues a conjugate pair of eigenvalues of A such that QTAQ = T. The matriz T is

called the real Schur form of the matriz A. Recall that a real unitary matriz is also called
an orthogonal matriz.

Proof: Suppose
AV1 = )\1V1, |V1| =1

where A; is real. Then let {vy,---,v,} be an orthonormal basis of vectors in R™. Let Qg
be a matrix whose i*" column is v;. Then Q}AQ is of the form

)\1 % e %k
0

Ay
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where A; is a real n — 1 x n — 1 matrix. This is just like the proof of Theorem 6.4.4 up to
this point.

Now consider the case where A\; = o + i where 5 # 0. It follows since A is real that
vy = 21 +iw; and that v{ = z; — iwy is an eigenvector for the eigenvalue o — i3. Here
z; and wj are real vectors. Since Vi and v; are eigenvectors corresponding to distinct
eigenvalues, they form a linearly independent set. From this it follows that {z1,w;} is an
independent set of vectors in C", hence in R™. Indeed,{v1,¥v;} is an independent set and
also span (v, V1) = span (z1, wy) . Now using the Gram Schmidt theorem in R™, there exists
{u1,u2}, an orthonormal set of real vectors such that span (u;,us) = span(vq,vy). For
example,

|Z1|2W1 —(wi-21) 21
u =21/|z1], up = 5
|z1|" w1 — (W1 -21) 21

Let {uj,us, -+ ,u,} be an orthonormal basis in R™ and let Qg be a unitary matrix whose
it" column is u; so Qo is a real orthogonal matrix. Then Auj; are both in span (uy,us) for
j=1,2 and so u{Auj = 0 whenever k > 3. It follows that Q5AQo is of the form

* ok
P1 *
QoAQo < 0 A1>
: Ay
0

where A; is now an n — 2 X n — 2 matrix and P; is a 2 x 2 matrix. Now this is similar to A
and so two of its eigenvalues are a + i3 and a — if3.

Now find @7 an n — 2 X n — 2 matrix to put A; in an appropriate form as above and
come up with Ay either an n —4 x n — 4 matrix or an n — 3 X n — 3 matrix. Then the only
other difference is to let

100 - 0
0010 - 0
Q=] 00
Do Q1
0 0

thus putting a 2 x 2 identity matrix in the upper left corner rather than a one. Repeating this
process with the above modification for the case of a complex eigenvalue leads eventually
to 6.12 where @ is the product of real unitary matrices @); above. When the block P; is
2 x 2, its eigenvalues are a conjugate pair of eigenvalues of A and if it is 1 x 1 it is a real
eigenvalue of A.

Here is why this last claim is true

A —P - *
M -T= . :
0 Al — P,
where I}, is the 2 x 2 identity matrix in the case that Py is 2 x 2 and is the number 1 in the
case where Py is a 1 x 1 matrix. Now by Lemma 6.4.6,

det (\I = T) = ] det (A — Py).
k=1
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Therefore, A is an eigenvalue of T if and only if it is an eigenvalue of some Pj. This proves
the theorem since the eigenvalues of T' are the same as those of A including multiplicity
because they have the same characteristic polynomial due to the similarity of A and 7. B

Of course there is a similar conclusion which says that the blocks can be ordered according
to order of the size of the eigenvalues.

Corollary 6.4.8 Let A be a real n x n matrixz. Then there exists a real orthogonal matriz
Q and an upper triangular matriz T such that

P %
QTAQ=T = oo
0 P,
where P; equals either a real 1 X 1 matriz or P; equals a real 2 X 2 matrix having as its

eigenvalues a conjugate pair of eigenvalues of A. If P, corresponds to the two eigenvalues
ap 18, =0 (P), Q can be chosen such that

o (P1)] > |o (P2)] > -+

o (P)| = \/ o} + By

The blocks, Py can be arranged in any other order also.

where

Definition 6.4.9 When a linear transformation A, mapping a linear space V to V has a
basis of eigenvectors, the linear transformation is called non defective. Otherwise it is called
defective. Ann xn matriz A, is called normal if AA* = A*A. An important class of normal
matrices is that of the Hermitian or self adjoint matrices. An n x n matriz A is self adjoint
or Hermitian if A = A*.

You can check that an example of a normal matrix which is neither symmetric nor
6i —(1+i)v2
(1—14)v2 6i
The next lemma is the basis for concluding that every normal matrix is unitarily similar
to a diagonal matrix.

Hermitian is

Lemma 6.4.10 If T is upper triangular and normal, then T is a diagonal matriz.

Proof: This is obviously true if T is 1 x 1. In fact, it can’t help being diagonal in this
case. Suppose then that the lemma is true for (n — 1) x (n — 1) matrices and let T be an
upper triangular normal n X n matrix. Thus T is of the form

po @) el fu 07
0 T a T

i1 07\ lti1]> +a*a a*T;
a Tr | Tia T\ T}

tinoa® ) lt1]” tia*
0 T1 atn aa* + T1*T1

Then

s
o (20)
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Since these two matrices are equal, it follows a = 0. But now it follows that 1771} = 1175
and so by induction 7T} is a diagonal matrix D;. Therefore,

tin 07
T — 11
0 D
a diagonal matrix.

Now here is a proof which doesn’t involve block multiplication. Since T is normal,
T*T = TT*. Writing this in terms of components and using the description of the adjoint
as the transpose of the conjugate, yields the following for the ik" entry of T*T = TT*.

TT* ™7
D tigthe =D it = D titin =) Ttk
J J J J
Now use the fact that T is upper triangular and let i = k = 1 to obtain the following from

the above.
2 2 2
Dl =D [t =t
J J

You see, t;; = 0 unless j = 1 due to the assumption that 7' is upper triangular. This shows
T is of the form

« 0 - 0
0 * -
0 -~ 0 =

Now do the same thing only this time take ¢ = k = 2 and use the result just established.
Thus, from the above,
D ol = [tal® = [taof®,
J J

showing that ¢o; = 0 if j > 2 which means 7" has the form

£ 0 0 - 0

00 0 0 =
Next let ¢+ = k£ = 3 and obtain that T looks like a diagonal matrix in so far as the first 3

rows and columns are concerned. Continuing in this way, it follows T" is a diagonal matrix.
|

Theorem 6.4.11 Let A be a normal matriz. Then there exists a unitary matriz U such
that U* AU is a diagonal matriz. Also if A is normal and U is unitary, then U*AU is also
normal.

Proof: From Theorem 6.4.4 there exists a unitary matrix U such that U* AU equals
an upper triangular matrix. The theorem is now proved if it is shown that the property of
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being normal is preserved under unitary similarity transformations. That is, verify that if
A is normal and if B = U*AU, then B is also normal. But this is easy.

B*B = U"A"UU*AU =U*"A*AU
U*AA*U =U*AUU*A*U = BB™.

Therefore, U* AU is a normal and upper triangular matrix and by Lemma 6.4.10 it must be
a diagonal matrix. W
The converse is also true. See Problem 9 below.

Corollary 6.4.12 If A is Hermitian, then all the eigenvalues of A are real and there exists
an orthonormal basis of eigenvectors. Also there exists a unitary U such that U*AU = D, a
diagonal matrixz whose diagonal is comprised of the eigenvalues of A. The columns of U are
the corresponding eigenvectors. By permuting the columns of U one can cause the diagonal
entries of D to occur in any desired order.

Proof: Since A is normal, there exists unitary, U such that U*AU = D, a diagonal
matrix whose diagonal entries are the eigenvalues of A. Therefore, D* = U*A*U = U*AU =
D showing D is real.

Finally, let

Uz(ul u - un)

where the u; denote the columns of U and

A 0
D= ,
0 A,
The equation, U* AU = D implies
AU = (Aul Auy, - Au, )
- UDz(Alul Aplly -+ /\nun) (6.13)

where the entries denote the columns of AU and UD respectively. Therefore, Au; = A\;u;

and since the matrix is unitary, the ij'" entry of U*U equals §;; and so

p— * . = . .
0;j = uju; = uy - u,.

This proves the corollary because it shows the vectors {u;} are orthonormal. Therefore, they
form a basis because every orthonormal set of vectors is linearly independent. It follows
from 6.13 that one can achieve any order for the A; by permuting the columns of U. B

Corollary 6.4.13 If A is a real symmetric matriz, then A is Hermitian and there exists
a real unitary (orthogonal) matriz U such that UT AU = D where D is a diagonal matriz
whose diagonal entries are the eigenvalues of A. By arranging the columns of U the diagonal
entries of D can be made to appear in any order.

Proof: It is clear that A = A* = AT. Thus A is real and all eigenvalues are real and it is
Hermitian. Now by Corollary 6.4.5, there is an orthogonal matrix U such that UT AU = T.
Since A is normal, so is T by Theorem 6.4.11. Hence by Lemma 6.4.10 T is a diagonal
matrix. Then it follows the diagonal entries are the eigenvalues of A and the columns of U
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are the corresponding eigenvectors. Permuting these columns, one can cause the eigenvalues
to appear in any order on the diagonal. B

The converse for the above theorems about normal and Hermitian matrices is also true.
That is, the Hermitian matrices, (A = A*) are exactly those for which there is a unitary U
such that U* AU is a real diagonal matrix. The normal matrices are exactly those for which
there is a unitary U such that U* AU is a diagonal matrix, maybe not real.

To summarize these types of matrices which have just been discussed, here is a little
diagram.

diagonalizable, non-defective

normal

Hermitian

real symmetric

unitarily diagonalizable
real diagonal matrix

unitarily diagonalizable

not diagonalizable with unitary matrix

6.5 Trace and Determinant

The determinant has already been discussed. It is also clear that if A = S~'BS so that
A, B are similar, then

det (A) = det (S7")det (S)det (B) = det (S~'S) det (B)
= det (I)det (B) = det (B)
The trace is defined in the following definition.

Definition 6.5.1 Let A be an n x n matriz whose ij'" entry is denoted as ai;. Then

trace (A) = Z Qi

In other words it is the sum of the entries down the main diagonal.
Theorem 6.5.2 Let A be an m X n matriz and let B be an n x m matrixz. Then
trace (AB) = trace (BA).
Also if B= S7YAS so that A, B are similar, then
trace (A) = trace (B) .
Proof:
trace (AB) = Z (Z AikB;“) = Z Z By A, = trace (BA)
i k ki
Therefore,

trace (B) = trace (S™'AS) = trace (ASS™') = trace (4). W
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Theorem 6.5.3 Let A be an nxn matriz. Then trace (A) equals the sum of the eigenvalues
of A and det (A) equals the product of the eigenvalues of A.

This is proved using Schur’s theorem and is in Problem 17 below. Another important
property of the trace is in the following theorem.

6.6 Quadratic Forms
Definition 6.6.1 A quadratic form in three dimensions is an expression of the form

T

(x Y Z)A Yy (6.14)

where A is a 3 X 3 symmetric matriz. In higher dimensions the idea is the same except you
use a larger symmetric matriz in place of A. In two dimensions A is a 2 X 2 matriz.

For example, consider

(x Yy z) -4 0 -4 Y (6.15)

—_
|
N
w
I

which equals 322 — 8y + 22z — 8yz + 322. This is very awkward because of the mixed terms
such as —8zy. The idea is to pick different axes such that if z,y, z are taken with respect
to these axes, the quadratic form is much simpler. In other words, look for new variables,
Z',y, and 2’ and a unitary matrix U such that

Ul v | =1y (6.16)

IS
I3

and if you write the quadratic form in terms of the primed variables, there will be no mixed
terms. Any symmetric real matrix is Hermitian and is therefore normal. From Corollary
6.4.13, it follows there exists a real unitary matrix U, (an orthogonal matrix) such that
UTAU = D a diagonal matrix. Thus in the quadratic form, 6.14

/

x
(x Yy z)A Yy = (x’ y z’)UTAU y
z Z'

xl

— (x/ y/ Z/)D y/

Zl

and in terms of these new variables, the quadratic form becomes
A (@) A0 () + s ()

where D = diag (A1, A2, A3) . Similar considerations apply equally well in any other dimen-
sion. For the given example,
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-3vV2 0 V2 3 -4 1
WoE B || 0
VA 1B 3B\ 1 -4 s
1 1 1
VR RV 2.0
1 —
0 7% “wn =10 40
I e 0O 0
V2 V6 V3B
and so if the new variables are given by
B S e ’
0 V6 V3 y/ = Yy )
11 1 o 5
V2 V6 VB

it follows that in terms of the new variables the quadratic form is 2 (z')* — 4 (y)° + 8 (')°.

You can work other examples the same way.

6.7 Second Derivative Test

Under certain conditions the mixed partial derivatives will always be equal. This aston-
ishing fact was first observed by Euler around 1734. It is also called Clairaut’s theorem.

Theorem 6.7.1 Suppose f: U CF? — R where U is an open set on which fu, fy, fzy and
fyz exist. Then if foy and fyz are continuous at the point (x,y) € U, it follows

fmy (:c,y) = fyz (w,y) .

Proof: Since U is open, there exists r > 0 such that B ((z,y),r) C U. Now let [t],|s]| <
r/2,t, s real numbers and consider

h(t) R(0)

A= (TGt tyts)—T@rt) - Twyts)—T@o)  (©17)

Note that (z +t,y + s) € U because

(E+ty+s) — @yl = [(ts)]=(+s2)"

2 2\
(4 + 4> = ﬁ <Tr.
Asimplied above, h (t) = f (x + t,y + s)—f (z + t,y). Therefore, by the mean value theorem
from calculus and the (one variable) chain rule,

IN

Ast) = —(h(t) = h(0)) = L (o)1
= S(Le(@taty+s)— fo(z+aty)

for some « € (0,1). Applying the mean value theorem again,

A(s,t) = fay (x + at,y + Bs)
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where a, 8 € (0,1).
If the terms f (v +t,y) and f (z,y + s) are interchanged in 6.17, A (s,t) is unchanged
and the above argument shows there exist v, € (0,1) such that

A(s,t) = fys (@ +7t,y+0s).
Letting (s,t) — (0,0) and using the continuity of f, and f,. at (z,y),

I A t)=Jf« = Jyx \ T, .n
e ) B (858 = Fay (2,9) = fuw (7,9)
The following is obtained from the above by simply fixing all the variables except for the
two of interest.

Corollary 6.7.2 Suppose U is an open subset of F* and f : U — R has the property
that for two indices, k,l, fz., fo,s foizn, and fo,o, exist on U and fy, o, and fz,z, are both
continuous at x € U. Then fr, 2, (X) = fa,z, (X) .

Thus the theorem asserts that the mixed partial derivatives are equal at x if they are
defined near x and continuous at x.

Now recall the Taylor formula with the Lagrange form of the remainder. What follows
is a proof of this important result based on the mean value theorem or Rolle’s theorem.

Theorem 6.7.3 Suppose f has n + 1 derivatives on an interval, (a,b) and let ¢ € (a,b).
Then if x € (a,b), there exists & between ¢ and x such that

n ) (o (n+1) X
f(x)—f(6)+];fk!()(wC)k+m(ﬂc0)”+-

(In this formula, the symbol 22:1 ay will denote the number 0.)

Proof: It can be assumed x # ¢ because if x = ¢ there is nothing to show. Then there
exists K such that

nL k) (¢
f(z)— (f ©+> / k,( ) (x—c)’“+K(x—c)"“> =0 (6.18)
k=1 ’

In fact,

~F @)+ (F O+ i, T (o= o)")

K = )n+1

(z—c

Now define F'(t) for ¢ in the closed interval determined by = and ¢ by

F(t) = f(2) ( zn: 1 —t)k+K(x—t)"+1>.

k=1

The ¢ in 6.18 got replaced by t.
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Therefore, F' (¢) =0 by the way K was chosen and also F' () = 0. By the mean value
theorem or Rolle’s theorem, there exists & between x and ¢ such that F’ (§) = 0. Therefore,

n o op(k+1) n (k)
0o - e+ e -y S g ke
k=1 ’ k=1 :
_ D (€ = & (g) n
= f (f)*;T@*f)k*k:OT(ff*f)k*K(n+1)($*§)
(n+1)
- ro+ T Qe g 9Kty —o
(n+1)
- gkt e-gr
Then therefore,
_ ()

(n+1)!
The following is a special case and is what will be used.

Theorem 6.7.4 Leth: (—6,1+3d) = R have m+1 derivatives. Then there existst € [0,1]
such that

ZrM(0) Rt (¢
OH}; k!( L+ (m—l—l()!)'

Now let f: U — R where U C R™ and suppose f € C™ (U). Let x € U and let r > 0 be
such that
B (x,r) CU.

Then for ||v|| < 7, consider
fxttv) — f(x) = h(t)
for ¢t € [0,1]. Then by the chain rule,

Z&Ek (x+tv)vg, B (t kzz %awk (x+tv)vv; B
Then from the Taylor formula stopping at the second derivative, the following theorem can
be obtained.
Theorem 6.7.5 Let f: U — R and let f € C?>(U). Then if
B (X7T) g U’

and ||v]| < r, there exists t € (0,1) such that.

1)
f(x—i—v):f(x)—&—ZT Yo + 3 Zzax D (x + tv) vgv, (6.19)

Definition 6.7.6 Define the following matriz.
O f (x+tv)
658]81‘7 '

It is called the Hessian matriz. From Corollary 6.7.2, this is a symmetric matriz. Then in
terms of this matriz, 6.19 can be written as

H;j (x+tv) =

1
f(x+v) )+ Z ’ukJr vIH (x+tv)v
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Then this implies f (x +v) =

f(x)+ Z gxfj (x) vk—&—%vTH (x) v—i—% (vT (H (x+tv) —H (x)) V) . (6.20)

Using the above formula, here is the second derivative test.

Theorem 6.7.7 In the above situation, suppose [, (x) =0 for each x;. Then if H (x) has
all positive eigenvalues, x is a local minimum for f. If H (x) has all negative eigenvalues,
then x is a local mazimum. If H (x) has a positive eigenvalue, then there exists a direction
in which f has a local minimum at x, while if H (x) has a negative eigenvalue, there exists
a direction in which H (x) has a local mazimum at x.

Proof: Since f,; (x) = 0 for each x;, formula 6.20 implies

Flxtv) = f(x) %VTH (x) v% (VT (H (x+tv) —H (x)) V)

where H (x) is a symmetric matrix. Thus, by Corollary 6.4.12 H (x) has all real eigenvalues.
Suppose first that H (x) has all positive eigenvalues and that all are larger than 82 > 0.
Then H (x) has an orthonormal basis of eigenvectors, {v;};_, and if u is an arbitrary vector,
u=>"_, u;v; where u; = u-v;. Thus

n n n n
u'H (x)u = (Z u;ﬂ{) H (x) Zujvj = Zu?/\j > 62 Zu? =§%|ul’.
k=1 j=1 j=1 j=1

From 6.20 and the continuity of H, if v is small enough,

12 2 12 2 62 2
Flxtv) 2 £ () + 500 v = 00 P = £ )+ T v

This shows the first claim of the theorem. The second claim follows from similar reasoning.
Suppose H (x) has a positive eigenvalue A2. Then let v be an eigenvector for this eigenvalue.
From 6.20,

f(x+tv) = f(x) —|—%t2vTH (x) v—|—%t2 (vI' (H (x+tv) —H (x)) V)

which implies

fx+tv) = f(x) —|—%t2/\2 lv|? —|—%t2 (vl (H (x+tv) —H (x)) V)

%

1
1 60+ 202 v

whenever ¢ is small enough. Thus in the direction v the function has a local minimum at
x. The assertion about the local maximum in some direction follows similarly. W

This theorem is an analogue of the second derivative test for higher dimensions. As in
one dimension, when there is a zero eigenvalue, it may be impossible to determine from the
Hessian matrix what the local qualitative behavior of the function is. For example, consider

fl (xay) = :174 + y27 f2 (Iay) = 71‘4 + y2'
Then Df; (0,0) = 0 and for both functions, the Hessian matrix evaluated at (0,0) equals

[02)

but the behavior of the two functions is very different near the origin. The second has a
saddle point while the first has a minimum there.
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6.8 The Estimation of Eigenvalues

There are ways to estimate the eigenvalues for matrices. The most famous is known as
Gerschgorin’s theorem. This theorem gives a rough idea where the eigenvalues are just from
looking at the matrix.

Theorem 6.8.1 Let A be an n x n matriz. Consider the n Gerschgorin discs defined as

Di=4AcC: |\~ ay §Z|aij\
J#i

Then every eigenvalue is contained in some Gerschgorin disc.

This theorem says to add up the absolute values of the entries of the i*” row which are
off the main diagonal and form the disc centered at a;; having this radius. The union of
these discs contains o (A).

Proof: Suppose Ax = Ax where x # 0. Then for A = (a;;), let |z| > |z;| for all x;.
Thus |zg| # 0.

Z AkiTj = (/\ - akk) Tk -
ik
Then
k] Y larg] =Y Jangl |os] > D anjag| = A — ai] |2 -
Jj#k J#k £k
Now dividing by |xy], it follows \ is contained in the k*" Gerschgorin disc. B

Example 6.8.2 Here is a matriz. Estimate its eigenvalues.

S W N

1
5
1

NelN el

According to Gerschgorin’s theorem the eigenvalues are contained in the disks
Di={MeC:|A=2|<2},Dy={AeC:|\-5] <3},

D3:{)\€(CZ|)\—9‘§1}

It is important to observe that these disks are in the complex plane. In general this is the
case. If you want to find eigenvalues they will be complex numbers.

So what are the values of the eigenvalues? In this case they are real. You can compute
them by graphing the characteristic polynomial, A*> — 16A? + 70\ — 66 and then zoom-
ing in on the zeros. If you do this you find the solution is {A = 1.2953} ,{\ =5.5905},
{A=19.1142} . Of course these are only approximations and so this information is useless
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for finding eigenvectors. However, in many applications, it is the size of the eigenvalues
which is important and so these numerical values would be helpful for such applications. In
this case, you might think there is no real reason for Gerschgorin’s theorem. Why not just
compute the characteristic equation and graph and zoom? This is fine up to a point, but
what if the matrix was huge? Then it might be hard to find the characteristic polynomial.
Remember the difficulties in expanding a big matrix along a row or column. Also, what if
the eigenvalues were complex? You don’t see these by following this procedure. However,
Gerschgorin’s theorem will at least estimate them.

6.9 Advanced Theorems

More can be said but this requires some theory from complex variables'. The following is a
fundamental theorem about counting zeros.

Theorem 6.9.1 Let U be a region and let v : [a,b] — U be closed, continuous, bounded
variation, and the winding number, n(v,z) = 0 for all z ¢ U. Suppose also that f is
analytic on U having zeros aq, - -- , an, where the zeros are repeated according to multiplicity,
and suppose that none of these zeros are on «y ([a,b]). Then

1 f/(Z) B m
%i[Yf(z)dz_Zn(%ak)'

Proof: It is given that f(z) = H;nzl (z —a;) g (2) where g(z) # 0 on U. Hence using
the product rule,

+
f(z mrma g (2)
where % is analytic on U and so
1 [ f(z) - 1 / 9 (2) .-
— dz = n(v,a;) +— dz = n(v,a;). B
2mi J., f(2) j; (7, a5) 2mi J., g(2) ; (,45)

Now let A be an n x n matrix. Recall that the eigenvalues of A are given by the zeros
of the polynomial, pa (z) = det (2 — A) where I is the n x n identity. You can argue
that small changes in A will produce small changes in p4 () and p'; (2). Let v, denote a
very small closed circle which winds around zj, one of the eigenvalues of A, in the counter
clockwise direction so that n (v, z;) = 1. This circle is to enclose only zj and is to have no
other eigenvalue on it. Then apply Theorem 6.9.1. According to this theorem

1 /
— P (2) dx
2mi ), pa(2)

is always an integer equal to the multiplicity of z; as a root of pa (t). Therefore, small
changes in A result in no change to the above contour integral because it must be an integer
and small changes in A result in small changes in the integral. Therefore whenever B is close
enough to A, the two matrices have the same number of zeros inside v, the zeros being
counted according to multiplicity. By making the radius of the small circle equal to € where
€ is less than the minimum distance between any two distinct eigenvalues of A, this shows
that if B is close enough to A, every eigenvalue of B is closer than ¢ to some eigenvalue of
A N

1If you haven’t studied the theory of a complex variable, you should skip this section because you won’t
understand any of it.
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Theorem 6.9.2 If \ is an eigenvalue of A, then if all the entries of B are close enough to
the corresponding entries of A, some eigenvalue of B will be within € of \.

Consider the situation that A (¢) is an n X n matrix and that ¢ — A (¢) is continuous for
tel0,1].

Lemma 6.9.3 Let A\ (t) € 0 (A(t)) fort <1 and let £y = Ug>10 (A(s)). Also let K; be the
connected component of A (t) in X;. Then there exists n > 0 such that KyNo (A(s)) # 0 for
all s € [t,t+ ).

Proof: Denote by D (A(t),d) the disc centered at A () having radius § > 0, with other
occurrences of this notation being defined similarly. Thus

D(X(t),0)={ze€C:|\(t) — 2| <d}.

Suppose § > 0 is small enough that A(t) is the only element of o (A(t)) contained in
D (X(t),0) and that p4(+) has no zeroes on the boundary of this disc. Then by continuity, and
the above discussion and theorem, there exists n > 0,¢ +n < 1, such that for s € [t,t + 7],
Pa(s) also has no zeroes on the boundary of this disc and A(s) has the same number
of eigenvalues, counted according to multiplicity, in the disc as A (¢). Thus o (A(s)) N
D (X(t),0) # 0 for all s € [t,t +n]. Now let

H= |J o(A(s)ND\(),d).

s€[t,t+n)

It will be shown that H is connected. Suppose not. Then H = P U (@ where P,(Q are
separated and A (t) € P. Let so = inf {s: A (s) € Q for some A (s) € o (A (s))}. There exists
A(so) € 0(A(s0)) N D(A(t),d). If A(so) ¢ Q, then from the above discussion there are
A(s) € o (A(s))NQ for s > sq arbitrarily close to A (sg) . Therefore, A (s9) € @ which shows
that sg > ¢ because A (t) is the only element of o (A4 (t)) in D (A(¢),0) and A (t) € P. Now
let s, 1 so. Then A(sy,) € P for any A (s,) € 0 (A (s,))ND (A(t),d) and also it follows from
the above discussion that for some choice of s, — so, A(s,) = A(sp) which contradicts P
and @ separated and nonempty. Since P is nonempty, this shows Q = (. Therefore, H is
connected as claimed. But Ky D H and so Ky No (A(s)) # 0 forall s € [t,t+n].

Theorem 6.9.4 Suppose A (t) is an n x n matriz and that t — A(t) is continuous for
t€[0,1]. Let X(0) € 0 (A(0)) and define ¥ = Uyejo,110 (A(t)). Let Ky) = Ko denote the
connected component of A (0) in X. Then KoNao (A(t)) # 0 for all t € [0,1].

Proof: Let S = {t€[0,1]: KoNo (A(s)) #0 for all s € [0,¢]}. Then 0 € S. Let tg =
sup (S) . Say a (A (to)) = )\1 (to) g 7>\r (to) .

Claim: At least one of these is a limit point of Ky and consequently must be in K
which shows that S has a last point. Why is this claim true? Let s, T to so s, € S.
Now let the discs, D (\; (to),6),i = 1,--- 7 be disjoint with p4,) having no zeroes on v,
the boundary of D (X; (tg),d). Then for n large enough it follows from Theorem 6.9.1 and
the discussion following it that o (A (sy,)) is contained in Ul_; D (\; (tg),0). It follows that
KonN (o (A(tg))+D(0,5)) # 0 for all § small enough. This requires at least one of the
Ai (to) to be in K. Therefore, to € S and S has a last point.

Now by Lemma 6.9.3, if {y < 1, then Ky U K; would be a strictly larger connected set
containing A (0). (The reason this would be strictly larger is that Ko N o (A(s)) = 0 for
some s € (t,¢t+n) while Ky No (A(s)) # 0 for all s € [¢,¢+ n].) Therefore, to =1. R

Corollary 6.9.5 Suppose one of the Gerschgorin discs, D; is disjoint from the union of
the others. Then D; contains an eigenvalue of A. Also, if there are n disjoint Gerschgorin
discs, then each one contains an eigenvalue of A.
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Proof: Denote by A (t) the matrix (af;) where if i # j, af; = ta;; and af; = a;;. Thus to
get A (¢) multiply all non diagonal terms by ¢. Let ¢ € [0, 1]. Then A (0) = diag (@11, -+ , ann)
and A (1) = A. Furthermore, the map, t — A(t) is continuous. Denote by D! the Ger-
schgorin disc obtained from the j** row for the matrix A (). Then it is clear that D; CD;
the j*" Gerschgorin disc for A. It follows a;; is the eigenvalue for A (0) which is contained
in the disc, consisting of the single point a;; which is contained in D;. Letting K be the
connected component in X for 3 defined in Theorem 6.9.4 which is determined by a;;, Ger-
schgorin’s theorem implies that K No (A(t)) € Ul_, D} C U}_D; = D; U (U;j%,D;) and
also, since K is connected, there are not points of K in both D; and (U;jx;D;) . Since at least
one point of K is in D;,(a;), it follows all of K must be contained in D;. Now by Theorem
6.9.4 this shows there are points of K No (A) in D;. The last assertion follows immediately.
|

This can be improved even more. This involves the following lemma.

Lemma 6.9.6 In the situation of Theorem 6.9.4 suppose A(0) = KoNo (A(0)) and that
A (0) is a simple root of the characteristic equation of A(0). Then for allt € [0,1],

o (A(t) N Ko=A(t)
where X\ (t) is a simple root of the characteristic equation of A(t).
Proof: Let
S={tel0,1]: KoNno(A(s)) = A(s), asimple eigenvalue for all s € [0,t]}.

Then 0 € S so it is nonempty. Let ¢y = sup (S) and suppose A; # A2 are two elements of
o (A (to))NKp. Then choosing i > 0 small enough, and letting D; be disjoint discs containing
A; respectively, similar arguments to those of Lemma 6.9.3 can be used to conclude

H; = Ugepg—n.t0)0 (A(8)) N D;

is a connected and nonempty set for ¢ = 1,2 which would require that H; C K. But
then there would be two different eigenvalues of A (s) contained in Ky, contrary to the
definition of to. Therefore, there is at most one eigenvalue A (tg) € Ko N o (A(tp)). Could
it be a repeated root of the characteristic equation? Suppose A (tg) is a repeated root of
the characteristic equation. As before, choose a small disc, D centered at A (tp) and n small
enough that

H= Uselto—n,to] 0 (A (5)) nop

is a nonempty connected set containing either multiple eigenvalues of A (s) or else a single
repeated root to the characteristic equation of A (s) . But since H is connected and contains
A(to) it must be contained in Ky which contradicts the condition for s € S for all these
s € [to — n,to] . Therefore, tyg € S as hoped. If ¢y < 1, there exists a small disc centered
at A (to) and n > 0 such that for all s € [tg,to + 1], A(s) has only simple eigenvalues in
D and the only eigenvalues of A (s) which could be in Kj are in D. (This last assertion
follows from noting that A (¢9) is the only eigenvalue of A () in Ky and so the others are
at a positive distance from Kj. For s close enough to tg, the eigenvalues of A (s) are either
close to these eigenvalues of A (tg) at a positive distance from Ky or they are close to the
eigenvalue A (¢p) in which case it can be assumed they are in D.) But this shows that ¢q is
not really an upper bound to S. Therefore, t) = 1 and the lemma is proved. B
With this lemma, the conclusion of the above corollary can be sharpened.

Corollary 6.9.7 Suppose one of the Gerschgorin discs, D; is disjoint from the union of
the others. Then D; contains exactly one eigenvalue of A and this eigenvalue is a simple
root to the characteristic polynomial of A.
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Proof: In the proof of Corollary 6.9.5, note that a;; is a simple root of A (0) since
otherwise the i*" Gerschgorin disc would not be disjoint from the others. Also, K, the
connected component determined by a;; must be contained in D; because it is connected
and by Gerschgorin’s theorem above, K N o (A (t)) must be contained in the union of the
Gerschgorin discs. Since all the other eigenvalues of A (0), the a;;, are outside D;, it follows
that K No (A(0)) = ay;. Therefore, by Lemma 6.9.6, K No (A (1)) = K No (A) consists of
a single simple eigenvalue. B

Example 6.9.8 Consider the matriz

S = Ot

1
1
1

o = O

The Gerschgorin discs are D (5,1),D(1,2), and D (0,1). Observe D (5,1) is disjoint
from the other discs. Therefore, there should be an eigenvalue in D (5,1). The actual
eigenvalues are not easy to find. They are the roots of the characteristic equation, > — 6t +
3t + 5 = 0. The numerical values of these are —.66966,1.423 1, and 5. 246 55, verifying the
predictions of Gerschgorin’s theorem.

6.10 Exercises

1. Explain why it is typically impossible to compute the upper triangular matrix whose
existence is guaranteed by Schur’s theorem.

2. Now recall the QR factorization of Theorem 5.7.5 on Page 139. The QR algorithm
is a technique which does compute the upper triangular matrix in Schur’s theorem.
There is much more to the QR algorithm than will be presented here. In fact, what
I am about to show you is not the way it is done in practice. One first obtains what
is called a Hessenburg matrix for which the algorithm will work better. However,
the idea is as follows. Start with A an n x n matrix having real eigenvalues. Form
A = QR where @ is orthogonal and R is upper triangular. (Right triangular.) This
can be done using the technique of Theorem 5.7.5 using Householder matrices. Next
take A1 = RQ. Show that A = QA,Q7. In other words these two matrices, 4, 4; are
similar. Explain why they have the same eigenvalues. Continue by letting A; play the
role of A. Thus the algorithm is of the form A, = QR,, and A,+1 = R,+1Q. Explain
why A = Q,A,QT for some @Q,, orthogonal. Thus A, is a sequence of matrices each
similar to A. The remarkable thing is that often these matrices converge to an upper
triangular matrix T and A = QT Q" for some orthogonal matrix, the limit of the Q,,
where the limit means the entries converge. Then the process computes the upper
triangular Schur form of the matrix A. Thus the eigenvalues of A appear on the
diagonal of T. You will see approximately what these are as the process continues.

()

which has eigenvalues 3 and 2. I suggest you use a computer algebra system to do the
computations.

3. 1MTry the QR algorithm on

4. tNow try the QR algorithm on
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Show that the algorithm cannot converge for this example. Hint: Try a few iterations
of the algorithm. Use a computer algebra system if you like.

4 2

is there exists a matrix S such that A = S~'BS but there is no orthogonal matrix
@ such that Q" BQ = A. Show the QR algorithm does converge for the matrix B
although it fails to do so for A.

-1 -2
1TShow the two matrices A = < 0 9 ) and B = < 0 0 > are similar; that

Let F' be an m x n matrix. Show that F*F has all real eigenvalues and furthermore,
they are all nonnegative.

If A is a real n x n matrix and X is a complex eigenvalue A = a+1ib, b # 0, of A having
eigenvector z + iw, show that w # 0.

Suppose A = QT DQ where Q is an orthogonal matrix and all the matrices are real.
Also D is a diagonal matrix. Show that A must be symmetric.

Suppose A is an n X n matrix and there exists a unitary matrix U such that
A=U*DU

where D is a diagonal matrix. Explain why A must be normal.

If A is Hermitian, show that det (A) must be real.

Show that every unitary matrix preserves distance. That is, if U is unitary,

|Ux| = |x].

Show that if a matrix does preserve distances, then it must be unitary.

1TShow that a complex normal matrix A is unitary if and only if its eigenvalues have
magnitude equal to 1.

Suppose A is an n X n matrix which is diagonally dominant. Recall this means
> laij] < i
J#i

show A~! must exist.

Give some disks in the complex plane whose union contains all the eigenvalues of the
matrix

1+2: 4 2
0 T 3
) 6 7

Show a square matrix is invertible if and only if it has no zero eigenvalues.

Using Schur’s theorem, show the trace of an m X n matrix equals the sum of the
eigenvalues and the determinant of an n x n matrix is the product of the eigenvalues.

Using Schur’s theorem, show that if A is any complex n x n matrix having eigenvalues
{Ai} listed according to multiplicity, then -, ; [A;; ? > S IXi|°. Show that equality
holds if and only if A is normal. This inequality is called Schur’s inequality. [20]
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Here is a matrix.
1234 6 5 3

0 —654 9 123
98 123 10,000 11
56 78 98 400

I know this matrix has an inverse before doing any computations. How do I know?

Show the critical points of the following function are

1
(0,—3,0),(2,—3,0),and (1, -3, —3)

and classify them as local minima, local maxima or saddle points.

f(z,y,2) = =32 4+ 623 — 627 + 22 — 2220 — 2y* — 12y — 18 — 222,
Here is a function of three variables.
f(x,y,2) = 132% + 2zy + 8xz + 13y + 8yz + 1022

change the variables so that in the new variables there are no mixed terms, terms
involving zy, yz etc. Two eigenvalues are 12 and 18.

Here is a function of three variables.

fx,y,2) =20 —dx + 2+ 9yx — 9y — 3z + 32 + 5y? — 92y — 72°
change the variables so that in the new variables there are no mixed terms, terms
involving xy,yz etc. The eigenvalues of the matrix which you will work with are

17 19
—5.3, L

Here is a function of three variables.
f(x,y,2) = —2? 4+ 20y 4+ 2wz — P + 2yz — 22 o

change the variables so that in the new variables there are no mixed terms, terms
involving zy, yz etc.

Show the critical points of the function,
f(x,y,2) = —2yz? — 6yx — 4za® — 1222 + > + 2y2.
are points of the form,
(z,y,2) = (t, 2t2 + 6t, —t% — St)
for t € R and classify them as local minima, local maxima or saddle points.

Show the critical points of the function

1 1
fzy,2) = 59:4 — 42 + 8% — 3222 + 12224+ 22 + 4y + 2 + 522.

are (0,—1,0),(4,—1,0), and (2,—1,—12) and classify them as local minima, local
maxima or saddle points.
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Let f(z,y) = 3a* — 242% + 48 — yx? + 4y. Find and classify the critical points using
the second derivative test.

Let f (z,y) = 32* — 522 +2 — 3?22 +y2. Find and classify the critical points using the
second derivative test.

Let f (z,y) = ba* — 722 — 2 — 3y%2? + 11y — 4y*. Find and classify the critical points
using the second derivative test.

Let f (z,y, 2) = —22* — 3ya? + 322 + 5222 + 3y? — 6y + 3 — 32y + 32 + 2. Find and
classify the critical points using the second derivative test.

Let f(v,y,2) = 3yz? — 322 — 222 — y? + 2y — 1 + 32y — 32 — 322. Find and classify
the critical points using the second derivative test.

Let @ be orthogonal. Find the possible values of det (Q).
Let U be unitary. Find the possible values of det (U).
If a matrix is nonzero can it have only zero for eigenvalues?

A matrix A is called nilpotent if A¥ = 0 for some positive integer k. Suppose A is a
nilpotent matrix. Show it has only 0 for an eigenvalue.

If A is a nonzero nilpotent matrix, show it must be defective.

Suppose A is a nondefective n x n matrix and its eigenvalues are all either 0 or 1.
Show A% = A. Could you say anything interesting if the eigenvalues were all either
0,1,or —1? By DeMoivre’s theorem, an n'" root of unity is of the form

(o () #0 (7))

Could you generalize the sort of thing just described to get A™ = A7 Hint: Since A
is nondefective, there exists S such that S~'AS = D where D is a diagonal matrix.

This and the following problems will present most of a differential equations course.
Most of the explanations are given. You fill in any details needed. To begin with,
consider the scalar initial value problem

Y = ay, y(to) = yo

When a is real, show the unique solution to this problem is y = yoe®*~%). Next
suppose
y' = (a+1ib)y, y(to) = o (6.21)

where y (t) = w(t) + iv (t). Show there exists a unique solution and it is given by

y(t) = _
yoe®F710) (cos b (t — to) +isinb (t — o)) = el@FP)E—to)y (6.22)

Next show that for a real or complex there exists a unique solution to the initial value
problem

y' =ay+ [, y(to) =yo
and it is given by

¢
y(t) = e@t=to)y 4 eat/ e~ f (s)ds.

to
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38.

39.

Hint: For the first part write as ¢’ — ay = 0 and multiply both sides by e~%. Then
explain why you get

9 ety (1) = 0, y(1o) =0.

Now you finish the argument. To show uniqueness in the second part, suppose
y'=(a+ib)y, y(to) =0

and verify this requires y (¢) = 0. To do this, note
v =(a—ib)y, y(to) =0

and that |y|* (fo) = 0 and

@O =y O)7t) +7 )y (1)

. — O 2
=(a+i)y @)y (t)+ (a—ib)y(t)y () =2aly @)
Thus from the first part |y (¢) \2 = Qe 2% = (. Finally observe by a simple computation
that 6.21 is solved by 6.22. For the last part, write the equation as

Yy —ay=f

—at

and multiply both sides by e and then integrate from ¢y to ¢ using the initial

condition.
Now consider A an n X n matrix. By Schur’s theorem there exists unitary ) such that
QlAQ=T
where T is upper triangular. Now consider the first order initial value problem
x' = Ax, x (t9) = Xo.

Show there exists a unique solution to this first order system. Hint: Let y = Q7 'x
and so the system becomes

y =Ty, (to) = Q 'xo (6.23)
Now letting y = (y1, - ,yn)T, the bottom equation becomes

y’:’L = tnnYns Yn (tO) = (Q_1X0>n .

Then use the solution you get in this to get the solution to the initial value problem
which occurs one level up, namely

y;L—l = t(nfl)(nfl)ynfl + t(nfl)nyna Yn—1 (tO) = (Q_lxo)nfl
Continue doing this to obtain a unique solution to 6.23.

Now suppose @ (¢) is an n x n matrix of the form

o) =(x@® - x()) (6.24)
where
x} (1) = Axy (1) .

Explain why
O (1) = AD (1)

if and only if ® () is given in the form of 6.24. Also explain why ifc € F*,y (t) = ® (¢) ¢
solves the equation y’ (t) = Ay (¢) .
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40. In the above problem, consider the question whether all solutions to

41.

x' = Ax (6.25)

are obtained in the form & () c for some choice of ¢ € F”. In other words, is the
general solution to this equation ® (¢) ¢ for ¢ € F"? Prove the following theorem using
linear algebra.

Theorem 6.10.1 Suppose @ (t) is an n X n matriz which satisfies ' (t) = AP (t).
Then the general solution to 6.25 is ® (t)c if and only if @ (t)_1 exists for some t.
Furthermore, if ® (t) = A® (t), then either ® ()" ewists for all t or ® (t)”" never
exists for any t.

(det (@ (t)) is called the Wronskian and this theorem is sometimes called the Wronskian
alternative.)

Hint: Suppose first the general solution is of the form @ () ¢ where c is an arbitrary
constant vector in F”. You need to verify & (t)_1 exists for some ¢t. In fact, show
) (t)*1 exists for every t. Suppose then that @ (to)*1 does not exist. Explain why
there exists ¢ € F™ such that there is no solution x to the equation ¢ = ® (o) x. By
the existence part of Problem 38 there exists a solution to

x' = Ax, x(tg) =c¢

but this cannot be in the form ® (¢) c. Thus for every ¢, ® (t) " exists. Next suppose
for some to, ® (to) " exists. Let 2 = Az and choose ¢ such that

Z (to) = (to) C
Then both z (¢), ® (¢) ¢ solve
x' = Ax, x (to) =z (to)

Apply uniqueness to conclude z = @ (¢) c. Finally, consider that ® (¢) c for ¢ € F"
either is the general solution or it is not the general solution. If it is, then & (t)*1
exists for all ¢. If it is not, then ® (t)_1 cannot exist for any ¢ from what was just
shown.

Let @ (t) = A® (¢). Then ® (¢) is called a fundamental matrix if ® (£)”" exists for all
t. Show there exists a unique solution to the equation

x = Ax+f, x(ty) = %o (6.26)

and it is given by the formula

x () :@(t)@(to)*xw@(t)/ ®(s)" £ (s)ds

to

Now these few problems have done virtually everything of significance in an entire un-
dergraduate differential equations course, illustrating the superiority of linear algebra.
The above formula is called the variation of constants formula.

Hint: Uniquenss is easy. If x1, X2 are two solutions then let u (t) = x1 (t) — x2 (t) and
argue u’ = Au, u (tp) = 0. Then use Problem 38. To verify there exists a solution, you
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42.

43.

could just differentiate the above formula using the fundamental theorem of calculus
and verify it works. Another way is to assume the solution in the form

x(t) = ®(t)c(t)

and find c(¢) to make it all work out. This is called the method of variation of
parameters.

Show there exists a special ® such that ®' (t) = A®(t), ®(0) = I, and suppose
® ()~ " exists for all t. Show using uniqueness that

d(—t)=d ()"

and that for all t,s € R
D(t+5)=P(t)D(s)

Explain why with this special ®, the solution to 6.26 can be written as

x(t):@(t—to)xo+/t<1>(t—s)f(s)ds.

to
Hint: Let ® (¢) be such that the j** column is x; (t) where
X;- = AAX]'7 X (O) = €y.
Use uniqueness as required.

You can see more on this problem and the next one in the latest version of Horn
and Johnson, [17]. Two n x n matrices A, B are said to be congruent if there is an
invertible P such that

B = PAP*

Let A be a Hermitian matrix. Thus it has all real eigenvalues. Let ny be the number
of positive eigenvalues, n_, the number of negative eigenvalues and ny the number of
zero eigenvalues. For k a positive integer, let I denote the k x k identity matrix and
Oy, the k x k zero matrix. Then the inertia matrix of A is the following block diagonal
n X n matrix.

On,

Show that A is congruent to its inertia matrix. Next show that congruence is an equiv-
alence relation on the set of Hermitian matrices. Finally, show that if two Hermitian
matrices have the same inertia matrix, then they must be congruent. Hint: First
recall that there is a unitary matrix, U such that

D,,
U*AU = D,

On,

where the D, is a diagonal matrix having the positive eigenvalues of A, D,,_ being
defined similarly. Now let ’an | denote the diagonal matrix which replaces each entry
of D,,_ with its absolute value. Consider the two diagonal matrices

D, ?

D=D*= D, [
Ing
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Now consider D*U*AUD.

Show that if A, B are two congruent Hermitian matrices, then they have the same
inertia matrix. Hint: Let A = SBS* where S is invertible. Show that A, B have the
same rank and this implies that they are each unitarily similar to a diagonal matrix
which has the same number of zero entries on the main diagonal. Therefore, letting
V4 be the span of the eigenvectors associated with positive eigenvalues of A and Vg
being defined similarly, it suffices to show that these have the same dimensions. Show
that (Ax,x) > 0 for all x € V4. Next consider S*Vy4. For x € V4, explain why

(BS*x,5"x) = (5*1A(S*)*1S*x,s*x)
= (87'Ax,5*x) = (Ax, (Sfl)* S*x) = (4Ax,x) >0

Next explain why this shows that S*V, is a subspace of V5 and so the dimension of Vg
is at least as large as the dimension of V4. Hence there are at least as many positive
eigenvalues for B as there are for A. Switching A, B you can turn the inequality
around. Thus the two have the same inertia matrix.

Let A be an m x n matrix. Then if you unraveled it, you could consider it as a vector
in C™". The Frobenius inner product on the vector space of m x n matrices is defined
as

(A, B) = trace (AB™)

Show that this really does satisfy the axioms of an inner product space and that it
also amounts to nothing more than considering m x n matrices as vectors in C™™.

1Consider the n x n unitary matrices. Show that whenever U is such a matrix, it

follows that
‘U|(cnn =Vn

Next explain why if {U} is any sequence of unitary matrices, there exists a subse-
quence {Uy,, }~_, such that lim,, .o Ux,, = U where U is unitary. Here the limit
takes place in the sense that the entries of Uy, converge to the corresponding entries
of U.

TLet A, B be two n x n matrices. Denote by o (A) the set of eigenvalues of A. Define

dist (0 (A),0 (B)) = /\rerﬁ}z) min{|A —p|:p€o(B)}

Explain why dist (0 (4),0 (B)) is small if and only if every eigenvalue of A is close
to some eigenvalue of B. Now prove the following theorem using the above problem
and Schur’s theorem. This theorem says roughly that if A is close to B then the
eigenvalues of A are close to those of B in the sense that every eigenvalue of A is close
to an eigenvalue of B.

Theorem 6.10.2 Suppose limy_,o, A = A. Then

lim dist (o (Ay,), 0 (A)) =0

k—o0

b
Let A = “ J ) be a 2 x 2 matrix which is not a multiple of the identity. Show
c

that A is similar to a 2 X 2 matrix which has at least one diagonal entry equal to 0.
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Hint: First note that there exists a vector a such that Aa is not a multiple of a. Then
consider

-1
Bz(a Aa) A(a Aa)
Show B has a zero on the main diagonal.

49. 1 Let A be a complex n X n matrix which has trace equal to 0. Show that A is similar
to a matrix which has all zeros on the main diagonal. Hint: Use Problem 30 on
Page 128 to argue that you can say that a given matrix is similar to one which has
the diagonal entries permuted in any order desired. Then use the above problem and
block multiplication to show that if the A has k nonzero entries, then it is similar to
a matrix which has k — 1 nonzero entries. Finally, when A is similar to one which has
at most one nonzero entry, this one must also be zero because of the condition on the
trace.

50. TAn n x n matrix X is a comutator if there are n x n matrices A, B such that X =
AB — BA. Show that the trace of any comutator is 0. Next show that if a complex
matrix X has trace equal to 0, then it is in fact a comutator. Hint: Use the above
problem to show that it suffices to consider X having all zero entries on the main
diagonal. Then define

2 Xu ipi 20
A—  By={ 1f.z7éj
0ifi=j

6.11 Cauchy’s Interlacing Theorem for Eigenvalues

Recall that every Hermitian matrix has all real eigenvalues. The Cauchy interlacing theorem
compares the location of the eigenvalues of a Hermitian matrix with the eigenvalues of a
principal submatrix. It is an extremely interesting theorem.

Theorem 6.11.1 Let A be a Hermitian n X n matriz and let

y B

where B is (n — 1) x (n—1). Let the eigenvalues of B be pq < py < -+ < p,, 1. Then if
the eigenvalues of A are Ay < Ao < --- < Ay, it follows that Ay < py < Ag < pg < --- <
/’[/n—l S )‘n

Proof: First note that B is Hermitian because

A*:Ey:A:ay
y B* y B

It is easiest to consider the case where strict inequality holds for the eigenvalues for B so
first is an outline of reducing to this case.
There exists U unitary, depending on B such that U*BU = D where

Hq 0
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Now let {ex} be a decreasing sequence of very small positive numbers converging to 0 and
let By be defined by

ny + ek 0
po + 2ek
U*ByU = Dy, Dy =
0 Mn,1+(n_1)5k
where U is the above unitary matrix. Thus the eigenvalues of By, ft; < -+ < fi,,_; are

strictly increasing and fi; = p; + jey. Let Ay be given by

Ae=| 7
y Bk

Lo\, (1o) (10 a y* 1 o

ouv ) o v /)  \ouv y By 0 U
B a y* 10"\ a yU
B Uy U*B o U ) \Uvy D

We can replace y in the statement of the theorem with yj such that limg_.. yx = y but
zr, = U"yy has the property that each component of zy is nonzero. This will probably
take place automatically but if not, make the change. This makes a change in A; but still
limy_ oo Ax = A. The main part of this argument which follows has to do with fixed k.
Expanding det (A — Ay) along the top row, the characteristic polynomial for Ay is then

0= 0= JL A= S aP A i) () (A i) (627)

where (A — fi;) indicates that this factor is omitted from the product H?:_ll (A= f1;) . To see
why this is so, consider the case where By is 3 x 3. In this case, you would have

In general, you would have an n X n matrix on the right with the same appearance. Then
expanding as indicated, the determinant is

3
A=a)[JN— i) —Zrdet | 22 A—jy, 0

i=1

21 A— [ 0 21 A— [ 0
+Z2 det Z9 0 0 — Z3 det z9 0 A — ﬂQ
z3 0 A — ﬂ3 z3 0 0
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—(\—a Ay 12112 (N = fip) (A = fi3) + |22)* (X = fiy) (A — ja3)
R e ( 1zl (A = ) (A= ) )

Notice how, when you expand the 3 x 3 determinants along the first column, you have only
one non-zero term and the sign is adjusted to give the above claim. Clearly, it works the
same for any size matrix. Since the fi; are strictly increasing in ¢, it follows from 6.27 that
q(ft;) q (f1;41) < 0. However, since each |z;] # 0, none of the ¢ (j;) can equal 0 and so
q(i;)q (,[Ll +1) < 0. Hence, from the intermediate value theorem of calculus, there is a root

i=1

of ¢ ()) in each of the disjoint open intervals (f;, ft;,,). There are n — 2 of these intervals
and so this accounts for n — 2 roots of ¢ (X).

n—1
Q()\):()\_G)H A= i) Z|Zz| A=) ()\_ﬂi)"‘O\_ﬂnq)
i=1

What of ¢ (fi;)? Its sign is the same as (—1)"° and also ¢ (ft_1) < 0 . Therefore, there
is a root to ¢ (\) which is larger than fi,, ;. Indeed, limy_ o ¢ (A) = 0o so there exists a
root of ¢ () strictly larger than f,,_;. This accounts for n — 1 roots of ¢ (\). Now consider
q (f17) . Suppose first that n is odd. Then you have ¢ (fi;) > 0. Hence, there is a root of
g (M) which is no larger than [i; because in this case, limy_,_o ¢ (A) = —o0. If n is even,
then ¢ (fi;) < 0 and so there is a root of ¢ (A) which is smaller than fi; because in this case,
limy—,_ oo g (A\) = 0o. This accounts for all roots of ¢ (\). Hence, if the roots of ¢ () are
AL < A < -2 < A\, it follows that

A< iy <Ao< fig <-or < fhy 1 < Ap

To get the complete result, simply take the limit as k — oo. Then limg_, o ft;, = 5 and
Ap — A and so the eigenvalues of Ay converge to the corresponding eigenvalues of A (See
Problem 47 on Page 184), and so, passing to the limit, gives the desired result in which it
may be necessary to replace < with <. H

Definition 6.11.2 Let A be an n x n matriz. An (n—r) X (n—r) matriz is called a
principal submatriz of A if it is obtained by deleting from A the rows i1,12, - ,i, and the
columns i1,49, -+ , .

Now the Cauchy interlacing theorem is really the following corollary.

Corollary 6.11.3 Let A be an n x n Hermitian matriz and let B be an (n — 1) X (n -1)
principal submatriz. Then the interlacing inequality holds M1 < py < Ao < gy < --0 <
1 < A where the p,; are the eigenvalues of B listed in increasing order and the \; are
the eigenvalues of A listed in increasing order.

Proof: Suppose B is obtained from A by deleting the i*" row and the i*"* column. Then
let P be the permutation matrix which switches the it row with the first row. It is an
orthogonal matrix and so its inverse is its transpose. The transpose switches the i*" column

with the first column. See Problem 33 on Page 128. Thus PAPT = “ 31,3 ) and it
y

follows that the result of the multiplication is indeed as shown, a Hermitian matrix because
P, PT are orthogonal matrices. Now the conclusion of the corollary follows from Theorem
6.11.1. &
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Chapter 7

Vector Spaces and Fields

7.1 Vector Space Axioms

It is time to consider the idea of a vector space.

Definition 7.1.1 A wvector space is an Abelian group of “vectors” satisfying the axioms of
an Abelian group,
V+W=W-++V,

the commutative law of addition,
(v+w)+z=v+(w+2z),

the associative law for addition,
v+0=v,

the existence of an additive identity,
v+ (—=v) =0,

the existence of an additive inverse, along with a field of “scalars”, F which are allowed to
multiply the vectors according to the following rules. (The Greek letters denote scalars.)

a(v+w)=avtaw, (7.1)
(a+B) v =av+pv, (7.2)
a(Bv) =ab(v), (7.3)
lv=v. (7.4)

The field of scalars is usually R or C and the vector space will be called real or complex
depending on whether the field is R or C. However, other fields are also possible. For
example, one could use the field of rational numbers or even the field of the integers mod p
for p a prime. A vector space is also called a linear space.

For example, R™ with the usual conventions is an example of a real vector space and C"
is an example of a complex vector space. Up to now, the discussion has been for R™ or C"
and all that is taking place is an increase in generality and abstraction.

There are many examples of vector spaces.

Example 7.1.2 Let Q be a nonempty set and let V consist of all functions defined on )
which have values in some field F. The vector operations are defined as follows.

(f+9) (@) = [f(z)+g(x)
(af)(x) = of (z)
Then it is routine to verify that V with these operations is a vector space.

Note that F™ actually fits in to this framework. You consider the set 2 to be {1,2,--- ,n}
and then the mappings from 2 to F give the elements of F". Thus a typical vector can be
considered as a function.

Example 7.1.3 Generalize the above example by letting V' denote all functions defined on
Q which have values in a vector space W which has field of scalars F. The definitions of
scalar multiplication and vector addition are identical to those of the above example.

189
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7.2 Subspaces and Bases

7.2.1 Basic Definitions
Definition 7.2.1 If {vy,---,v,} C V, a vector space, then

n
span (vy, -+ ,vy) = {Zaivi Ty € ]F} .
i=1

A subset, W C V is said to be a subspace if it is also a vector space with the same field of
scalars. Thus W C 'V for W nonempty is a subspace if ax + by € W whenever a,b € F and
x,y € W. The span of a set of vectors as just described is an example of a subspace.

Example 7.2.2 Consider the real valued functions defined on an interval [a,b]. A subspace
is the set of continuous real valued functions defined on the interval. Another subspace is
the set of polynomials of degree no more than 4.

Definition 7.2.3 If {vy, -+ ,v,} CV, the set of vectors is linearly independent if

n
E o;V; = 0
i=1

implies
oap=--=a,=0
and {vi, -+ ,vp} is called a basis for V if
span (vy, -+ ,vy) =V
and {vy,--+ ,v,} is linearly independent. The set of vectors is linearly dependent if it is not

linearly independent.

7.2.2 A Fundamental Theorem

The next theorem is called the exchange theorem. It is very important that you understand
this theorem. It is so important that I have given several proofs of it. Some amount to the
same thing, just worded differently.

Theorem 7.2.4 Let {x1, - ,X,-} be a linearly independent set of vectors such that each x;
is in the span{yi,- - ,ys}. Thenr <s.

Proof 1: Define span{y;,---,ys} = V, it follows there exist scalars ¢, - ,¢s such
that

X1 = Z Ciyi- (75)
=1

Not all of these scalars can equal zero because if this were the case, it would follow that
x; = 0 and so {x1, -+ ,x,} would not be linearly independent. Indeed, if x; = 0, 1x; +
2;2 0x; = x1 = 0 and so there would exist a nontrivial linear combination of the vectors
{x1,++ ,x,} which equals zero.

Say ¢ # 0. Then solve 7.5 for yj and obtain

s-1 vectors here

Yi €span | X1, Y1, 5 Yk—1,Yk+15" " 5 ¥s
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Define {z1,--- ,zs—1} by

{z1,- 21} ={y1,  Ye—1, Ye41, S Ys)

Therefore, span{x1,21, - ,2s—1} = V because if v € V| there exist constants c1,--- ¢
such that
s—1
vV = Z CiZ;i + CsYk-
i=1
Now replace the y, in the above with a linear combination of the vectors, {x1,2z1, - ,Zs—1}
to obtain v € span {x1,21, - ,2s—1} . The vector yy, in the list {y1, -+ ,¥s}, has now been

replaced with the vector x; and the resulting modified list of vectors has the same span as
the original list of vectors, {y1, - ,¥s}-

Now suppose that r > s and that span{x1,--- ,x;,21,--- ,2,} = V where the vectors,
z1,- - ,Z, are each taken from the set, {y1,--- ,ys} and [+ p = s. This has now been done
for [ = 1 above. Then since r > s, it follows that [ < s < r and so [ 4+ 1 < r. Therefore, x;41
is a vector not in the list, {x1,---,x;} and since span{xi,--- ,x;,21, -+ ,2,} = V there
exist scalars ¢; and d; such that

l P
X1 = Z cix; + Z d;z;. (7.6)
i=1 j=1

Now not all the d; can equal zero because if this were so, it would follow that {x1,--- ,x,}
would be a linearly dependent set because one of the vectors would equal a linear combination
of the others. Therefore, (7.6) can be solved for one of the z;, say z, in terms of x;11 and
the other z; and just as in the above argument, replace that z; with x;;; to obtain

p-1 vectors here

span | Xy, Xp, Xj41,21, " Zk—1,Zk+1," " ,Zp =V

Continue this way, eventually obtaining
span (xi, -+ ,Xs) = V.

But then x, € span{xi,---,Xs} contrary to the assumption that {xi,---,x,} is linearly
independent. Therefore, r < s as claimed.

Proof 2: Let .
Xk = Z AjEY j
j=1

If r > s, then the matrix A = (a;jx) has more columns than rows. By Corollary 4.3.9
one of these columns is a linear combination of the others. This implies there exist scalars
¢, ,cr, not all zero such that

r
E ajka:O,jzl,"',T
k=1

Then

T S

T S T
chxk = ch Zajij = Z <Z Ckajk> y;=0
=1 k=1

k=1 j=1 j=1

which contradicts the assumption that {x1,---,x,} is linearly independent. Hence r < s.



192 CHAPTER 7. VECTOR SPACES AND FIELDS

Proof 3: Suppose r > s. Let z; denote a vector of {y1, - ,ys}. Thus there exists j as
small as possible such that
span (Y1, -+ ,¥s) =span (X1, ,Xpm, 21, ", Zj)
where m + j = s. It is given that m = 0, corresponding to no vectors of {x1,---,%,,} and

j = s, corresponding to all the yj results in the above equation holding. If j > 0 then m < s

and so
m J
Xmtl = E aRXy + E biz;
k=1 i=1

Not all the b; can equal 0 and so you can solve for one of them in terms of x,, 41, X, -+ , X1,
and the other z;. Therefore, there exists

{z1,--,2j_1} C{y1,--,¥s}
such that
span (yi,---,¥s) = span (X1, ,Xm41,%1," " 7Zj—1)
contradicting the choice of j. Hence j = 0 and
span (y1,- -+ ,¥s) = span (X, -+, Xs)

It follows that
Xs4+1 € span (Xq, -+ ,Xg)

contrary to the assumption the xj are linearly independent. Therefore, r < s as claimed. W
Corollary 7.2.5 If {uy, - ,u,} and {vy,---,v,} are two bases for V, then m = n.

Proof: By Theorem 7.2.4, m <n andn <m. B

Definition 7.2.6 A vector space V is of dimension n if it has a basis consisting of n vectors.
This is well defined thanks to Corollary 7.2.5. It is always assumed here that n < co and in
this case, such a vector space is said to be finite dimensional.

Example 7.2.7 Consider the polynomials defined on R of degree no more than 3, denoted

here as P3. Then show that a basis for Pj is {1,1;,:(:2,1;3}. Here 2% symbolizes the function
k

T — .

It is obvious that the span of the given vectors yields P;. Why is this set of vectors
linearly independent? Suppose

co+c1x + cox® + 03303 =0

where 0 is the zero function which maps everything to 0. Then you could differentiate three
times and obtain the following equations

c1 + 2c01x + 363.132 =0
2co + b6cgx =
6C3
Now this implies ¢3 = 0. Then from the equations above the bottom one, you find in

succession that co = 0,¢1 = 0,¢c9 = 0.

There is a somewhat interesting theorem about linear independence of smooth functions
(those having plenty of derivatives) which I will show now. It is often used in differential
equations.
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Definition 7.2.8 Let fi,---, fn be smooth functions defined on an interval [a,b]. The
Wronskian of these functions is defined as follows.

A@ L@ e fal@)
A@ @ - i@
W(f177fn)(.’17)5 : . .
A V@ @ @)

Note that to get from one row to the next, you just differentiate everything in that row. The
notation f*) (x) denotes the k' derivative.

With this definition, the following is the theorem. The interesting theorem involving the
Wronskian has to do with the situation where the functions are solutions of a differential
equation. Then much more can be said and it is much more interesting than the following
theorem.

Theorem 7.2.9 Let {f1, -+, fn} be smooth functions defined on [a,b]. Then they are lin-
early independent if there exists some point t € [a,b] where W (f1,---, fn) (t) #0.

Proof: Form the linear combination of these vectors (functions) and suppose it equals
0. Thus
aifitazfo+---+anfn=0
The question you must answer is whether this requires each a; to equal zero. If they all
must equal 0, then this means these vectors (functions) are independent. This is what it
means to be linearly independent.
Differentiate the above equation n — 1 times yielding the equations

arfi+asfo+---F+anfn=0
arfi +aafy+ - +anf), =0

alfl(nfl) + agfénfl) 4+ +ay, ,(Lnfl) =0

Now plug in t. Then the above yields

fi (@) L@ o fa(®) ay 0
RO ORI (1) o | o
V0 e e 0 ) e, 0

Since the determinant of the matrix on the left is assumed to be nonzero, it follows this
matrix has an inverse and so the only solution to the above system of equations is to have
each ap, = 0. N

Here is a useful lemma.

Lemma 7.2.10 Suppose v ¢ span (uy,---,u) and {uy, -+ ,ux} is linearly independent.
Then {uy,--- ,ug, v} is also linearly independent.

Proof: Suppose Z§:1 c;u; + dv = 0. It is required to verify that each ¢; = 0 and that
d = 0. But if d # 0, then you can solve for v as a linear combination of the vectors,

{ug,- -, up),
(3)w

1

k
V=

3
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contrary to assumption. Therefore, d = 0. But then Zle c;u; = 0 and the linear indepen-
dence of {uy,--- ,ux} implies each ¢; = 0 also. B

Given a spanning set, you can delete vectors till you end up with a basis. Given a linearly
independent set, you can add vectors till you get a basis. This is what the following theorem
is about, weeding and planting.

Theorem 7.2.11 IfV = span (uy,- - ,u,) then some subset of {uy, - ,u,} is a basis for
V. Also, if {uy, -+ ,ux} C V is linearly independent and the vector space is finite dimen-
sional, then the set, {uy,--- ,ux}, can be enlarged to obtain a basis of V.

Proof: Let

S={F C{uy, - ,u,} such that span (F)=V}.
For E € S, let |E| denote the number of elements of E. Let

m = min{|FE| such that £ € S}.

Thus there exist vectors
{Vla"' 7Vm} g {ulﬂ"' 7un}

such that
span (vy, -+ ,vy) =V

and m is as small as possible for this to happen. If this set is linearly independent, it follows
it is a basis for V' and the theorem is proved. On the other hand, if the set is not linearly
independent, then there exist scalars

Cl, " ,Cm
such that

m
0= E C;V;
i=1

and not all the ¢; are equal to zero. Suppose ¢ # 0. Then the vector, vi may be solved for
in terms of the other vectors. Consequently,

V= Span(vla"' y Vk—1, Vk+1, " * avm)

contradicting the definition of m. This proves the first part of the theorem.

To obtain the second part, begin with {u;,--- ,u;} and suppose a basis for V is
i)
If
span (ug, -+ ,ug) =V,

then & = n. If not, there exists a vector,

Up41 ¢ span (ug,--- ,ug).

Then by Lemma 7.2.10, {uy, -+ ,ug, ug41} is also linearly independent. Continue adding
vectors in this way until n linearly independent vectors have been obtained. Then

span (ug, - ,u,) =V
because if it did not do so, there would exist u,; as just described and {uy, - ,uny1}
would be a linearly independent set of vectors having n+1 elements even though {vy,--- ,v,}

is a basis. This would contradict Theorem 7.2.4. Therefore, this list is a basis. W
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7.2.3 The Basis of a Subspace

Every subspace of a finite dimensional vector space is a span of some vectors and in fact it
has a basis. This is the content of the next theorem.

Theorem 7.2.12 Let V be a nonzero subspace of a finite dimensional vector space W of
dimension n. Then V' has a basis with no more than n vectors.

Proof: Let vi € V where vi # 0. If span{vi} = V, stop. {vi} is a basis for V.
Otherwise, there exists vo € V which is not in span {v;}. By Lemma 7.2.10 {v,vso} is a
linearly independent set of vectors. If span{vi,vo} =V stop, {vi,va} is a basis for V. If
span{vy,va} # V, then there exists v3 ¢ span{vy,vo} and {vi,vs,v3} is a larger linearly
independent set of vectors. Continuing this way, the process must stop before n + 1 steps
because if not, it would be possible to obtain n 4 1 linearly independent vectors contrary to
the exchange theorem, Theorem 7.2.4. B

7.3 Lots of Fields
7.3.1 Irreducible Polynomials

I mentioned earlier that most things hold for arbitrary fields. However, I have not bothered
to give any examples of other fields. This is the point of this section. It also turns out that
showing the algebraic numbers are a field can be understood using vector space concepts
and it gives a very convincing application of the abstract theory presented earlier in this
chapter.

Here I will give some basic algebra relating to polynomials. This is interesting for its
own sake but also provides the basis for constructing many different kinds of fields. The
first is the Euclidean algorithm for polynomials.

Definition 7.3.1 A polynomial is an expression of the form p(X) = >} _, ar\® where as
usual X° is defined to equal 1. Two polynomials are said to be equal if their corresponding
coefficients are the same. Thus, in particular, p(\) = 0 means each of the a = 0. An
element of the field A is said to be a root of the polynomial if p(\) = 0 in the sense that
when you plug in \ into the formula and do the indicated operations, you get 0. The degree
of a nonzero polynomial is the highest exponent appearing on \. The degree of the zero
polynomial p (\) = 0 is not defined. A polynomial of degree n is monic if the coefficient of
A" is 1. In any case, this coefficient is called the leading coefficient.

Example 7.3.2 Consider the polynomial p (\) = A2+ X where the coefficients are in Zo. Is
this polynomial equal to 09 Not according to the above definition, because its coefficients are
not all equal to 0. However, p(1) = p(0) = 0 so it sends every element of Zs to 0. Note the
distinction between saying it sends everything in the field to 0 with having the polynomial be
the zero polynomial.

The fundamental result is the division theorem for polynomials. It is Lemma 1.10.10 on
Page 25. We state it here for convenience.

Lemma 7.3.3 Let f (A\) and g (\) # 0 be polynomials. Then there exists a polynomial, q (\)
such that

FA)=aN)gN)+rQ)

where the degree of v (\) is less than the degree of g (\) or r(A) = 0. These polynomials
qg(A\) and r (\) are unique.
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In what follows, the coefficients of polynomials are in F, a field of scalars which is
completely arbitrary. Think R if you need an example.

Definition 7.3.4 A polynomial f is said to divide a polynomial g if g(\) = f(A)r () for
some polynomial v (X). Let {¢; (\)} be a finite set of polynomials. The greatest common
divisor will be the monic polynomial q (\) such that q (\) divides each ¢; (A) and if p (\)
divides each ¢; (N\), then p () divides g (\). The finite set of polynomials {¢,} is said to be
relatively prime if their greatest common divisor is 1. A polynomial f (\) is irreducible if
there is no polynomial with coefficients in F which divides it except nonzero scalar multiples
of f(X) and constants. In other words, it is not possible to write f (A) = a (X)b(X) where
each of a (\),b(\) have degree less than the degree of f (\).

Proposition 7.3.5 The greatest common divisor is unique.

Proof: Suppose both g (A) and ¢’ (A) work. Then ¢ (A) divides ¢’ (A) and the other way
around and so

¢ N =qgN)IA), a(X)=1"(N)d (N
Therefore, the two must have the same degree. Hence I’ (\),1(\) are both constants. How-
ever, this constant must be 1 because both ¢ (A) and ¢’ (\) are monic. B

Theorem 7.3.6 Let v (A) be the greatest common divisor of {¢; (A\)}, not all of which are
zero polynomials. Then there exist polynomials r; (A\) such that

Furthermore, ¥ (X) is the monic polynomial of smallest degree which can be written in the
above form.

Proof: Let S denote the set of monic polynomials which are of the form

P

D ori(N) e (V)

i=1

where 7; (A) is a polynomial. Then S # ) because some ¢; (A) # 0. Then let the r; be chosen
such that the degree of the expression Y 7, r; (A) ¢; (A) is as small as possible. Letting ) (\)
equal this sum, it remains to verify it is the greatest common divisor. First, does it divide
each ¢; (\)? Suppose it fails to divide ¢; (A). Then by Lemma 7.3.3

o1 (AN) =9 NI +7(A)

where degree of 7 () is less than that of ¢ (A). Then dividing 7 (A) by the leading coefficient
if necessary and denoting the result by 1 (\), it follows the degree of ¥, (A) is less than
the degree of ¥ (\) and 1, () equals

1 (A) = (91 (A) = (VN L(A) e
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for a suitable a € F. This is one of the polynomials in S. Therefore, ¢ (\) does not have
the smallest degree after all because the degree of 1, () is smaller. This is a contradiction.
Therefore, 9 (A\) divides ¢ (A). Similarly it divides all the other ¢, ().

If p (M) divides all the ¢, (\), then it divides 1 (A) because of the formula for ¢ (\) which
equals > 8 _ (M) ¢, (A). A

Lemma 7.3.7 Suppose ¢ (\) and ¢ (\) are monic polynomials which are irreducible and
not equal. Then they are relatively prime.

Proof: Suppose 1 (A) is a nonconstant polynomial. If n(\) divides ¢ (\), then since
¢ (N) is irreducible, n (A) equals a¢ (A) for some a € F. If 5 (A) divides ¢ (A) then it must
be of the form by (\) for some b € F and so it follows

PO =300

but both ¢ (A) and ¢ (A) are monic polynomials which implies a = b and so ¥ (A) = ¢ (A).
This is assumed not to happen. It follows the only polynomials which divide both ¢ ()
and ¢ (A) are constants and so the two polynomials are relatively prime. Thus a polynomial
which divides them both must be a constant, and if it is monic, then it must be 1. Thus 1
is the greatest common divisor. l

Lemma 7.3.8 Let ¢ (\) be an irreducible monic polynomial not equal to 1 which divides

P
H &, (/\)kl , k; a positive integer,

i=1
where each ¢; (N\) is an irreducible monic polynomial not equal to 1. Then 1) (A) equals some
¢i (A).
Proof : Say ¢ (A\) I (\) =10, ¢, (A" . Suppose 1 (A) # ¢; (A) for all i. Then by Lemma
7.3.7, there exist polynomials m; (), n; (A) such that
L= o N)mi(A)+é; (M) ni (A)
o (Mni(A) = 1=v(X)mi())

Hence,
p ) = wWTN) e =TT () 6 )"
i=1 i=1
= JJa-v0)mi)" =1+gN) 00

i=1
for a polynomial g (\). Thus
L=¢ ) (n(A) —g(N)
which is impossible because 1 (A) is not equal to 1. B
Now here is a simple lemma about canceling monic polynomials.

Lemma 7.3.9 Suppose p (A\) is a monic polynomial and q (\) is a polynomial such that
p(A)a(A)=0.

Then g (A) = 0. Also if
PN @A) =pA)a})
then q1 (A) = g2 (A) .
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Proof: Let

k n
PN = N, gV =) aXN, pp=1.
=1 =1

Then the product equals
k n

> D piaAt.
j=1i=1
Then look at those terms involving A**™. This is prga\*™"

pr = 1, it follows ¢, = 0. Thus
k
j=1

)\nflJrk

and is given to be 0. Since

n—1 o
pjgiX = 0.
1

i=

Then consider the term involving and conclude that since p = 1, it follows ¢,,_1 = 0.
Continuing this way, each ¢; = 0. This proves the first part. The second follows from

PN (@A) —g()=01
The following is the analog of the fundamental theorem of arithmetic for polynomials.

Theorem 7.3.10 Let f (\) be a nonconstant polynomial with coefficients in F. Then there
is some a € F such that f () = a[]_; ¢; (\) where ¢; (\) is an irreducible nonconstant
monic polynomial and repeats are allowed. Furthermore, this factorization is unique in the
sense that any two of these factorizations have the same nonconstant factors in the product,
possibly in different order and the same constant a.

Proof: That such a factorization exists is obvious. If f () is irreducible, you are done.
Factor out the leading coefficient. If not, then f (A) = a¢; (A) ¢y (A) where these are monic
polynomials. Continue doing this with the ¢, and eventually arrive at a factorization of the
desired form.

It remains to argue the factorization is unique except for order of the factors. Suppose

where the ¢, (A) and the v, () are all irreducible monic nonconstant polynomials and a,b €
F. If n > m, then by Lemma 7.3.8, each 1, (A) equals one of the ¢, ()). By the above
cancellation lemma, Lemma 7.3.9, you can cancel all these ¢, (\) with appropriate ¢, (})
and obtain a contradiction because the resulting polynomials on either side would have
different degrees. Similarly, it cannot happen that n < m. It follows n = m and the two
products consist of the same polynomials. Then it follows a = b. B

The following corollary will be well used. This corollary seems rather believable but does
require a proof.

Corollary 7.3.11 Letq(\) =[]\, ¢; (N where the k; are positive integers and the ¢, (N)
are irreducible monic polynomials. Suppose also that p(X\) is a monic polynomial which

divides q (\). Then
P

PN =]Te: V"
i=1

where r; is a nonnegative integer no larger than k;.
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Proof: Using Theorem 7.3.10, let p(\) = b[[;_; ¢; (A\)" where the 9, (\) are each
irreducible and monic and b € F. Since p () is monic, b = 1. Then there exists a polynomial
g (A) such that

s P
PN g =gW)[e: V" =] NV"
i=1 i=1
Hence g (\) must be monic. Therefore,
p(N)

s ! P
pMN g =]Tvs " [T ) =]Te: V"

i=1 j=1 i=1

for n; monic and irreducible. By uniqueness, each 1; equals one of the ¢; (M) and the same
holding true of the 7, (\). Therefore, p (\) is of the desired form. W

7.3.2 Polynomials and Fields

When you have a polynomial like 22 — 3 which has no rational roots, it turns out you can
enlarge the field of rational numbers to obtain a larger field such that this polynomial does
have roots in this larger field. I am going to discuss a systematic way to do this. It will
turn out that for any polynomial with coefficients in any field, there always exists a possibly
larger field such that the polynomial has roots in this larger field. This book has mainly
featured the field of real or complex numbers but this procedure will show how to obtain
many other fields which could be used in most of what was presented earlier in the book.
Here is an important idea concerning equivalence relations which I hope is familiar.

Definition 7.3.12 Let S be a set. The symbol, ~ is called an equivalence relation on S if
it satisfies the following axioms.

1. x~x forallzeS. (Reflexive)
2. If x ~y then y ~ x. (Symmetric)
3. Ifx~y and y ~ z, then x ~ z. (Transitive)

Definition 7.3.13 [z] denotes the set of all elements of S which are equivalent to x and
[x] is called the equivalence class determined by x or just the equivalence class of x.

Also recall the notion of equivalence classes.

Theorem 7.3.14 Let ~ be an equivalence relation defined on a set, S and let H denote the
set of equivalence classes. Then if [x] and [y] are two of these equivalence classes, either
x ~y and [x] = [y] or it is not true that x ~y and [x] N [y] = 0.

Definition 7.3.15 Let F be a field, for example the rational numbers, and denote by F [z
the polynomials having coefficients in F. Suppose p (x) is a polynomial. Let a(x) ~ b(x)
(a (x) is similar to b(x)) when

a (@)~ b(z) = k (z)p (x)
for some polynomial k (z) .

Proposition 7.3.16 In the above definition, ~ is an equivalence relation.
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Proof: First of all, note that a(x) ~ a(x) because their difference equals Op (x). If
a(x) ~ b(x), then a(x) —b(x) = k(x)p(x) for some k(x). But then b(z) —a(x) =
—k(z)p(x) and so b(x) ~ a(x). Next suppose a(z) ~ b(xz) and b(x) ~ c¢(z). Then
a(xz) —b(x) = k(z)p(x) for some polynomial k (z) and also b (z) — c(z) = I (z) p(x) for
some polynomial [ (x). Then

a(x)—c(x)=a(z)—b(z)+b(x)—c(x)

=k(@)p(x) +1(x)p(z) = ((z) + k(z))p (z)

and so a (x) ~ ¢(z) and this shows the transitive law. B

With this proposition, here is another definition which essentially describes the elements
of the new field. It will eventually be necessary to assume the polynomial p (z) in the above
definition is irreducible so I will begin assuming this.

Definition 7.3.17 Let F be a field and let p (x) € F [x] be a monic irreducible polynomial of
degree greater than 0. Thus there is no polynomial having coefficients in F which divides p (x)
except for itself and constants, and its leading coefficient is 1. For the similarity relation
defined in Definition 7.3.15, define the following operations on the equivalence classes. [a (x)]
is an equivalence class means that it is the set of all polynomials which are similar to a (x).

[a (@)] + [b(2)] = [a(z) +b(2)]
[a ()] [b(2)] = la(2) b ()]
This collection of equivalence classes is sometimes denoted by F [x] / (p (z)).

Proposition 7.3.18 In the situation of Definition 7.3.17 where p (x) is a monic irreducible
polynomial, the following are valid.

1. p(z) and q(x) are relatively prime for any q(x) € F[x] which is not a multiple of
p(x).

The definitions of addition and multiplication are well defined.
Ifa,b € F and [a] = [b], thena = b. ThusT can be considered a subset of F [z] / (p (x)) .

Flz]/ (p(x)) is a field in which the polynomial p (x) has a root.

Flz]/ (p(x)) is a vector space with field of scalars F and its dimension is m where m
is the degree of the irreducible polynomial p ().

Proof: First consider the claim about p (x), g (z) being relatively prime. If ¥ (z) is the
greatest common divisor, it follows ¢ (x) is either equal to p(x) or 1. If it is p(x), then
g (x) is a multiple of p () which does not happen. If it is 1, then by definition, the two
polynomials are relatively prime.

To show the operations are well defined, suppose

It is necessary to show
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Consider the second of the two.

)b ()
= d @V (@) - a@)V (@) +a(@)V (@) —a

= V' (2)(d (x) —a(x)) +a(x) (V' () - b()

Now by assumption (a' () — a (z)) is a multiple of p (z) as is (b’ (z) — b(x)), so the above
is a multiple of p (z) and by definition this shows [a (x)b(x)] = [@’ ()b’ (z)]. The case for
addition is similar.

Now suppose [a] = [b] . This means a — b = k (x) p (z) for some polynomial k (z). Then
k () must equal 0 since otherwise the two polynomials a — b and & (x) p (x) could not be
equal because they would have different degree.

It is clear that the axioms of a field are satisfied except for the one which says that non
zero elements of the field have a multiplicative inverse. Let [g (¢)] € F[z]/ (p(x)) where
[q ()] # [0]. Then ¢ () is not a multiple of p (z) and so by the first part, ¢ (x),p (z) are
relatively prime. Thus there exist n (z),m (z) such that

L=n(z)q(x)+m(z)p ()

(x)b(x)
)

Hence
[ = =n(x)p@)]=[n(r)q@)]=[n()lq@)
which shows that [¢ (2)]”" = [n (2)]. Thus this is a field. The polynomial has a root in this
field because if
p(r) =2 + apm_ 2™+ +ayz + ao,
[0 = [p (2)] = [2]™ + [am—1] [2]™ " + -+~ + [a] [] + [ao]

Thus [z] is a root of this polynomial in the field F [z] / (p (x)).
Consider the last claim. Let f(z) € Flz]/(p(z)). Thus [f ()] is a typical thing in
Flz] / (p(z)). Then from the division algorithm,

fe) =p(x)q(z)+r(x)
where 7 (x) is either 0 or has degree less than the degree of p (). Thus

but clearly [r (z)] € span ([1] I [x]m_1> . Thus span ([1] S ,[x]m_l) =F[z]/ (p(x)).
Then {[1] e ,[:z:]m_l} is a basis if these vectors are linearly independent. Suppose then
that

m—1 m—1

z ¢ lz [Z CiT ] =0

i=0 i=0

Then you would need to have p(z) /> ", " ¢;2' which is impossible unless each ¢; = 0
because p (z) has degree m. B

From the above theorem, it makes perfect sense to write b rather than [b] if b € F. Then

with this convention,
[b¢ (x)] = [b] [¢ (x)] = b[¢ (x)] .

This shows how to enlarge a field to get a new one in which the polynomial has a root.
By using a succession of such enlargements, called field extensions, there will exist a field
in which the given polynomial can be factored into a product of polynomials having degree
one. The field you obtain in this process of enlarging in which the given polynomial factors
in terms of linear factors is called a splitting field.
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Remark 7.3.19 The polynomials consisting of all polynomial multiples of p (x), denoted
by (p(x)) is called an ideal. An ideal T is a subset of the commutative ring (Here the ring
is Fx].) with unity consisting of all polynomials which is itself a ring and which has the
property that whenever f (z) € Flz], and g (z) € I, f(x)g(x) € I. In this case, you could
argue that (p (x)) is an ideal and that the only ideal containing it is itself or the entire ring
F[z]. This is called a mazimal ideal.

Example 7.3.20 The polynomial x> — 2 is irreducible in Q [z]. This is because if x*> —2 =
p(x) q(x) where p(x),q(x) both have degree less than 2, then they both have degree 1. Hence
you would have x?> — 2 = (x + a) (z + b) which requires that a +b = 0 so this factorization
is of the form (z — a) (z + a) and now you need to have a = /2 ¢ Q. Now Q[z] / (2% — 2)
is of the form a + b[z] where a,b € Q and [x]* —2 = 0. Thus one can regard [z] as v/2.
Q[z]/ (z* —2) is of the form a + bv/2.

In the above example, [;v2 + x] is not zero because it is not a multiple of 2 — 2. What

is [a:Q + x} ~'2 You know that the two polynomials are relatively prime and so there exists
n (x),m (z) such that
1=n(z) (2* - 2) + m(z) (z° + z)

Thus [m (z)] = [z + x]_l. How could you find these polynomials? First of all, it suffices
to consider only n () and m (x) having degree less than 2.

1= (az +b) (2° —2) + (cx + d) (2* + )

1 =az® — 20+ ba? + cx? + cx® + da? — 2ax + dx

Now you solve the resulting system of equations.

Then the desired inverse is [—%m + 1}. To check,

(—;m—&-l) (x2+m)—1=—%(x—l)(x2—2)

Thus [—32 + 1] [2? + 2] — [1] = [0].
The above is an example of something general described in the following definition.

Definition 7.3.21 Let F C K be two fields. Then clearly K is also a vector space over
F. Then also, K is called a finite field extension of F if the dimension of this vector space,
denoted by [K : F] is finite.

There are some easy things to observe about this.
Proposition 7.3.22 Let F C K C L be fields. Then [L: F|=[L: K][K : F].

Proof: Let {I;},_, be a basis for L over K and let {kj};n:l be a basis of K over F. Then
if [ € L, there exist unique scalars z; in K such that

i=1
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Now z; € K so there exist f;; such that

m
T = Z fiik;
i=1
Then it follows that .
l= Z Z fiikli
i=1 j=1

It follows that {k;I;} is a spanning set. If

DD ikl =0

i=1j=1

Then, since the I; are independent, it follows that

m

> ik =0
j=1

and since {k;} is independent, each f;; = 0 for each j for a given arbitrary i. Therefore,
{kjl;} is a basis. W

Note that if p () were not irreducible, then you could find a field extension G containing
aroot of p (z) such that [G : F] < n. You could do this by working with an irreducible factor

of p (z).

Theorem 7.3.23 Letp(z) = 2"+a,_12" 1+ - -+ajz+ag be a polynomial with coefficients
in a field of scalars F. There exists a larger field G and {z1,--- ,z,} contained in G, listed
according to multiplicity, such that

p(z)=]] (=)

i=1
This larger field is called a splitting field. Furthermore,
G :F] <nl

Proof: From Proposition 7.3.18, there exists a field F; such that p (z) has a root, z;

(= [z] if p is irreducible.) Then by the Euclidean algorithm
p@)=(@—2)aq(z)+r
where r € F;. Since p(z1) = 0, this requires »r = 0. Now do the same for ¢; (z) that was
done for p (z), enlarging the field to Fs if necessary, such that in this new field
a1 (z) = (z— 22) g2 (2) .
and so
p(@) = (z—21) (x — 22) g2 ()

After n such extensions, you will have obtained the necessary field G.

Finally consider the claim about dimension. By Proposition 7.3.18, there is a larger field
G1 such that p (z) has a root a; in Gy and [G; : F] < n. Then

p(@) = (z—a1)q(z)

Continue this way until the polynomial equals the product of linear factors. Then by
Proposition 7.3.22 applied multiple times, [G: F] <n!. B
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Example 7.3.24 The polynomial 2% + 1 is irreducible in R [x], polynomials having real
coefficients. To see this is the case, suppose 1 (x) divides > + 1. Then

2+ 1=1(x)q(a)

If the degree of ¥ (x) is less than 2, then it must be either a constant or of the form ax + b.
In the latter case, —b/a must be a zero of the right side, hence of the left but % + 1 has no
real zeros. Therefore, the degree of ¥ (x) must be two and g (x) must be a constant. Thus
the only polynomial which divides 2 + 1 are constants and multiples of % + 1. Therefore,
this shows x4 1 is irreducible. Find the inverse of [a:2 +x + 1] in the space of equivalence
classes, R/ (z? +1) .
You can solve this with partial fractions.
1 T r+1

(22 +1) (22 + 2 +1) TE2F1 P re+i

and so
1= (-2)(@®+24+1)+ (x+1) (*+1)
which implies
1~ (—2) (2* +241)
and so the inverse is [—z].

The following proposition is interesting. It was essentially proved above but to emphasize
it, here it is again.

Proposition 7.3.25 Suppose p(z) € F[z] is irreducible and has degree n. Then every
element of G = Fx]/ (p(x)) is of the form [0] or [r(x)] where the degree of r (x) is less
than n.

Proof: This follows right away from the Euclidean algorithm for polynomials. If & (z)
has degree larger than n — 1, then

k(x) =q(z)p(z) +r(z)
where 7 (x) is either equal to 0 or has degree less than n. Hence
[k (@)] =[r(z)]. ™

Example 7.3.26 In the situation of the above example, find [ax + b]f1 assuming a® + b* #
0. Note this includes all cases of interest thanks to the above proposition.

You can do it with partial fractions as above.

1 b—ax a?

@) (az+6) (@102 @2+ 1) | (@ + ) (az 1)

and so
1—;(17— ) ( +b)+a72(2+1)
= 2ir ax) (ax @@+ 1) T
Thus 1
and so
[ax+b}71 _ [(b—ax)]  b—alx]

a2+b2 7a2+b2

You might find it interesting to recall that (ai +b)™" = ab;flfz.
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7.3.3 The Algebraic Numbers

Each polynomial having coefficients in a field F has a splitting field. Consider the case of all
polynomials p (z) having coefficients in a field F C G and consider all roots which are also
in G. The theory of vector spaces is very useful in the study of these algebraic numbers.
Here is a definition.

Definition 7.3.27 The algebraic numbers A are those numbers which are in G and also
roots of some polynomial p (x) having coefficients in F. The minimal polynomial of a € A
is defined to be the monic polynomial p (x) having smallest degree such that p (a) = 0.

The next theorem is on the uniqueness of the minimal polynomial.

Theorem 7.3.28 Let a € A. Then there exists a unique monic irreducible polynomial p (x)
having coefficients in F such that p (a) = 0. This polynomial is the minimal polynomial.

Proof: Let p(z) be a monic polynomial having smallest degree such that p(a) = 0.
Then p(x) is irreducible because if not, there would exist a polynomial having smaller
degree which has a as a root. Now suppose ¢ (x) is monic with smallest degree such that
q(a) =0. Then

q(x) =p(x)l(x)+r(z)

where if 7 (z) # 0, then it has smaller degree than p(x). But in this case, the equation
implies r (a) = 0 which contradicts the choice of p (x). Hence r () = 0 and so, since ¢ (z)
has smallest degree, [ (z) = 1 showing that p (z) = ¢ (x). B

Definition 7.3.29 For a an algebraic number, let deg (a) denote the degree of the minimal
polynomial of a.

Also, here is another definition.
Definition 7.3.30 Let a1, -+ ,a;, be in A. A polynomial in {ay,--- ,an,} will be an ex-
pression of the form
Z akl‘..kna’fl .- -afb"
ky-k
where the ay, ...k, are in F, each k; is a nonnegative integer, and all but finitely many of the
Ak, ...k, equal zero. The collection of such polynomials will be denoted by
F[ala"' aam]-

Now notice that for a an algebraic number, F [a] is a vector space with field of scalars F.
Similarly, for {ai,--- ,a;} algebraic numbers, F[ay,- - ,a.] is a vector space with field of
scalars F. The following fundamental proposition is important.

Proposition 7.3.31 Let {a1, - ,am} be algebraic numbers. Then

m

dimF[a, - ,an] < [ ] deg (a;)
Jj=1

and for an algebraic number a,
dimF [a] = deg (a)

Every element of Flay, -+ ,am] is in A and Flay, - ,ay] is a field.
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Proof: Let the minimal polynomial of a be
p(z)=2"+ 12" L+ a1z + a.
If g (a) € Fla], then
q(z) =p(@)l(x)+r(r)

where r (x) has degree less than the degree of p(z) if it is not zero. Hence ¢ (a) = 7 (a).
Thus F [a] is spanned by
{1,0,,0,2,"' aanil}

Since p (z) has smallest degree of all polynomials which have a as a root, the above set is
also linearly independent. This proves the second claim.

Now consider the first claim. By definition, Flaj,- - ,am] is obtained from all linear
combinations of products of {a]fl , aéQ, ceey aﬁ"} where the k; are nonnegative integers. From

the first part, it suffices to consider only k; < deg(a;). Therefore, there exists a spanning
set for Flay,- -, an,] which has

I] dee (@)

i=1

entries. By Theorem 7.2.4 this proves the first claim.
Finally consider the last claim. Let g (a1, ,a.,,) be a polynomial in {aq, - ,a,,} in
Flay, -+ ,am]. Since

dimF[a, -+ ,am] =p < [[ deg (a;) < o0,

j=1
it follows
2
1ag(a17"' 7a’m)7g(a'17"' 7a’m) [ 7g(a/1a"' 7a‘m)p
are dependent. It follows g (a1, ,an,) is the root of some polynomial having coefficients
in F. Thus everything in F[aq,- - ,a,,] is algebraic. Why is Flay, -+ ,a,] a field? Let
g(ay, - ,an) be as just mentioned. Then it has a minimal polynomial,

p(x) =29 +ag 139"+ + a1z + ag

where the a; € F. Then ag # 0 or else the polynomial would not be minimal. Therefore,

g (al’ T aam) (g (alv T 7am)q71 +aq-19 (alv T 7am)¢1*2 ot al) -
and so the multiplicative inverse for g (ai, - ,ap) is
.. q_l .. q_2 ..
glas,-am) +aq_1gia1, m)” " E et €Flar, - ,am].
—ag

The other axioms of a field are obvious. B
Now from this proposition, it is easy to obtain the following interesting result about the
algebraic numbers.

Theorem 7.3.32 The algebraic numbers A, those roots of polynomials in T [x] which are
in G, are a field.
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Proof: By definition, each a € A has a minimal polynomial. Let a # 0 be an algebraic
number and let p (z) be its minimal polynomial. Then p () is of the form
"+ ap_12" V- aix +ao
where ag # 0. Otherwise p(z) would not have minimal degree. Then plugging in a yields

(anfl + anilan72 4+ .. 4 al) (_]_)
a =1.
ag

n—1 n—2_ ., _
and so a=1 = (" P ransa” Hetan) (21 € Fla]. By the proposition, every element of F [a]

is in A and this shows tha?cO for every nonzero element of A, its inverse is also in A. What
about products and sums of things in A? Are they still in A? Yes. If a,b € A, then both
a+ b and ab € F[a,b] and from the proposition, each element of F [a, ] is in A. B

A typical example of what is of interest here is when the field F of scalars is Q, the
rational numbers and the field G is R. However, you can certainly conceive of many other
examples by considering the integers mod a prime, for example (See Problem 34 on Page
211 for example.) or any of the fields which occur as field extensions in the above.

There is a very interesting thing about F[a; - - - a,,] in the case where F is infinite which
says that there exists a single algebraic v such that Fla;---a,] = F[y]. In other words,
every field extension of this sort is a simple field extension. I found this fact in an early
version of [5].

Proposition 7.3.33 There exists v such that Fay -- - a,] = F [y].

Proof: To begin with, consider F [« 8]. Let v = o + A3. Then by Proposition 7.3.31 ~
is an algebraic number and it is also clear

F[v] CFla,f]

I need to show the other inclusion. This will be done for a suitable choice of A. To do this,
it suffices to verify that both o and 8 are in F [].

Let the minimal polynomials of o and 3 be f (z) and g (x) respectively. Let the distinct
roots of f (x) and g (z) be {1, a9, -+ ,an} and {5, B, -+, B,,} respectively. These roots
are in a field which contains splitting fields of both f (z) and g (x). Let o = a; and 8 = ;.
Now define

B@) = f(a+A8—Az) = f (v — )

so that h(8) = f(a) = 0. It follows (x — 8) divides both h (z) and g (z). If (z —n) is a
different linear factor of both g (z) and h (z) then it must be (z — 3;) for some j3; for some
j > 1 because these are the only factors of g (z). Therefore, this would require

0=h(8;) = (a1 +AB, — AB;)
and so it would be the case that a; + AB; — AB; = ay, for some k. Hence

ap — Qa7
B1—B;

Now there are finitely many quotients of the above form and if A is chosen to not be any of
them, then the above cannot happen and so in this case, the only linear factor of both g (z)
and h (z) will be (z — /). Choose such a A.

Let ¢ (z) be the minimal polynomial of 8 with respect to the field F[y]. Then this
minimal polynomial must divide both h (z) and g (z) because h (8) = g (8) = 0. However,

A:
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the only factor these two have in common is  — 8 and so ¢ (z) = « — 8 which requires
B € Flvy]. Now also &« = v — A8 and so a € F[] also. Therefore, both «, 5 € F[y] which
forces F [a, 8] C F [] . This proves the proposition in the case that n = 2. The general result
follows right away by observing that

Flay - -an) =Flar- - an—1][an]

and using induction. W

When you have a field IF, F (a) denotes the smallest field which contains both F and a.
When a is algebraic over F, it follows that F (a) = F [a] . The latter is easier to think about
because it just involves polynomials.

7.3.4 The Lindemannn Weierstrass Theorem and Vector Spaces

As another application of the abstract concept of vector spaces, there is an amazing theorem
due to Weierstrass and Lindemannn.

Theorem 7.3.34 Suppose ai,--- ,a, are algebraic numbers, roots of a polynomial with
rational coefficients, and suppose ay,- -+ , oy, are distinct algebraic numbers. Then

z": a;e™ #0
i=1

In other words, the {e®,--- e®"} are independent as vectors with field of scalars equal to
the algebraic numbers.

For a proof, you can see my book ”Linear Algebra and Analysis”.

A number is transcendental, as opposed to algebraic, if it is not a root of a polynomial
which has integer (rational) coefficients. Most numbers are this way but it is hard to verify
that specific numbers are transcendental. That 7 is transcendental follows from

e? + e = 0.

By the above theorem, this could not happen if = were algebraic because then iw would also
be algebraic. Recall these algebraic numbers form a field and i is clearly algebraic, being
a root of 2% 4+ 1. This fact about 7 was first proved by Lindemannn in 1882 and then the
general theorem above was proved by Weierstrass in 1885. This fact that m is transcendental
solved an old problem called squaring the circle which was to construct a square with the
same area as a circle using a straight edge and compass. It can be shown that the fact « is
transcendental implies this problem is impossible.!

7.4 Exercises

1 1 1 0
1. Let H denote span 2 |,1 4 1,] 3 |.,| 1 . Find the dimension of H
0 0 1 1

and determine a basis.

2. Let M = {u = (u1,usg, us, ug) € R*:ug =u = O} . Is M a subspace? Explain.

1Gilbert, the librettist of the Savoy operas, may have heard about this great achievement. In Princess
Ida which opened in 1884 he has the following lines. “As for fashion they forswear it, so the say - so they
say; and the circle - they will square it some fine day some fine day.” Of course it had been proved impossible
to do this a couple of years before.
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3.

4.

10.

11.

12.

13.

Let M = {u = (u1,ug,u3,ug) € R :ug > ul} . Is M a subspace? Explain.
Let w € R* and let M = {u = (u1,us,us, ug) € R*:w-u= 0}. Is M a subspace?
Explain.

. Let M = {u = (u1,ug,u3,uqs) € R* : u; >0 for each i = 1,2,3,4} . Is M a subspace?
Explain.

. Let w, w; be given vectors in R* and define

M:{u:(ul,ug,u37u4)€R4zw-u:0andw1~u:0}.

Is M a subspace? Explain.

. Let M = {u = (uy,us,u3,ug) € R : |ug| < 4} . Is M a subspace? Explain.
. Let M = {u = (uy,us,u3,us) € R* : sin (uy) = 1}. Is M a subspace? Explain.

. Suppose {x1, - ,Xx} is a set of vectors from F™. Show that 0 is in span (x1,- - ,Xg) .

Consider the vectors of the form

2t + 3s
s—t :s,teR
t+s

Is this set of vectors a subspace of R3? If so, explain why, give a basis for the subspace
and find its dimension.

Consider the vectors of the form
2+ 3s+u
s—t

t+s
u

:s,t,u € R

Is this set of vectors a subspace of R*? If so, explain why, give a basis for the subspace
and find its dimension.

Consider the vectors of the form

2t+u—+1

t+ 3u

t+s+wv
U

cs,t,u,v €ER

Is this set of vectors a subspace of R*? If so, explain why, give a basis for the subspace
and find its dimension.

Let V' denote the set of functions defined on [0,1]. Vector addition is defined as
(f+9)(z) = f(x)+ g (x) and scalar multiplication is defined as (af) () = a (f (x)).
Verify V is a vector space. What is its dimension, finite or infinite? Justify your
answer.
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14

15.

16.

17.

18.

19.
20.

21.

22.

23.
24.

25.

26.

27.

28.
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. Let V denote the set of polynomial functions defined on [0,1]. Vector addition is
defined as (f + ¢) (x) = f (x) 4+ g (z) and scalar multiplication is defined as (af) (z) =
a(f (x)). Verify V is a vector space. What is its dimension, finite or infinite? Justify
your answer.

Let V' be the set of polynomials defined on R having degree no more than 4. Give a
basis for this vector space.

Let the vectors be of the form a + bv/2 where a,b are rational numbers and let the
field of scalars be F = Q, the rational numbers. Show directly this is a vector space.
What is its dimension? What is a basis for this vector space?

Let V be a vector space with field of scalars F and suppose {v1,---,v,} is a basis for
V. Now let W also be a vector space with field of scalars F. Let L : {vy, -+ ,v,} —
W be a function such that Lv; = w;. Explain how L can be extended to a linear
transformation mapping V' to W in a unique way.

If you have 5 vectors in F> and the vectors are linearly independent, can it always be
concluded they span F®? Explain.

If you have 6 vectors in [F°, is it possible they are linearly independent? Explain.

Suppose V, W are subspaces of F". Show V N defined to be all vectors which are in
both V and W is a subspace also.

Suppose V' and W both have dimension equal to 7 and they are subspaces of a vector
space of dimension 10. What are the possibilities for the dimension of V N W? Hint:
Remember that a linear independent set can be extended to form a basis.

Suppose V' has dimension p and W has dimension ¢ and they are each contained in
a subspace, U which has dimension equal to n where n > max (p,q). What are the
possibilities for the dimension of VN W? Hint: Remember that a linear independent
set can be extended to form a basis.

If b # 0, can the solution set of Ax = b be a plane through the origin? Explain.

Suppose a system of equations has fewer equations than variables and you have found
a solution to this system of equations. Is it possible that your solution is the only one?
Explain.

Suppose a system of linear equations has a 2 x 4 augmented matrix and the last column
is a pivot column. Could the system of linear equations be consistent? Explain.

Suppose the coefficient matrix of a system of n equations with n variables has the
property that every column is a pivot column. Does it follow that the system of
equations must have a solution? If so, must the solution be unique? Explain.

Suppose there is a unique solution to a system of linear equations. What must be true
of the pivot columns in the augmented matrix.

State whether each of the following sets of data are possible for the matrix equation
Ax = b. If possible, describe the solution set. That is, tell whether there exists a
unique solution no solution or infinitely many solutions.

(a) Ais a 5 x 6 matrix, rank (4) = 4 and rank (A|b) = 4. Hint: This says b is in
the span of four of the columns. Thus the columns are not independent.
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(b) A is a 3 x 4 matrix, rank (A) = 3 and rank (A|b) = 2.

(c) Ais a4 x 2 matrix, rank (4) = 4 and rank (A|b) = 4. Hint: This says b is in
the span of the columns and the columns must be independent.

(d) Ais a b x 5 matrix, rank (A) = 4 and rank (A|b) = 5. Hint: This says b is not
in the span of the columns.

(e) Ais a4 x 2 matrix, rank (4) = 2 and rank (A|b) = 2.

29. Suppose A is an m X n matrix in which m < n. Suppose also that the rank of A equals
m. Show that A maps F" onto F™™. Hint: The vectors ey, - , e, occur as columns
in the row reduced echelon form for A.

30. Suppose A is an m x n matrix in which m > n. Suppose also that the rank of A equals
n. Show that A is one to one. Hint: If not, there exists a vector, x such that Ax = 0,
and this implies at least one column of A is a linear combination of the others. Show
that this would require the column rank to be less than n.

31. Explain why an n x n matrix A is both one to one and onto if and only if its rank is
n.

32. If you have not done this already, here it is again. It is a very important result of
Sylvester. Even if you have done it, a review is a good idea. Suppose A is an m X n
matrix and B is an n X p matrix. Show that

dim (ker (AB)) < dim (ker (A)) + dim (ker (B)) .

Hint: Consider the subspace, B (FP) Nker (A) and suppose a basis for this subspace
is {w1,-+-,wg}. Now suppose {uy, - ,u,} is a basis for ker (B). Let {z1,--- 2}
be such that Bz; = w; and argue that

ker(AB) gspa’n(u17"' y Wy, Zg, -t 7Z]€)'

Here is how you do this. Suppose ABx = 0. Then Bx € ker (A) N B (FP) and so
Bx = Zle Bz; showing that

k
xX— Zzi € ker (B).
i=1

33. Recall that every positive integer can be factored into a product of primes in a unique
way. Show there must be infinitely many primes. Hint: Show that if you have any
finite set of primes and you multiply them and then add 1, the result cannot be
divisible by any of the primes in your finite set. This idea in the hint is due to Euclid
who lived about 300 B.C.

34. There are lots of fields. This will give an example of a finite field. Let Z denote the set
of integers. Thus Z = {---,-3,-2,-1,0,1,2,3,---}. Also let p be a prime number.
We will say that two integers, a,b are equivalent and write a ~ b if a — b is divisible
by p. Thus they are equivalent if a — b = px for some integer x. First show that
a ~ a. Next show that if a ~ b then b ~ a. Finally show that if a ~ b and b ~ ¢
then a ~ c. For a an integer, denote by [a] the set of all integers which is equivalent
to a, the equivalence class of a. Show first that is suffices to consider only [a] for
a=0,1,2,--- ,p—1and that for 0 < a < b <p—1,[a] # [b]. That is, [a] = [r] where
r €{0,1,2,--- ;p—1}. Thus there are exactly p of these equivalence classes. Hint:
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35.

36.

37.

38.

39.
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Recall the Euclidean algorithm. For a > 0, a = mp + r where r < p. Next define the
following operations.
[a] + [b] = [a + 1]

[a] [B] = [ad]
Show these operations are well defined. That is, if [a] = [a/] and [b] = [I], then
[a] + [b] = [a'] + [V'] with a similar conclusion holding for multiplication. Thus for

addition you need to verify [a + b] = [a' + '] and for multiplication you need to verify
[ab] = [a’V']. For example, if p = 5 you have [3] = [8] and [2] = [7]. Is [2 x 3] = [8 x 7]
Is [2 4+ 3] = [8 + 7]? Clearly so in this example because when you subtract, the result
is divisible by 5. So why is this so in general? Now verify that {[0],[1],---,[p— 1]}
with these operations is a Field. This is called the integers modulo a prime and is
written Z,. Since there are infinitely many primes p, it follows there are infinitely
many of these finite fields. Hint: Most of the axioms are easy once you have shown
the operations are well defined. The only two which are tricky are the ones which
give the existence of the additive inverse and the multiplicative inverse. Of these, the
first is not hard. —[z] = [—z]. Since p is prime, there exist integers x,y such that
1 = pr+ky and so 1 —ky = pz which says 1 ~ ky and so [1] = [ky] . Now you finish the
argument. What is the multiplicative identity in this collection of equivalence classes?
Of course you could now consider field extensions based on these fields.

Suppose the field of scalars is Zs described above. Show that

o) (a)-(a)()-(0)

Thus the identity is a comutator. Compare this with Problem 50 on Page 185.

Suppose V' is a vector space with field of scalars F. Let T' € L (V, W), the space of
linear transformations mapping V onto W where W is another vector space. Define
an equivalence relation on V as follows. v ~ w means v —w € ker (T'). Recall that
ker (T') = {v : Tv = 0}. Show this is an equivalence relation. Now for [v] an equiv-
alence class define 7" [v] = T'v. Show this is well defined. Also show that with the
operations

Vi+w = [v+w]

[v]

this set of equivalence classes, denoted by V/ker (T') is a vector space. Show next that
T :V/ker (T) — W is one to one, linear, and onto. This new vector space, V/ ker (T)
is called a quotient space. Show its dimension equals the difference between the
dimension of V' and the dimension of ker (T').

[av]

Let V be an n dimensional vector space and let W be a subspace. Generalize the
above problem to define and give properties of V/W. What is its dimension? What
is a basis?

If F and G are two fields and F C G, can you consider G as a vector space with field
of scalars F? Explain.

Let A denote the real roots of polynomials in Q[z]. Show A can be considered a
vector space with field of scalars Q. What is the dimension of this vector space, finite
or infinite?
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40. As mentioned, for distinct algebraic numbers «;, the complex numbers {e® '}, are

41.

42.

43.

44.

linearly independent over the field of scalars A where A denotes the algebraic numbers,
those which are roots of a polynomial having integer (rational) coefficients. What is
the dimension of the vector space C with field of scalars A, finite or infinite? If the
field of scalars were C instead of A, would this change? What if the field of scalars
were R?

Suppose F is a countable field and let A be the algebraic numbers, those numbers in
G which are roots of a polynomial in F [z]. Show A is also countable.

This problem is on partial fractions. Suppose you have
p(z)

R(z) = —————

D 0@ 4@

where the polynomials ¢; () are relatively prime and all the polynomials p (z) and
¢i (z) have coefficients in a field of scalars F. Thus there exist polynomials a; (z)
having coefficients in F such that

1= Zai (x) ¢ (z)

, degree of p(x) < degree of denominator.

Explain why
p(x) Z:il a; () q; (x) . us a; (z)p(x)
q1 () qm (2) a pa 1295 ()
Now continue doing this on each term in the above sum till finally you obtain an
expression of the form
i bi (x)
)

ol
Using the Euclidean algorithm for polynomials, explain why the above is of the form

= a(2)

R(x) =

M (x) +

where the degree of each r; (x) is less than the degree of ¢; (z) and M () is a poly-
nomial. Now argue that M (z) = 0. From this explain why the usual partial fractions
expansion of calculus must be true. You can use the fact that every polynomial having
real coeflicients factors into a product of irreducible quadratic polynomials and linear
polynomials having real coefficients. This follows from the fundamental theorem of
algebra in the appendix.

Suppose {f1, -+, fn} is an independent set of smooth functions defined on some inter-
val (a,b). Now let A be an invertible n x n matrix. Define new functions {g1, - ,gn}
as follows.
g1 bil
. 4 .
In fn
Is it the case that {g1, - ,gn} is also independent? Explain why.

A number is transcendental if it is not the root of any nonzero polynomial with rational
coefficients. As mentioned, there are many known transcendental numbers. Suppose
« is a real transcendental number. Show that {1, a,a?, - } is a linearly independent
set of real numbers if the field of scalars is the rational numbers.
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Chapter 8

Linear Transformations

8.1 Matrix Multiplication as a Linear Transformation

Definition 8.1.1 Let V and W be two finite dimensional vector spaces. A function, L
which maps V to W is called a linear transformation and written L € L (V,W) if for all
scalars a and B, and vectors v,w,

L (aw+pw) = aL (v) + SL (w) .

An example of a linear transformation is familiar matrix multiplication. Let A = (a;;)
be an m x n matrix. Then an example of a linear transformation L : F* — F™ is given by

(LV)Z- = Z A5V .
j=1

Here
U1

8.2 L(V,W) as a Vector Space

Definition 8.2.1 Given L,M € L(V,W) define a new element of L(V,W), denoted by
L + M according to the rule!
(L+M)v=Lv+ M.

For « a scalar and L € L(V,W), define aL € L(V,W) by
aL (v) =a(lv).

You should verify that all the axioms of a vector space hold for £ (V,W) with the
above definitions of vector addition and scalar multiplication. What about the dimension
of L(V,W)?

Before answering this question, here is a useful lemma. It gives a way to define linear
transformations and a way to tell when two of them are equal.

Lemma 8.2.2 Let V and W be vector spaces and suppose {v1,--- ,vn} is a basis for V.
Then if L.V — W is given by Lvp, = wi, € W and

n n n
L E AUk = E akka = E AW
k=1 k=1 k=1

then L is well defined and is in L(V,W). Also, if L, M are two linear transformations such
that Lvy, = Mvy, for all k, then M = L.

Proof: L is well defined on V because, since {v1,--- ,v,} is a basis, there is exactly one
way to write a given vector of V' as a linear combination. Next, observe that L is obviously
linear from the definition. If L, M are equal on the basis, then if >_;'_; axvy is an arbitrary

vector of V,
n n n n
L (Z akvk> = Zakka = ZakMUk =M (Z akvk>
k=1 k=1 k=1 k=1

INote that this is the standard way of defining the sum of two functions.

215
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and so L = M because they give the same result for every vector in V. l
The message is that when you define a linear transformation, it suffices to tell what it
does to a basis.

Theorem 8.2.3 Let V and W be finite dimensional linear spaces of dimension n and m
respectively Then dim (L (V,W)) =

Proof: Let two sets of bases be
{'Ula e avn} and {wlv‘ c ;wm}

for V and W respectively. Using Lemma 8.2.2, let w;v; € L (V,W) be the linear transfor-
mation defined on the basis, {vy,- - ,v,}, by

Wk (V) = widjk

where ¢, = 1if i =k and 0 if ¢ # k. I will show that L € £ (V,W) is a linear combination
of these special linear transformations called dyadics.
Then let L € £(V,W). Since {w1,--- ,wy} is a basis, there exist constants, d;; such

that
m
=D djuw;
j=1

Now consider the following sum of dyadics.

m
=1

n
dji’LUjUi

=1i=1

Apply this to v,. This yields

n

ZZd i w;v; () iz djiw;lsy, Zdj,wz = Lo,

Jj=11i=1 j=11i=1

Therefore, L = Z] 1 >, djiwjv; showing the span of the dyadics is all of £ (V,W).
Now consider whether these dyadics form a linearly independent set. Suppose

Z dikwﬂ}k =0.
i,k

Are all the scalars d;; equal to 07

0= Zdzkw vy (vr) Zdzlwz

and so, since {wy,- - ,w;,} is a basis, d; = 0 for each ¢ = 1,--- ,m. Since [ is arbitrary,
this shows d;; = 0 for all 4 and [. Thus these linear transformations form a basis and this
shows that the dimension of £ (V, W) is mn as claimed because there are m choices for the
w; and n choices for the v;. MW
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8.3 The Matrix of a Linear Transformation

Definition 8.3.1 In Theorem 8.2.3, the matriz of the linear transformation L € L (V,W)
with respect to the ordered bases B = {v1, - ,vn} for V and v = {wy, - ,wy} for W is
defined to be [L] where [L],; = d;j. Thus this matriz is defined by L =3, ; [L];; wiv;. When
it is desired to feature the bases (3,7, this matriz will be denoted as [L] 5. When there is
only one basis 3, this is denoted as [L]ﬁ.

If V is an n dimensional vector space and 8 = {v1,--- ,v,} is a basis for V, there exists
a linear map
qp : F* —V
defined as .
gp (a) = Z a;v;
i=1
where
(5] n
a=| : |= Z ai€i,
i=1
2%
T
for e; the standard basis vectors for F™ consisting of ( o -~ 1 --- 0 ) . Thus the 1

is in the 7*" position and the other entries are 0. Conversely, if ¢ : F* — V is one to one,
onto, and linear, it must be of the form just described. Just let v; = ¢ (e;).

It is clear that ¢ defined in this way, is one to one, onto, and linear. For v € V| qgl (v)
is a vector in F™ called the component vector of v with respect to the basis {vy,- - ,v,}.

Proposition 8.3.2 The matriz of a linear transformation with respect to ordered bases 3,y
as described above is characterized by the requirement that multiplication of the components
of v by [L], 5 gives the components of Lv.

Proof: This happens because by definition, if v = ), x;v;, then
Lv= ZmiL”i = Z Z (L] i wiw; = ZZ [L]; wiw;
i i i

and so the j'" component of Lv is }_, [L];; @i, the j*" component of the matrix times the
component vector of v. Could there be some other matrix which will do this? No, because if
such a matrix is M, then for any x , it follows from what was just shown that [L] x = Mx.
Hence [L) =M. R

The above proposition shows that the following diagram determines the matrix of a
linear transformation. Here gg and ¢, are the maps defined above with reference to the

ordered bases, {v1, -+ ,v,} and {ws,- - ,w.,,} respectively.
L
B=A{v1, - ,vn} Vi = W Aw, s wun} =7y
gt o Tg (8.1)
Fr - Fm
[L]

vB
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In terms of this diagram, the matrix [L] , is the matrix chosen to make the diagram
“commute”. It may help to write the description of [L]. ; in the form

(Lv1 Lvn>:(w1 wm)[L],yB (8.2)

with the understanding that you do the multiplications in a formal manner just as you
would if everything were numbers. If this helps, use it. If it does not help, ignore it.

Example 8.3.3 Let
V = { polynomials of degree 3 or less},

W = { polynomials of degree 2 or less},

and L = D where D 1is the differentiation operator. A basis for V is g = {1,x7x2,x3} and
a basis for W is v = {1,z, 2°}.

What is the matrix of this linear transformation with respect to this basis? Using 8.2,
(01 20 322 )=(1 2 2 )DL,
It follows from this that the first column of [D]. 4 is

0
0
0

The next three columns of [D]_; are

|
)7

1 0 0
01|, 2 0
0 0 3
and so
01 00
[D] w=10 020
00 0 3

Now consider the important case where V = F", W = F™, and the basis chosen is the
standard basis of vectors e; described above.

5:{617"'>en}3 ’Y:{elv"'aem}

Let L be a linear transformation from F™ to F" and let A be the matrix of the transformation
with respect to these bases. In this case the coordinate maps gs and ¢, are simply the
identity maps on F™ and F™ respectively, and can be accomplished by simply multiplying
by the appropriate sized identity matrix. The requirement that A is the matrix of the
transformation amounts to

Lb = Ab

What about the situation where different pairs of bases are chosen for V' and W7 How
are the two matrices with respect to these choices related? Consider the following diagram
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which illustrates the situation.

F XE F
G, 4  ©° gy,

vV L W
a5, T ©° gy, 7T

F ﬂ F

In this diagram gg, and g,, are coordinate maps as described above. From the diagram,
—1 A —1 —A
4y, 9y, 4248, 45, = A1,
where qﬂ_jqﬁl and q;ll ~, are one to one, onto, and linear maps which may be accomplished
by multiplication by a square matrix. Thus there exist matrices P, () such that P : F" — F"
and Q : F™ — F™ are invertible and
PAQ = A;.

Example 8.3.4 Let 5 = {vy, - ,vp} and v = {wy,--- ,wy} be two bases for V. Let L
be the linear transformation which maps v; to w;. Find [L]. 5. In case V. =F" and letting

d={ei, - ,en}, the usual basis for F", find [L];.

Letting d;; be the symbol which equals 1 if i = j and 0 if ¢ # j, it follows that L =
>.i;0ijwivj and so [L] 5 = I the identity matrix. For the second part, you must have

(Wl wn)=(V1 Vn)[L]a

[L]EZ(Vl TtV )71(W1 Wn)

where ( Wi o W, ) is the n x n matrix having i** column equal to w;.

and so

Definition 8.3.5 In the special case where V.= W and only one basis is used for V.=W,
this becomes

-1 -1
dg, 48, A245, 48, = A1

Letting S be the matrix of the linear transformation qﬁ_jq[gl with respect to the standard basis
vectors in F",

S71A,8 = A;. (8.3)

When this occurs, Ay is said to be similar to Ay and A — S™'AS is called a similarity
transformation.

Recall the following.

Definition 8.3.6 Let S be a set. The symbol ~ is called an equivalence relation on S if it
satisfies the following axioms.

1. x~x forallzeS. (Reflexive)
2. If x ~y then y ~ x. (Symmetric)

3 Ifx~y and y ~ z, then x ~ z. (Transitive)
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Definition 8.3.7 [z] denotes the set of all elements of S which are equivalent to x and [z
is called the equivalence class determined by x or just the equivalence class of x.

Also recall the notion of equivalence classes.

Theorem 8.3.8 Let ~ be an equivalence class defined on a set S and let H denote the set
of equivalence classes. Then if [x] and [y] are two of these equivalence classes, either x ~ y
and [x] = [y] or it is not true that x ~y and [x] N [y] = 0.

Theorem 8.3.9 In the vector space of n X n matrices, define
A~B
if there exists an invertible matriz S such that
A=S71Bs.

Then ~ is an equivalence relation and A ~ B if and only if whenever V is an n dimensional
vector space, there exists L € L(V,V) and bases {vy, -+ ,v,} and {wy,--- ,wn} such that
A is the matriz of L with respect to {vi,--- ,v,} and B is the matriz of L with respect to

{wb ce 7wn}_
Proof: A ~ A because S = I works in the definition. If A ~ B, then B ~ A, because
A=S5"'BS
implies B = SAS™!. If A~ B and B ~ C, then
A=S"'BS B=T"'CT

and so
A=S8"'T~'cTS = (TS)"' CTS

which implies A ~ C. This verifies the first part of the conclusion.
Now let V be an n dimensional vector space, A ~ B so A = S~!BS and pick a basis for
V,
= {vla' e aU’rL}'

Lviz E a;;Vj
J

where A = (a;5) . Thus A is the matrix of the linear transformation L. Consider the diagram

Define L € L(V, V) by

]P‘n B) Fn
il o gyl
v g 1%
gt o gt

F" A F"

where ¢, is chosen to make the diagram commute. Thus we need S = ¢,/ 1q5 which requires

¢y =qpS™"
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Then it follows that B is the matrix of L with respect to the basis

{Q’Yeh"' ,quen} = {wla"' awn}'

That is, A and B are matrices of the same linear transformation L. Conversely, sup-
pose whenever V is an n dimensional vector space, there exists L € £ (V,V) and bases

{v1,-+ ,v,} and {wy, -+ ,w,} such that A is the matrix of L with respect to {vy,--- ,v,}
and B is the matrix of L with respect to {wi, -+ ,wy}. Then it was shown above that
A~B. 1

What if the linear transformation consists of multiplication by a matrix A and you want
to find the matrix of this linear transformation with respect to another basis? Is there an
easy way to do it? The next proposition considers this.

Proposition 8.3.10 Let A be an m X n matrix and let L be the linear transformation which
is defined by

L (Z :ckek> = Z (Aek) T = Z Z Aikxkei
k=1 k=1 i=1 k=1
In simple language, to find Lx, you multiply on the left of x by A. (A is the matriz of L
with respect to the standard basis.) Then the matriz M of this linear transformation with

respect to the bases f = {uy, -+ ,u,} for F* and v = {w1,--- ,wy,} for F™ is given by
-1
M= (o owe ) A )
where ( Wi o W, ) is the m x m matriz which has w; as its Gt column.

Proof: Consider the following diagram.

L
F* — F™
BT o Tag
F* — F™
M

Here the coordinate maps are defined in the usual way. Thus

T n
qg( Ty - Tp ) EZZ‘zui
i=1

Therefore, gg can be considered the same as multiplication of a vector in " on the left by
the matrix ( u - Uy ) . Similar considerations apply to ¢,. Thus it is desired to have

the following for an arbitrary x € F™.

A(u1 un)x=<w1 wn)Mx

Therefore, the conclusion of the proposition follows. H

In the special case where m = n and F = C or R and {uy,---,u,} is an orthonormal
basis and you want M, the matrix of L with respect to this new orthonormal basis, it follows
from the above that

M:(u1 e Uy, )*A(ul un>=U*AU

where U is a unitary matrix. Thus matrices with respect to two orthonormal bases are
unitarily similar.
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Definition 8.3.11 An n x n matriz A, is diagonalizable if there exists an invertible n X n
matriz S such that ST'AS = D, where D is a diagonal matriz. Thus D has zero entries
everywhere except on the main diagonal. Write diag (A1 ---,\,) to denote the diagonal
matriz having the A\; down the main diagonal.

The following theorem is of great significance.

Theorem 8.3.12 Let A be an n x n matriz. Then A is diagonalizable if and only if F™ has
a basis of eigenvectors of A. In this case, S of Definition 8.3.11 consists of the n X n matrix

whose columns are the eigenvectors of A and D = diag (A1, -+, An) .
Proof: Suppose first that F™ has a basis of eigenvectors, {v1, -+, v, } where Av; = A\;v;.
uf
Then let S denote the matrix ( Vi oV ) and let S~ = where
u,
lifi=j
ulvy=o0;=4 "7
0ifi#j
S~1 exists because S has rank n. Then from block multiplication,
uf uf
ST1AS = (Avy -+ Av,) = (AMvy- - Apva)
ul ul
A0 0
0 X O
= . = D.
0 0 A

Next suppose A is diagonalizable so S~'AS = D = diag (A1, -, An) . Then the columns
of S form a basis because S~! is given to exist. It only remains to verify that these

columns of S are eigenvectors. But letting S = ( Vi Vi ), AS = SD and so

( Avy -+ Av, ) = ( AV 0 AnVa ) which shows that Av;, = \;v;. B

It makes sense to speak of the determinant of a linear transformation as described in the
following corollary.

Corollary 8.3.13 Let L € L(V,V) where V is an n dimensional vector space and let A be
the matriz of this linear transformation with respect to a basis on V. Then it is possible to
define

det (L) = det (A).

Proof: Each choice of basis for V' determines a matrix for L with respect to the basis.
If A and B are two such matrices, it follows from Theorem 8.3.9 that

A=S"'BS

and so
det (A) = det (S™') det (B) det (5) .



8.3. THE MATRIX OF A LINEAR TRANSFORMATION 223
But
1 =det (I) = det (S7'5) = det (S) det (S7')

and so
det (A) =det(B) B

Definition 8.3.14 Let A € L(X,Y) where X and Y are finite dimensional vector spaces.
Define rank (A) to equal the dimension of A (X).

The following theorem explains how the rank of A is related to the rank of the matrix
of A.

Theorem 8.3.15 Let A € L(X,Y). Then rank (A) = rank (M) where M is the matriz of
A taken with respect to a pair of bases for the vector spaces X, and Y.

Proof: Recall the diagram which describes what is meant by the matrix of A. Here the
two bases are as indicated.

ﬂ:{vla"'avn} X 4 Y {wh"'awm}:’y
@t o Tg
Fn M F™
Let {Azy,---, Az} be a basis for AX. Thus
{quqglxl,--- ,quqB_lxr}
is a basis for AX. It follows that
{Mq)_(lxlv e 7Mq)_(1xr}

is linearly independent and so rank (A) < rank (M). However, one could interchange the
roles of M and A in the above argument and thereby turn the inequality around. W
The following result is a summary of many concepts.

Theorem 8.3.16 Let L € L(V,V) where V is a finite dimensional vector space. Then the
following are equivalent.

1. L s one to one.
L maps a basis to a basis.

L is onto.

det (L) #0

AT R N

If Lv =0 then v = 0.

Proof: Suppose first L is one to one and let 3 = {v;},_, be a basis. Thenif ) ;" | ¢;Lv; =
0 it follows L (3°"; ¢;v;) = 0 which means that since L (0) = 0, and L is one to one, it must
be the case that ., ¢;v; = 0. Since {v;} is a basis, each ¢; = 0 which shows {Lv;} is a
linearly independent set. Since there are n of these, it must be that this is a basis.

Now suppose 2.). Then letting {v;} be a basis, and y € V, it follows from part 2.) that
there are constants, {¢;} such that y =" | ¢;Lv; = L(}.;_, ¢;v;). Thus L is onto. It has
been shown that 2.) implies 3.).
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Now suppose 3.). Then the operation consisting of multiplication by the matrix of L, [L],
must be onto. However, the vectors in F™ so obtained, consist of linear combinations of the
columns of [L]. Therefore, the column rank of [L] is n. By Theorem 3.3.23 this equals the
determinant rank and so det ([L]) = det (L) # 0.

Now assume 4.) If Lv = 0 for some v # 0, it follows that [L]x = 0 for some x # 0.
Therefore, the columns of [L] are linearly dependent and so by Theorem 3.3.23, det ([L]) =
det (L) = 0 contrary to 4.). Therefore, 4.) implies 5.).

Now suppose 5.) and suppose Lv = Lw. Then L (v —w) = 0 and so by 5.), v —w =0
showing that L is one to one. B

Also it is important to note that composition of linear transformations corresponds to
multiplication of the matrices. Consider the following diagram in which [A] .5 denotes the
matrix of A relative to the bases v on Y and  on X, [B]; , defined similarly.

X A Y l_3> Z
o

gt o Tg T a5
Fr (A Fm [B P
Ay T 2y

where A and B are two linear transformations, A € £(X,Y) and B € L(Y,Z). Then
BoA € £(X,Z) and so it has a matrix with respect to bases given on X and Z, the
coordinate maps for these bases being gz and ¢s respectively. Then

BoA=qs[Bls, a5 v [Al,505" =5 [Bls, [Al 505"

But this shows that [B]s. [A]. 5 plays the role of [B o A];5, the matrix of B o A. Hence the
matrix of B o A equals the product of the two matrices [A4] 5 and [B]s, . Of course it is
interesting to note that although [B o A];; must be unique, the matrices, [A], 5 and [B];
are not unique because they depend on -, the basis chosen for Y.

v

Theorem 8.3.17 The matrix of the composition of linear transformations equals the prod-
uct of the matrices of these linear transformations.

8.3.1 Rotations About a Given Vector

As an application, I will consider the problem of rotating counter clockwise about a given
unit vector which is possibly not one of the unit vectors in coordinate directions. First
consider a pair of perpendicular unit vectors, u; and us and the problem of rotating in the
counterclockwise direction about uz where ug = u; X uy so that uy, us, us forms a right
handed orthogonal coordinate system. Thus the vector ug is coming out of the page.

0

ug
(L D)

Let T denote the desired rotation. Then
T (auy + bug + cuz) = aTuy + bTuy + cT'ug

= (acosf — bsinf)u; + (asinb + bcos ) us + cus.
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Thus in terms of the basis v = {uj,us,us}, the matrix of this transformation is

cosf —sinf 0
[T],=| sin® cos® 0O
0 0 1

I want to obtain the matrix of the transformation in terms of the usual basis 8 = {e1, es, e3}
because it is in terms of this basis that we usually deal with vectors. From Proposition 8.3.10,
if [T4 is this matrix,

cosf) —sinf O
sinf cosf O
0 0 1

= (111 uz us )_1[T}5<u1 u?2 113)

and so you can solve for [T]; if you know the u;.
Recall why this is so.

R® [T R?
i

4~ { o /8% +

R? _T> R3

I o T

R3 [T}B R3
—5

The map ¢, is accomplished by a multiplication on the left by ( u; us us ) . Thus

Ty = T,6 = (w wow )7, (w w ug)‘l.

Suppose the unit vector us about which the counterclockwise rotation takes place is
(a,b,c). Then I obtain vectors, u; and uy such that {uy, uz, us} is a right handed orthonor-
mal system with us = (a,b,c) and then use the above result. It is of course somewhat
arbitrary how this is accomplished. I will assume however, that |c| # 1 since otherwise you
are looking at either clockwise or counter clockwise rotation about the positive z axis and
this is a problem which has been dealt with earlier. (If ¢ = —1, it amounts to clockwise
rotation about the positive z axis while if ¢ = 1, it is counter clockwise rotation about the
positive z axis.)

Then let uz = (a,b,¢) and ug = ﬁ (b, —a,0). This one is perpendicular to ugz. If
{u1,us,u3} is to be a right hand system it is necessary to have

1
V(@® +b2) (a® + b2 + ¢?)
Now recall that us is a unit vector and so the above equals
1
@1 9)
Then from the above, A is given by

u; = up X ug = (—ac, —be,a® + bQ)

(—ac, —be,a® + b2)

—ac b —ac b

V(@+5%) 21z ¢ cosf —sinf 0 V(@462 Va?+b? a
—be —a . —be —a
Tt P b sinf cosf@ O T Vat® b

—_

Va2 +b? 0 c 0 0 Va2 +b? 0 c
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Of course the matrix is an orthogonal matrix so it is easy to take the inverse by simply
taking the transpose. Then doing the computation and then some simplification yields

a?+ (1 —a*)cos  ab(l—cosb) —csind ac(l—cosf)+ bsinb
= | ab(1—cosf) +csind >+ (1—b?)cosf  be(l—cosb) —asinf |. (84)
ac(l—cosf) —bsing be(l —cosd) +asind 4+ (1 —c?)cosb

With this, it is clear how to rotate clockwise about the unit vector, (a,b,c). Just rotate
counter clockwise through an angle of —6. Thus the matrix for this clockwise rotation is just

a?+ (1 —a?)cos  ab(l—cosf)+csinf ac(l—cosf) — bsind
=| ab(1—cosh) —csinf  b*+ (1 —b*)cosfd  be(l—cosb) + asinf
ac(l—cosf) +bsinf be(l —cosf) —asind ¢+ (1—c?)cosb

In deriving 8.4 it was assumed that ¢ # +1 but even in this case, it gives the correct
answer. Suppose for example that ¢ = 1 so you are rotating in the counter clockwise
direction about the positive z axis. Then a, b are both equal to zero and 8.4 reduces to 2.24.

8.3.2 The Euler Angles

An important application of the above theory is to the Euler angles, important in the
mechanics of rotating bodies. Lagrange studied these things back in the 1700’s. To describe
the Euler angles consider the following picture in which x1, x5 and x3 are the usual coordinate
axes fixed in space and the axes labeled with a superscript denote other coordinate axes.
Here is the picture.

2 3
T3
r3 =} 0 r3 =13
a3
1
T
xl 2 x5
To (E%
@ a1 = o} (@
2
X1 Ty
i af

We obtain ¢ by rotating counter clockwise about the fixed x3 axis. Thus this rotation
has the matrix
cos¢ —sing 0
sing cos¢p 0 | =M (o)
0 0 1

Next rotate counter clockwise about the z1 axis which results from the first rotation through
an angle of #. Thus it is desired to rotate counter clockwise through an angle 6 about the
unit vector
cos¢ —sing 0 1 cos ¢
sing cos¢p O 0 | = sin ¢
0 0 1 0 0
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Therefore, in 8.4, a = cos ¢, b = sin ¢, and ¢ = 0. It follows the matrix of this transformation
with respect to the usual basis is

cos? ¢ +sin® pcosh  cospsing (1 —cosf)  sinpsinb
cos¢sing (1 —cosf) sin® ¢ + cos® pcosf —cospsingd | = M (¢,0)
—sin¢sinf cos ¢ sin 0 cos
Finally, we rotate counter clockwise about the positive z3 axis by . The vector in the
positive o1 axis is the same as the vector in the fixed x3 axis. Thus the unit vector in the
positive direction of the z3 axis is

cos? ¢ +sin® pcosh  cospsing (1 —cosh)  sinpsinb 1
cosgsing (1 —cos@) sin® ¢ + cos® pcosh  — cos psin b 0
—singsiné cos ¢ sin cos 0
cos? ¢ + sin? ¢ cos 0 cos? ¢ + sin? ¢ cos O
= cos¢gsing (1 —cosf) | = | cosgsing (1 — cosh)
—sin¢sing —sin¢sinf

and it is desired to rotate counter clockwise through an angle of ¥ about this vector. Thus,
in this case,

a = cos? ¢ +sin? pcosh,b=cos¢sing (1 — cosh),c= —sin¢sinb.

and you could substitute in to the formula of Theorem 8.4 and obtain a matrix which rep-
resents the linear transformation obtained by rotating counter clockwise about the positive
23 axis, M3 (¢,0,1) . Then what would be the matrix with respect to the usual basis for the
linear transformation which is obtained as a composition of the three just described? By
Theorem 8.3.17, this matrix equals the product of these three,

M3 (¢,0,1) Ma (¢,0) My ().

I leave the details to you. There are procedures due to Lagrange which will allow you to
write differential equations for the Euler angles in a rotating body. To give an idea how
these angles apply, consider the following picture.
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T3

.’1?3(t>

T2

T

line of nodes

This is as far as I will go on this topic. The point is, it is possible to give a systematic
description in terms of matrix multiplication of a very elaborate geometrical description of
a composition of linear transformations. You see from the picture it is possible to describe
the motion of the spinning top shown in terms of these Euler angles.

8.4 Eigenvalues and Eigenvectors of Linear Transfor-
mations

Let V be a finite dimensional vector space. For example, it could be a subspace of C"or R™.
Also suppose A € L(V,V).

Definition 8.4.1 The characteristic polynomial of A is defined as g(N\) = det (A — A).
The zeros of ¢ (A) in F are called the eigenvalues of A.

Lemma 8.4.2 When A is an eigenvalue of A which is also in F, the field of scalars, then
there exists v # 0 such that Av = Av.

Proof: This follows from Theorem 8.3.16. Since A € F,
M—-AeL(V,V)

and since it has zero determinant, it is not one to one. W
The following lemma gives the existence of something called the minimal polynomial.

Lemma 8.4.3 Let A € L(V,V) where V is a finite dimensional vector space of dimension
n with arbitrary field of scalars. Then there exists a unique polynomial of the form

PN = A" 4 N e A+ e
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such that p (A) = 0 and m is as small as possible for this to occur.

Proof: Consider the linear transformations, I, 4, A%, --- | A" There are n%+ 1 of these
transformations and so by Theorem 8.2.3 the set is linearly dependent. Thus there exist

constants, ¢; € F such that

’I’L2

col +) cx AR =0.
k=1
This implies there exists a polynomial, ¢ (A) which has the property that ¢ (A) = 0. In fact,
2
one example is ¢ () = ¢p + ZZ=1 e\ Dividing by the leading term, it can be assumed
this polynomial is of the form A" + ¢;,_1A™ ' + -+ + ¢4\ + ¢o, a monic polynomial. Now
consider all such monic polynomials, ¢ such that ¢ (A) = 0 and pick the one which has the
smallest degree m. This is called the minimal polynomial and will be denoted here by p (X).
If there were two minimal polynomials, the one just found and another,

AN b dp A N+ dp.
Then subtracting these would give the following polynomial,
GO = (dpm1 — )N " (dy — 1) AN+ do — o

Since ¢ (A) = 0, this requires each dj, = ¢y, since otherwise you could divide by dj, — ¢; where
k is the largest one which is nonzero. Thus the choice of m would be contradicted. B

Theorem 8.4.4 Let V be a nonzero finite dimensional vector space of dimension n with
the field of scalars equal to F. Suppose A € L(V,V) and for p(\) the minimal polynomial
defined above, let u € F be a zero of this polynomial. Then there exists v # 0,v € V' such
that

Av = pwv.

IfF =C, then A always has an eigenvector and eigenvalue. Furthermore, if {\1, -, An}
are the zeros of p(\) in T, these are exactly the eigenvalues of A for which there exists an
etgenvector in V.

Proof: Suppose first p is a zero of p (A). Since p (u) = 0, it follows

pPA)=A=pmkQ)

where k (A) is a polynomial having coefficients in F. Since p has minimal degree, k (4) # 0
and so there exists a vector, u # 0 such that k (A) u = v # 0. But then

(A—pul)v=(A—pul)k(A) (u) =0.

The next claim about the existence of an eigenvalue follows from the fundamental theo-
rem of algebra and what was just shown.

It has been shown that every zero of p (1)) is an eigenvalue which has an eigenvector in
V. Now suppose p is an eigenvalue which has an eigenvector in V' so that Av = pwv for some
v € V,v # 0. Does it follow p is a zero of p (A)?

and so p is indeed a zero of p (A). W
In summary, the theorem says that the eigenvalues which have eigenvectors in V' are
exactly the zeros of the minimal polynomial which are in the field of scalars F.
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8.5 Exercises

1.

If A, B, and C are each n x n matrices and ABC is invertible, why are each of A, B,
and C invertible?

Give an example of a 3 X 2 matrix with the property that the linear transformation
determined by this matrix is one to one but not onto.

Explain why Ax = 0 always has a solution whenever A is a linear transformation.

Review problem: Suppose det (A — AI) = 0. Show using Theorem 3.1.15 there exists
x # 0 such that (A — AI)x=0.

How does the minimal polynomial of an algebraic number relate to the minimal poly-
nomial of a linear transformation? Can an algebraic number be thought of as a linear
transformation? How?

Recall the fact from algebra that if p (A) and ¢ (\) are polynomials, then there exists
[ (A\), a polynomial such that

gA) =pNIA) +7(N)

where the degree of r (\) is less than the degree of p () or else r (\) = 0. With this in
mind, why must the minimal polynomial always divide the characteristic polynomial?
That is, why does there always exist a polynomial [ (A) such that p (A) I (X)) = ¢(N\)?
Can you give conditions which imply the minimal polynomial equals the characteristic
polynomial? Go ahead and use the Cayley Hamilton theorem.

In the following examples, a linear transformation, T is given by specifying its action
on a basis 8. Find its matrix with respect to this basis.

1 1 -1 -1 -1
wr(3)-2(a) () (7)) ()
or(3)=(3) (V) ()= (0)

1 1 1 1 1

1 1 1 1 1 1
or(y)=( ) (0) () (0)-(2)

Let 8 ={uy, - ,u,} be a basis for F” and let T': F”* — F" be defined as follows.
T (zn: akuk> = zn:akbkuk
k=1 k=1

First show that T is a linear transformation. Next show that the matrix of T with
respect to this basis, [T ; is

by

bn

Show that the above definition is equivalent to simply specifying T" on the basis vectors
of 8 by
T (uk) = bkuk.
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. TIn the situation of the above problem, let v = {e;,--- ,e,} be the standard basis for
F™ where e}, is the vector which has 1 in the k" entry and zeros elsewhere. Show that
1], =

(u1 un)[T]ﬁ(ul ey, )71 (8.5)

1Generalize the above problem to the situation where T is given by specifying its
action on the vectors of a basis = {uy,--- ,u,} as follows.

n
Tuy, = E ajpu;.
j=1

Letting A = (a;;) , verify that for v = {e1, - ,e,}, 8.5 still holds and that [T], = A.

Let P3; denote the set of real polynomials of degree no more than 3, defined on an
interval [a,b]. Show that Ps is a subspace of the vector space of all functions defined
on this interval. Show that a basis for Pj is {1,x,x2,x3}. Now let D denote the
differentiation operator which sends a function to its derivative. Show D is a linear
transformation which sends P; to P3. Find the matrix of this linear transformation
with respect to the given basis.

Generalize the above problem to P,, the space of polynomials of degree no more than
n with basis {1,z,--- ,z"}.

In the situation of the above problem, let the linear transformation be T = D? + 1,
defined as T'f = f” + f. Find the matrix of this linear transformation with respect to
the given basis {1,z,--- ,2"}. Write it down for n = 4.

In calculus, the following situation is encountered. There exists a vector valued func-
tion f:U — R™ where U is an open subset of R”. Such a function is said to have
a derivative or to be differentiable at x € U if there exists a linear transformation
T :R™ — R™ such that

lim If(x+v)—f(x)—Tv| _
v—0 |V|

0.

First show that this linear transformation, if it exists, must be unique. Next show
that for 8 = {e;, - ,e,},, the standard basis, the k" column of [T]ﬁ is

of

Actually, the result of this problem is a well kept secret. People typically don’t see
this in calculus. It is seen for the first time in advanced calculus if then.

Recall that A is similar to B if there exists a matrix P such that A = P~'BP. Show
that if A and B are similar, then they have the same determinant. Give an example
of two matrices which are not similar but have the same determinant.

Suppose A € L (V,W) where dim (V) > dim (W) . Show ker (4) # {0}. That is, show
there exist nonzero vectors v € V such that Av = 0.

A vector v is in the convex hull of a nonempty set S if there are finitely many vectors
of S,{vy, -, v} and nonnegative scalars {¢1,--- ,%,,} such that

m m
v:Ztkvk, Ztkzl-
k=1 k=1
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Such a linear combination is called a convex combination. Suppose now that S C V,
a vector space of dimension n. Show that if v = Zz;l tp vy is a vector in the convex
hull for m > n + 1, then there exist other scalars {¢} } such that

m—1
vV = E t;ﬁvk.
k=1

Thus every vector in the convex hull of S can be obtained as a convex combination
of at most n + 1 points of S. This incredible result is in Rudin [24]. Hint: Consider
L:R™ — V x R defined by

L(a) = (f: aRV, zm: ak>
k=1 k=1

Explain why ker (L) # {0}. Next, letting a € ker (L) \ {0} and A € R, note that
Aa €ker (L). Thus for all A € R,

v :Z (tx + Aag) Vi.

k=1
Now vary A till some t; + Aay = 0 for some ay # 0.

For those who know about compactness, use Problem 17 to show that if § C R™ and
S is compact, then so is its convex hull.

Suppose Ax = b has a solution. Explain why the solution is unique precisely when
Ax = 0 has only the trivial (zero) solution.

Let A be an n x n matrix of elements of F. There are two cases. In the first case,
F contains a splitting field of pa (A) so that p(A\) factors into a product of linear
polynomials having coefficients in F. It is the second case which is of interest here
where pa (A) does not factor into linear factors having coefficients in F. Let G be a
splitting field of p4 (A\) and let g4 (\) be the minimal polynomial of A with respect
to the field G. Explain why g4 (A\) must divide p4 (A). Now why must g4 (\) factor
completely into linear factors?

In Lemma 8.2.2 verify that L is linear.
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Canonical Forms

9.1 A Theorem of Sylvester, Direct Sums

The notation is defined as follows.
Definition 9.1.1 Let L € L(V,W). Thenker (L) ={v €V : Lv = 0}.
Lemma 9.1.2 Whenever L € L(V,W), ker (L) is a subspace.
Proof: If a,b are scalars and v,w are in ker (L), then
L(av+bw) =al (v) +bL(w)=0+0=0 M

Suppose now that A € L(V,W) and B € L (W,U) where V,W,U are all finite dimen-
sional vector spaces. Then it is interesting to consider ker (BA). The following theorem of
Sylvester is a very useful and important result.

Theorem 9.1.3 Let A € L(V,W) and B € L(W,U) where V,W,U are all vector spaces
over a field F. Suppose also that ker (A) and A (ker (BA)) are finite dimensional subspaces.
Then

dim (ker (BA)) < dim (ker (B)) + dim (ker (A)).

Equality holds if and only if A (ker (BA)) = ker (B).

Proof: If x € ker (BA), then Ax € ker (B) and so A (ker (BA)) C ker (B) . The following
picture may help.

ker(BA)

Now let {x1,---,z,} be a basis of ker (A) and let {Ayy, -, Ay} be a basis for
A (ker (BA)) . Take any z € ker (BA). Then Az = >""" | a;Ay; and so

A (2 — iai%) =0
i=1

which means z — Y " | a;y; € ker (A) and so there are scalars b; such that

m n
z = g aiYi = E bix;.
i=1 j=1

It follows span (z1, -+ , Tn, Y1, ,Ym) =2 ker (BA) and so by the first part, (See the picture.)

dim (ker (BA)) < n +m < dim (ker (A)) 4 dim (ker (B))

Now {z1,  * ,Zn,y1, " ,Ym} is linearly independent because if
> aiwi+ Y biy; =0
i J

233
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then you could do A to both sides and conclude that }©; b; Ay; = 0 which requires that each
bj = 0. Then it follows that each a; = 0 also because it implies ) . a;z; = 0. Thus

{.’171,"' sy Tny Y1yt 7ym}

is a basis for ker (BA). Then A (ker (BA)) = ker (B) if and only if m = dim (ker (B)) if and
only if
dim (ker (BA)) = m +n = dim (ker (B)) + dim (ker (4)). ®

Of course this result holds for any finite product of linear transformations by induc-
tion. One way this is quite useful is in the case where you have a finite product of linear
transformations Hi:l L; allin £(V,V). Then

1 1
dim <ker H Li> < Z dim (ker L;) .
i=1 i=1

Definition 9.1.4 Let {V;};_, be subspaces of V. Then
dDVi=Vit+V,
i=1
denotes all sums of the form Y., v; where v; € V;. If whenever
Zvi =0,v; € Vi, (9.1)
i=1

it follows that v; = 0 for each i, then a special notation is used to denote 22:1 V;. This
notation is
Vi@V,

and it is called a direct sum of subspaces.
Now here is a useful lemma which is likely already understood.

Lemma 9.1.5 Let L € L(V,W) where V,W are n dimensional vector spaces. Then L is
one to one, if and only if L is also onto. In fact, if {v1,- - ,v,} is a basis, then so is
{Lvy,---, Loy }.

Proof: Let {vy,---,v,} be a basis for V. Then I claim that {Lvy,---, Lv,} is a basis
for W. First of all, I show {Lvy,---, Lv,} is linearly independent. Suppose

zn: cpLvg, = 0.
k=1

L (zn: ckvk> =0
k=1

and since L is one to one, it follows

Then

n

chvk =0

k=1
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which implies each ¢, = 0. Therefore, {Lvy, -, Lv,} is linearly independent. If there
exists w not in the span of these vectors, then by Lemma 7.2.10, {Lvy, - , Lv,, w} would
be independent and this contradicts the exchange theorem, Theorem 7.2.4 because it would
be a linearly independent set having more vectors than the spanning set {vy,--- ,v,}.

Conversely, suppose L is onto. Then there exists a basis for W which is of the form
{Lvy, -+, Lv,}. It follows that {vy,--- ,v,} is linearly independent. Hence it is a basis for
V' by similar reasoning to the above. Then if Lz = 0, it follows that there are scalars ¢;
such that © = ). ¢;v; and consequently 0 = Lx = ), ¢;Lv;. Therefore, each ¢; = 0 and so
x = 0 also. Thus L is one to one. B

Lemma 9.1.6 IfV=Vi®---®V, and if §; = {vli, e ,vfni} is a basis for V;, then a basis
forVis {8y, -+ ,B,.}. Thus
dim (V) = dim (V)
i=1

Proof: Suppose Y.._, > 1 cijvl = 0. then since it is a direct sum, it follows for each i,

m;
g c”v =0
j=1

and now since {vi, e ,vfni} is a basis, each ¢;; = 0. B

Here is a fundamental lemma.

Lemma 9.1.7 Let L; be in L(V,V) and suppose fori # j, L,L; = L;L; and also L; is one
to one on ker (L;) whenever i # j. Then

(HL) —ker (L)) @ +--- + @ ker (L)

Here Hle L; is the product of all the linear transformations.

Proof : Note that since the operators commute, L; : ker (L;) — ker (L;). Here is why.
If L;y = 0 so that y € ker (L;), then

and so Lj : ker (L;) — ker (L;). Next observe that it is obvious that, since the operators

commute,
Z ker (L,) C ker (H L; >

Next, why is > . ker (L) =ker (L1) & --- @ ker (L,,)? Suppose

p

Z’Ui =0, v; € ker (Li),

i=1

but some v; # 0. Then do [[,_; L; to both sides. Since the linear transformations commute,

this results in
H Lj (Uz) = O
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which contradicts the assumption that these L; are one to one on ker (L;) and the observation
that they map ker (L;) to ker (L;). Thus if

Zvi =0, v; € ker (L;)

then each v; = 0. It follows that

ker (Ly) @ +--- + @ ker (L Cker<ﬁLz) (*)

i=1

From Sylvester’s theorem and the observation about direct sums in Lemma 9.1.6,

i dim (ker (L;)) = dim (ker(Li)®+---+ & ker(Ly))

dim (ker (ﬁ Ll>> < zp: dim (ker (L

which implies all these are equal. Now in general, if W is a subspace of V, a finite dimensional
vector space and the two have the same dimension, then W = V. This is because W has
a basis and if v is not in the span of this basis, then v adjoined to the basis of W would
be a linearly independent set so the dimension of V' would then be strictly larger than the
dimension of W. It follows from * that

IN

ker (L1) ® +--- + @ker (L,) = ker (HL >

9.2 Direct Sums, Block Diagonal Matrices

Let V be a finite dimensional vector space with field of scalars F. Here I will make no
assumption on F. Also suppose 4 € L (V,V).

Recall Lemma 8.4.3 which gives the existence of the minimal polynomial for a linear
transformation A. This is the monic polynomial p which has smallest possible degree such
that p(A) = 0. It is stated again for convenience.

Lemma 9.2.1 Let A € L(V,V) where V is a finite dimensional vector space of dimension
n with field of scalars F. Then there exists a unique monic polynomial of the form

P = A"+ g A" e+ o
such that p (A) =0 and m is as small as possible for this to occur.

Now it is time to consider the notion of a direct sum of subspaces. Recall you can
always assert the existence of a factorization of the minimal polynomial into a product of
irreducible polynomials. This fact will now be used to show how to obtain such a direct
sum of subspaces.

Definition 9.2.2 For A € L (V,V) where dim (V') = n, suppose the minimal polynomial is

= [T (@)™

k=1
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where the polynomials ¢, have coefficients in F and are irreducible. Now define the gener-
alized eigenspaces

Vi = ker (¢4 (4))™)

Note that if one of these polynomials (¢, (X))™ is a monic linear polynomial, then the gen-
eralized eigenspace would be an eigenspace.

Theorem 9.2.3 In the context of Definition 9.2.2,
V=Vie --aV, (9.2)

and each Vi, is A invariant, meaning A (Vi) C Vi. ¢, (A) is one to one on each Vi, for k # 1.
If B, = {vi,~-~ ,vfm} s a basis for V;, then {,81,62,--- ,ﬁq} s a basis for V.

Proof: It is clear Vj is a subspace which is A invariant because A commutes with
¢y (A)™* . Tt is clear the operators ¢, (A)"™ commute. Thus if v € V,

Or (A)™ ¢ (A)" v = ¢y (A)" ¢y (A)" v = (A)" 0 =0

and so ¢, (A)" : Vi — Vi.
I claim ¢; (A) is one to one on Vi whenever k # I. The two polynomials ¢; (A) and
¢5 (\)"* are relatively prime so there exist polynomials m (\),n (\) such that

m(A) dp (A) +n(X) d (M) =1

It follows that the sum of all coefficients of A raised to a positive power are zero and the
constant term on the left is 1. Therefore, using the convention A® = I it follows

m (A) ¢ (A) +n(A) gy (A)" =T
If v € Vi, then from the above,
m (A) dy (A)v + 1 (A) dy, (A)™ v = v
Since v is in Vj, it follows by definition,
m(A) ¢ (A)v=v

and so ¢, (A)v # 0 unless v = 0. Thus ¢, (A) and hence ¢, (4)" is one to one on Vj, for
every k # I. By Lemma 9.1.7 and the fact that ker ([T{_; ¢, (A\)™*) = V, 9.2 is obtained.
The claim about the bases follows from Lemma 9.1.6. B

You could consider the restriction of A to V. It turns out that this restriction has
minimal polynomial equal to ¢, (A)"".

Corollary 9.2.4 Let the minimal polynomial of A be p(X) = [T{_, ¢ (\)"™* where each ¢,
is irreducible. Let Vi, = ker (¢ (A)™*). Then

Vie--- @ Vq =V
and letting Ay, denote the restriction of A to Vi, it follows the minimal polynomial of Ay is
Pp ()™

Proof: Recall the direct sum, V; @ --- @V, =V where Vj, = ker (¢, (A)"*) for p(\) =
[T7_, ¢ (\)™" the minimal polynomial for A where the ¢, ()) are all irreducible. Thus each
Vi is invariant with respect to A. What is the minimal polynomial of A, the restriction of
A to Vi? First note that ¢ (Ax)™* (Vi) = {0} by definition. Thus if 7 ()) is the minimal
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polynomial for A then it must divide ¢, (A\)™* and so by Corollary 7.3.11 5 () = ¢, (\)"™*
where 7, < my. Could rp < my? No, this is not possible because then p(\) would fail
to be the minimal polynomial for A. You could substitute for the term ¢, (\)™* in the
factorization of p (\) with ¢, (A\)"" and the resulting polynomial p’ would satisfy p’ (4) = 0.
Here is why. From Theorem 9.2.3, a typical € V is of the form

q
E vi, v; € V;
i=1

Then since all the factors commute,

oA (z ) o0 4™ 6 ()" (z )
=1 3

i#k i=1
For j # k
q q
[T 6 (O™ 6 (A)™ v = T & (O™ & (A)™ 6, (A)™ v =
i#k i#k,j
If j =k,

q
[T 6 ()™ 64 (A v =0
ik
which shows p’ (\) is a monic polynomial having smaller degree than p (\) such that p’ (A) =
0. Thus the minimal polynomial for Ay is ¢, (\)™* as claimed. B
How does Theorem 9.2.3 relate to matrices?

Theorem 9.2.5 Suppose V is a vector space with field of scalars F and A € L(V,V).
Suppose also

V=wia -0V,
where each Vi, is A invariant. (AVy C Vi) Also let ), be an ordered basis for Vi, and let Ay,
denote the restriction of A to Vi,. Letting M* denote the matriz of Ay with respect to this

basis, it follows the matriz of A with respect to the basis {ﬂl, e ,ﬂq} 18
M! 0
0 M1

Proof: Let 8 denote the ordered basis {ﬂh e ,ﬂq} ,|B%| being the number of vectors
in B,. Let g : FlIAxl — V4 be the usual map such that the following diagram commutes.

A
Vi — Vi
T o Tk
IE‘WH — IB‘\BU
Mk
Thus Arqr, = ¢ MF*. Then if ¢ is the map from F™ to V corresponding to the ordered basis
[ just described,

T
(](0 X .- 0) = qrX,
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where x occupies the positions between Zi:ll |8;] + 1 and Zle |8;]. Then M will be the
matrix of A with respect to £ if and only if a similar diagram to the above commutes.
Thus it is required that Aq = ¢M. However, from the description of ¢ just made, and the
invariance of each Vj,

0 M?t 0 0
Ag| x = Apqrx = qukx =q Mk X
0 0 M1 0

It follows that the above block diagonal matrix is the matrix of A with respect to the given
ordered basis. W

An examination of the proof of the above theorem yields the following corollary.

Corollary 9.2.6 If any (3, in the above consists of eigenvectors, then M* is a diagonal
matriz having the corresponding eigenvalues down the diagonal.

It follows that it would be interesting to consider special bases for the vector spaces in
the direct sum. This leads to the Jordan form or more generally other canonical forms such
as the rational canonical form.

9.3 Cyclic Sets

It was shown above that for A € £(V,V) for V a finite dimensional vector space over the
field of scalars F, there exists a direct sum decomposition

V=Vie- oV,

where

Vi, = ker (¢, (A)™)

and ¢, (\) is an irreducible polynomial. Here the minimal polynomial of A was

[T o™
k=1

Next I will consider the problem of finding a basis for Vj, such that the matrix of A
restricted to V,, assumes various forms.

Definition 9.3.1 Letting x # 0 denote by (3, the vectors {CE,AI’,A2$, e ,Amflx} where
m is the smallest such that A™xz € span (m, e ,Amflx) . This is called an A cyclic set.
The vectors which result are also called a Krylov sequence. For such a sequence of vectors,
|8, = m.

The first thing to notice is that such a Krylov sequence is always linearly independent.

Lemma 9.3.2 Let 8, = {x,Ax,AQx, e ,Am_lx} s # 0 where m is the smallest such
that A™x € span (x, e ,Am’lx) . Then {x, Az, A%z, - - - ,Am’lx} 18 linearly independent.
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Proof: Suppose that there are scalars ay, not all zero such that

Ju

m—
ap Az =0
k=0

Then letting a, be the last nonzero scalar in the sum, you can divide by a, and solve for
A"z as a linear combination of the A7z for j < r < m — 1 contrary to the definition of m.
|

Now here is a nice lemma which has been pretty much discussed earlier.

Lemma 9.3.3 Suppose W is a subspace of V where V is a finite dimensional vector space

and L € L(V,V) and suppose LW = LV. Then V =W +ker (L).

Proof: Let a basis for LV = LW be {Lwy, -, Lwy,},w; € W. Then let y € V. Thus
m
Ly =>".", ¢c;Lw; and so
=z
m
L y—Zciwi =Lz=0

i=1

It follows that z € ker (L) and so y = > ", c;w; + 2 € W + ker (L). B

For more on the next lemma and the following theorem, see Hofman and Kunze [15]. I
am following the presentation in Friedberg Insel and Spence [10]. See also Herstein [14] for
a different approach to canonical forms. To help organize the ideas in the lemma, here is a
diagram.

ker(¢(A)™)

U C ker(¢(A))

/8117/8.’1)27"'7ﬂfp

Lemma 9.3.4 Let W be an A invariant (AW C W) subspace of ker (¢ (A)™) for m a pos-
itive integer where ¢ (\) is an irreducible monic polynomial of degree d. Let U be an A
invariant subspace of ker (¢ (A4)).

If {v1, -+ ,us} is a basis for W then if x e U\ W,

{Ulv"' 7vsvﬁz}

is linearly independent.
There exist vectors x1,--- ,xp each in U such that

{’Uly"' 7057Bm11“' 7ﬂ;pp}
is a basis for
U+Ww.

Also, if v € ker (¢ (A)™), |8,| = kd where k < m. Here |B,] is the length of B,, the degree of
the monic polynomial n (X) satisfying n (A) x = 0 with n (\) having smallest possible degree.
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Proof: Claim: If « € ker¢ (A), and |S,| denotes the length of 3, then |5,| = d the
degree of the irreducible polynomial ¢(\) and so

B, = {:mAx, A%x, .- ,Ad_lx}

also span (8,) is A invariant, A (span(8,)) C span (8,).

Proof of the claim: Let m = |3,|. That is, there exists monic 7 (A) of degree m and
1 (A)xz = 0 with m is as small as possible for this to happen. Then from the usual process of
division of polynomials, there exist [ (\),r (A) such that r (A) = 0 or else has smaller degree
than that of n (\) such that

¢(A) =nNLA) +7(A)

If deg (r (\)) < deg(n (X)), then the equation implies 0 = ¢ (A) x = r (A) z and so m was
incorrectly chosen. Hence r (\) = 0 and so if I (A) # 1, then 5 (X) divides ¢ (\) contrary
to the assumption that ¢ ()) is irreducible. Hence [ (A) = 1 and n(A) = ¢ (\). The claim
about span (3,) is obvious because A%z € span (3,). This shows the claim.

Suppose now z € U \ W where U C ker (¢ (A)). Consider

{Ula"' avsng}'

Is this set of vectors independent? Suppose

s d
Zaivi + Zdej_lx =0.
i=1 j=1

If z = ijl d; A7z, then z € W Nspan (z, Az, --- , A% *z) . Then also for each m < d—1,
A™z € W Nspan (z, Ax,--- ,Adilx)
because W, span (a?, Az, --- ,Ad_lm) are A invariant. Therefore,

span (Z,AZ,"- ,Adilz) W N span (:c,Az,u- ,Adilx)

c
C span (x, Az, - ,Ad_lx) (9.3)

Suppose z # 0. Then from the Lemma 9.3.2 above, {Z,Az, e ,Adilz} must be linearly
independent. Therefore,

d = dim (span (2, Az, -+ , A% '2)) < dim (W Nspan (z, Az, -+ , A% 'z))

< dim (Span (x, Az, --- ,Ad_lx)) =d

Thus
W Nspan (z, Az, -+ , A" 'z) = span (z, Az, - -+ , A% 'z)

which would require z € W but this is assumed not to take place. Hence z = 0 and so

the linear independence of the {vy,--- ,vs} implies each a; = 0. Then the linear indepen-
dence of {x, Az, --- ,Ad_lx}, which follows from Lemma 9.3.2, shows each d; = 0. Thus
{vl, e vg, Ay - - ,Ad_lx} is linearly independent as claimed.

Let © € U\ W C ker (¢ (A)). Then it was just shown that {vy,---,vs, 0,} is linearly
independent. Let W7 be given by

) S Span(v1,~-- 71}8,613) = Wl
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Then W7 is A invariant. If Wy equals U + W, then you are done. If not, let Wy play the
role of W and pick z1 € U \ W and repeat the argument. Continue till

Span(’U17"' 71]87611’”. 75171) :U+W

The process stops because ker (¢ (A)™) is finite dimensional.
Finally, letting = € ker (¢ (A)™), there is a monic polynomial 1 () such that n (A)z =0
and 1 () is of smallest possible degree, which degree equals |3,|. Then
oM™ =N TLA) +7(A)

If deg(r(N\)) < deg(n()N)), then r(A)xz = 0 and 7 (A\) was incorrectly chosen. Hence
7(A) = 0 and so 7 (\) must divide ¢ (A\)™ . Hence by Corollary 7.3.11 5 (\) = ¢ (A\)* where
k <m. Thus |8, = kd =deg(n())). A

With this preparation, here is the main result about a basis V' where A € £ (V, V') and the
minimal polynomial for A is ¢ (A)™ for ¢ (\) irreducible an irreducible monic polynomial.
There is a very interesting generalization of this theorem in [15] which pertains to the
existence of complementary subspaces. For an outline of this generalization, see Problem 9
on Page 292.
Theorem 9.3.5 Suppose A € L(V,V) for V some finite dimensional vector space. Then

for each k € N, there exists a cyclic basis for ker (¢ (A)k> which is one of the form B =

{Bxl,--~ ,ﬁ%} or ker (qi) (A)k> = {0}. Note that if ker (¢ (A)) # {0}, then the same is
true for all ker (d) (A)k) ,keN.

Proof: If k = 1, you can use Lemma 9.3.4 and let W = {0} and U = ker (¢ (4))
to obtain the cyclic basis. Suppose then that the theorem is true for m —1,m —1 > 1

meaning that for any finite dimensional vector space V and A € L (V,V), ker ((Z) (A)k) has

a cyclic basis for all & < m — 1. Consider a new vector space ¢ (4)ker (¢ (A)™) = V in
place of V and the restriction of A to V which we will call A. Then A € £ (V, ‘7) It

follows ¢ (A)" " (¢ (A) ker (¢ (A)™)) = ¢ (A)™ 'V = 0 and since ¢ ()) is irreducible, the
. . N Ak
minimum polynomial of A on V is ¢ (A) for some k£ < m — 1. Thus ker <¢ (A) ) =

N Nk .
{U eV:o (A) v= 0}. Since k£ < m — 1 the cyclic basis in V exists by induction. If

k = 0, then you would have V = {0} and {0} = ¢ (4) ker (¢ (A)™) D ker (¢ (A)) so nothing
is of any interest because all of these spaces are {0}.
Let the cyclic basis for V = ¢ (A) ker (¢ (A)™) be

{0},

v € 6 (A)ker (6 (A)"). Let 2 = 6 (A)yiyy € ker (6(4)"). Consider {B,,.-.5, }
y; € ker (¢ (A)™). Are these vectors independent? Suppose

1By |

P
i=1 j=1 i=1
If the sum involved x; in place of y;, then something could be said because {511 yrr ,5%}

is a basis.
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Do ¢ (A) to both sides to obtain

p |ﬂyi P
0= Z Z aijAj_lxi = Zfl (A) €T;
i=1 j=1 i=1

Now f; (fl) xz; = 0 for each ¢ since f; (fl) z; € span (ﬂz) and as just mentioned,

(8060}

is a basis. Let 7, (A) be the monic polynomial of smallest degree such that 7, (A) x; = 0.
Then

fi) =n; AT +7r(A)
where r(A) = 0 or else it has smaller degree than n, (A\). However, the equation then
shows that r (/i) x; = 0 which would contradict the choice of n; (A). Thus r (A) = 0 and

n; (V) divides f; (). Also, ¢ (A)m_l v =¢ (A)m_l ¢ (A)y; = 0 and so 7; (\) must divide

¢ (A\)™ ", From Corollary 7.3.11, it follows that, since ¢ (\) is irreducible, 1; (A) = ¢ (A)" for
some r < m — 1. Thus ¢ (A\) divides n; (A) which divides f; (A). Hence f; (A) = ¢ (A) g; (A)!

Now
0= fi(A)y: = g (Ao = g (A) .
i=1 i=1 i—1

By the same reasoning just given, since g; (fl) Z; € span (ﬂz ) , it follows that each

7

Gi (/1) z; = 0.
Therefore,
fi(A)yi = g: (A) 6 (A) s = g: (4) 2 = 0.
Therefore,
124,
fi(A)yi= Y ai; A7y =0
j=1

and by independence of the 3, , this implies a;; = 0 for each j for each i.
Next, it follows from the definition that

& (4) (ker (6(A)™)) = span (B, 6, ) .

Now
W = span (Byu e 75%) C ker (¢ (A)™)

because each y; € ker (¢ (A)™). Then from the above description of {5I1,~~ ,,Bmp} as a
cyclic basis for ¢ (A) (ker (¢ (A)™)),

6 (4) (ker (6(A)™) = span (B, .8, ) @ (A)span (B, .5, )

¢
= ¢(A) (W) C ¢(A)ker(p(A)™)
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To see the first inclusion,
ATz =A"¢(A)y, = ¢ (A) A"y, € ¢ (A) span (6yq) C ¢ (A)span (ﬂylv e 757!?)

It follows from Lemma 9.3.3 that ker (¢ (A)™) = W + ker (¢ (A)) . From Lemma 9.3.4 W +
ker (¢ (A)) has a basis of the form {5y ByyrBays ﬁ} n

9.4 Nilpotent Transformations

Definition 9.4.1 Let V' be a vector space over the field of scalars F. Then N € L(V,V) is
called nilpotent if for some m, it follows that N™ = 0.

The following lemma contains some significant observations about nilpotent transforma-
tions.

Lemma 9.4.2 Suppose N¥x # 0. Then {x,Nx, e ,Nkac} is linearly independent. Also,
the minimal polynomial of N is \™ where m is the first such that N™ = 0.

Proof: Suppose Zf:o ¢;iNiz = 0 where not all ¢; = 0. There exists [ such that
k<1< mand N1z = 0 but N'z # 0. Then multiply both sides by N* to conclude that
co = 0. Next multiply both sides by N*~! to conclude that ¢; = 0 and continue this way to
obtain that all the ¢; = 0.

Next consider the claim that A™ is the minimal polynomial. If p(A) is the minimal
polynomial, then by the division algorithm,

A =p (W) L) +7(N)

where the degree of r (A) is less than that of p(\) or else r (A\) = 0. The above implies
0 =0+ r(N) contrary to p(\) being minimal. Hence r (A) = 0 and so p () divides A™.
Hence p(\) = A for k& < m. But if k& < m, this would contradict the definition of m as
being the smallest such that N = 0. &

For such a nilpotent transformation, let {Bml, - ,qu} be a basis for ker (N™) = V

where these 3,. are cyclic. This basis exists thanks to Theorem 9.3.5. Note that you can
have |3,| < m because it is possible for N¥z = 0 without N* = 0. Thus

V = span (ﬁm) @ --- D span (5%) ,

each of these subspaces in the above direct sum being N invariant. For z one of the xy,
consider 3, given by
z,Nz,N?z,--- Nz

where N"z is in the span of the above vectors. Then by the above lemma, N"z = 0.
By Theorem 9.2.5, the matrix of N with respect to the above basis is the block diagonal
matrix

M! 0
0 M1
where M* denotes the matrix of N restricted to span (ﬂwk) In computing this matrix, I

will order 3, as follows:

(N gy, )
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Also the cyclic sets 3, ,8,,, " ,BIQ will be ordered according to length, the length of 3,
being at least as large as the length of 3, ,|8,,| = rx. Then since Nz}, = 0, it is now
easy to find M¥*. Using the procedure mentioned above for determining the matrix of a
linear transformation,

(0 Nrelg, . Ng;k):
0 1 0
TE—1 rE—2 0 0
N Tk N Tk Tk . .
o .1

Thus the matrix M, is the i X r; matrix which has ones down the super diagonal and zeros
elsewhere. The following convenient notation will be used.

Definition 9.4.3 Ji (a) is a Jordan block if it is a k X k matriz of the form

a 1 0
0

Ji (@) =
: . o1
0 .- 0 «

In words, there is an unbroken string of ones down the super diagonal and the number «
filling every space on the main diagonal with zeros everywhere else.

Then with this definition and the above discussion, the following proposition has been
proved.

Proposition 9.4.4 Let N € L(W, W) be nilpotent,
N™ =0

for some m € N. Here W is a p dimensional vector space with field of scalars F. Then there
exists a basis for W such that the matrix of N with respect to this basis is of the form

J= . (9.5)
0 Jr, (0)

where 1y > 19 > - > 1y > 1 and Y.;_, r; = p. In the above, the Jyr, (0) is called a Jordan
block of size r; x r; with 0 down the main diagonal.

Observation 9.4.5 Observe that J,. (0)" =0 but J, (0)7»71 £0.
In fact, the matrix of the above proposition is unique.

Corollary 9.4.6 Let J,J' both be matrices of the nilpotent linear transformation N €
L (W, W) which are of the form described in Proposition 9.4.4. Then J = J'. In fact,
if the rank of J* equals the rank of J'* for all nonnegative integers k, then J = J'.
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Proof: Since J and J' are similar, it follows that for each k an integer, J* and J'* are
similar. Hence, for each k, these matrices have the same rank. Now suppose J # J'. Note
first that

Jr(0)" =0, J.(0)""" #£0.
Denote the blocks of J as J;, (0) and the blocks of J' as J,, (0). Let k be the first such that
Jr,, (0) # Jpr (0). Suppose that rj, > ;. By block multiplication and the above observation,
it follows that the two matrices J™*~! and J'"*~! are respectively of the forms

My, 0 MTi 0

0 * 0 0
where M, = Mr; for j < k—1but M, is a zero r}, X r}, matrix while M, is a larger matrix
which is not equal to 0. For example, M,, could look like

0 --- 1
0 0

r—1

Thus there are more pivot columns in J"*~! than in (J') , contradicting the requirement

that J*¥ and J’* have the same rank. B

9.5 The Jordan Canonical Form

The Jordan canonical form has to do with the case where the minimal polynomial of A €
L (V,V) splits. Thus there exist Ag in the field of scalars such that the minimal polynomial
of A is of the form

T

p() =TT =)™

k=1
Recall the following which follows from Theorem 8.4.4.

Proposition 9.5.1 Let the minimal polynomial of A € L (V,V) be given by

T

p(N) =TT =)™

k=1
Then the eigenvalues of A are {A1,--+ , A\ }.

It follows from Corollary 9.2.3 that

Vv ker (A—MI)"™ & - @ ker (A—\.1)""

= e oV,
where I denotes the identity linear transformation. Without loss of generality, let the

dimensions of the Vi be decreasing from left to right. These V), are called the generalized
eigenspaces.
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It follows from the definition of Vj, that (A — Ax[I) is nilpotent on Vj, and clearly each
Vi is A invariant. Therefore from Proposition 9.4.4, and letting A denote the restriction
of A to Vi, there exists an ordered basis for Vj, §;, such that with respect to this basis, the
matrix of (A — AgI) is of the form given in that proposition, denoted here by J*. What is
the matrix of Ay with respect to 5,7 Letting {b1,--- ,b.} = By,

Agbj = (Ax = M) b+ Nedby = > TEb+ > Mdajbe = Y (JE + \ibsj) b

S

and so the matrix of Ay with respect to this basis is J* 4+ A, where I is the identity matrix.
Therefore, with respect to the ordered basis {8, -, 3, } the matrix of A is in Jordan
canonical form. This means the matrix is of the form

J (A1) 0
. (9.6)
0 J(Ar)
where J (A;) is an my X my, matrix of the form
Ty (Ak) 0

Trs (Ak)

(9.7)
0 Jr, (M)

where k1 > ko > --- >k, > 1 and Z;Zl k; = myg. Here Ji (A) is a k x k Jordan block of the
form

A1 0

0 A (9.8)
1

0 0 A

This proves the existence part of the following fundamental theorem.

Note that if any of the 3, consists of eigenvectors, then the corresponding Jordan block
will consist of a diagonal matrix having A down the main diagonal. This corresponds to
my, = 1. The vectors which are in ker (A — A\ I)™* which are not in ker (4 — A1) are called
generalized eigenvectors.

The following is the main result on the Jordan canonical form.

Theorem 9.5.2 Let V be an n dimensional vector space with field of scalars C or some
other field such that the minimal polynomial of A € L (V, V) completely factors into powers
of linear factors. Then there exists a unique Jordan canonical form for A as described in
9.6 - 9.8, where uniqueness is in the sense that any two have the same number and size of

Jordan blocks.

Proof: It only remains to verify uniqueness. Suppose there are two, J and J'. Then these
are matrices of A with respect to possibly different bases and so they are similar. Therefore,
they have the same minimal polynomials and the generalized eigenspaces have the same
dimension. Thus the size of the matrices J (\;) and J' () defined by the dimension of
these generalized eigenspaces, also corresponding to the algebraic multiplicity of Ag, must
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be the same. Therefore, they comprise the same set of positive integers. Thus listing the
eigenvalues in the same order, corresponding blocks J (A), J' (Ax) are the same size.

It remains to show that J (\g;) and J’ (A\x) are not just the same size but also are the
same up to order of the Jordan blocks running down their respective diagonals. It is only
necessary to worry about the number and size of the Jordan blocks making up J (\x) and
J' (M) . Since J, J" are similar, so are J — Axl and J' — A\;[I.

Thus the following two matrices are similar

T () = Al 0
A= | T ) = AT
0 | J(Ar) = Akl
T (A1) = Al 0
B= . J (M) — eI
0 S () — el

and consequently, rank (Ak) = rank (Bk) for all k& € N. Also, both J(\;) — Al and
J" (A;) — AgI are one to one for every A; # . Since all the blocks in both of these matrices
are one to one except the blocks J' (Ar) — Mg, J (M) — A1, it follows that this requires the
two sequences of numbers {rank ((J (\r) — \eI)™)}ov_; and {rank ((J' (A\x) — \eD)™) }
must be the same.

m=1

Then
Jk, (0) 0
Ik, (0)
J ()\k) - )\kI = :
0 Jk,. (0)
and a similar formula holds for J’ (Ag)
Jl1 (O) 0
Ji, (0)
J (M) — Ml = ’
0 i, (0)

and it is required to verify that p = r and that the same blocks occur in both. Without
loss of generality, let the blocks be arranged according to size with the largest on upper left
corner falling to smallest in lower right. Now the desired conclusion follows from Corollary
9.4.6. 1

Note that if any of the generalized eigenspaces ker (A — \xI)™* has a basis of eigen-
vectors, then it would be possible to use this basis and obtain a diagonal matrix in the
block corresponding to Ax. By uniqueness, this is the block corresponding to the eigenvalue
Ak- Thus when this happens, the block in the Jordan canonical form corresponding to Ag
is just the diagonal matrix having A\; down the diagonal and there are no generalized
eigenvectors.
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The Jordan canonical form is very significant when you try to understand powers of a
matrix. There exists an n x n matrix S' such that

A=5"1JS.
Therefore, A> = S~1JSS71JS = S~1J2S and continuing this way, it follows
AF =571 "8,
where .J is given in the above corollary. Consider J*. By block multiplication,
JF 0
Jk =
0 JE
The matrix J, is an mg X ms matrix which is of the form
Js=D+ N

for D a multiple of the identity and N an upper triangular matrix with zeros down the
main diagonal. Thus N = 0. Now since D is just a multiple of the identity, it follows
that DN = N D. Therefore, the usual binomial theorem may be applied and this yields the
following equations for k > my.

k
2 o
JEo= D+ N =D (,)D’“—JNJ
i=o M

S <’f> Dr-iNd, (9.9)

=0 M
the third equation holding because N™s = 0. Thus J* is of the form

JE =

S

0o ... oF

Lemma 9.5.3 Suppose J is of the form Js, a Jordan block where the constant «, on the
main diagonal is less than one in absolute value. Then

lim (J*) . =0.

k—o00 ij
Proof: From 9.9, it follows that for large k, and j < m,

(k) < k(k—1)---(k—ms+1)

J m!

Therefore, letting C' be the largest value of ‘(Nj)pq‘ for 0 < j < myg,

(), < moc (HEZL b mme £ e,

- myg!

1The S here is written as S—! in the corollary.
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which converges to zero as k — oo. This is most easily seen by applying the ratio test to

the series
o0

S (k(k—1>~7;1(:c!—ms+1>>|akms

k=mg

and then noting that if a series converges, then the k** term converges to zero. B

9.6 Exercises

1. In the discussion of Nilpotent transformations, it was asserted that if two nxn matrices
A, B are similar, then AF is also similar to B¥. Why is this so? If two matrices are
similar, why must they have the same rank?

2. If A, B are both invertible, then they are both row equivalent to the identity matrix.
Are they necessarily similar? Explain.

3. Suppose you have two nilpotent matrices A, B and A* and B* both have the same
rank for all £ > 1. Does it follow that A, B are similar? What if it is not known that
A, B are nilpotent? Does it follow then?

4. When we say a polynomial equals zero, we mean that all the coefficients equal 0. If we
assign a different meaning to it which says that a polynomial p (\) equals zero when
it is the zero function, (p(A) = 0 for every A € F.) does this amount to the same
thing? Is there any difference in the two definitions for ordinary fields like Q7 Hint:
Consider for the field of scalars Zs, the integers mod 2 and consider p (\) = A 4 \.

5. Let A€ L£(V,V) where V is a finite dimensional vector space with field of scalars F.
Let p (A) be the minimal polynomial and suppose ¢ (1)) is any nonzero polynomial such
that ¢ (A) is not one to one and ¢ (\) has smallest possible degree such that ¢ (A) is
nonzero and not one to one. Show ¢ (A) must divide p (A).

6. Let A € L(V,V) where V is a finite dimensional vector space with field of scalars F.
Let p (A) be the minimal polynomial and suppose ¢ (A) is an irreducible polynomial
with the property that ¢ (A)z = 0 for some specific 2 # 0. Show that ¢ (\) must
divide p (A). Hint: First write p (A\) = ¢ (A) g (A) + r (\) where r (\) is either 0 or
has degree smaller than the degree of ¢ (\). If 7 (A\) = 0 you are done. Suppose it is
not 0. Let n(A\) be the monic polynomial of smallest degree with the property that
1 (A) z = 0. Now use the Euclidean algorithm to divide ¢ (A) by 1 (\). Contradict the
irreducibility of ¢ (A).

7. Suppose A is a linear transformation and let the characteristic polynomial be

q

det (AT — A) =[] ¢, (M)™

j=1

where the ¢, (M) are irreducible. Explain using Corollary 7.3.11 why the irreducible
factors of the minimal polynomial are ¢; (A) and why the minimal polynomial is of
the form H;J-:l oy (A\)"? where r; < nj. You can use the Cayley Hamilton theorem if
you like.

8. Let
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Find the minimal polynomial for A.

. Suppose A is an n X n matrix and let v be a vector. Consider the A cyclic set of

vectors {V,Av, e 7Am‘lv} where this is an independent set of vectors but A™v is
a linear combination of the preceding vectors in the list. Show how to obtain a monic
polynomial of smallest degree, m, ¢,, (A) such that

¢y (A)v =0

Now let {wy,---,w,} be a basis and let ¢ (\) be the least common multiple of the
by, (A). Explain why this must be the minimal polynomial of A. Give a reasonably
easy algorithm for computing ¢, ().

Here is a matrix.

-7 -1 -1
-21 -3 -3
70 10 10

Using the process of Problem 9 find the minimal polynomial of this matrix. It turns
out the characteristic polynomial is A%,

Find the minimal polynomial for

1
A= 2
-3

N = N
o W

by the above technique. Is what you found also the characteristic polynomial?

Let A be an n x n matrix with field of scalars C. Letting A be an eigenvalue, show
the dimension of the eigenspace equals the number of Jordan blocks in the Jordan
canonical form which are associated with A. Recall the eigenspace is ker (A] — A).

For any n x n matrix, why is the dimension of the eigenspace always less than or
equal to the algebraic multiplicity of the eigenvalue as a root of the characteristic
equation? Hint: Note the algebraic multiplicity is the size of the appropriate block
in the Jordan form.

Give an example of two nilpotent matrices which are not similar but have the same
minimal polynomial if possible.

Use the existence of the Jordan canonical form for a linear transformation whose
minimal polynomial factors completely to give a proof of the Cayley Hamilton theorem
which is valid for any field of scalars. Hint: First assume the minimal polynomial
factors completely into linear factors. If this does not happen, consider a splitting field
of the minimal polynomial. Then consider the minimal polynomial with respect to
this larger field. How will the two minimal polynomials be related? Show the minimal
polynomial always divides the characteristic polynomial.

Here is a matrix. Find its Jordan canonical form by directly finding the eigenvectors
and generalized eigenvectors based on these to find a basis which will yield the Jordan
form. The eigenvalues are 1 and 2.

L

&
= O = W
W = N W
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Why is it typically impossible to find the Jordan canonical form?

People like to consider the solutions of first order linear systems of equations which
are of the form
x' (t) = Ax (t)

where here A is an n X n matrix. From the theorem on the Jordan canonical form,
there exist S and S~! such that A = SJS~! where J is a Jordan form. Define
y (t) = S7'x(t). Show y’ = Jy. Now suppose ¥ (¢) is an n X n matrix whose columns
are solutions of the above differential equation. Thus

U = AT
Now let ® be defined by S®S~! = ¥. Show
o' = Jo.
In the above Problem show that
det ()’ = trace (A) det ()

and so
det (T (¢¥)) = Cetrace(A)t

This is called Abel’s formula and det (¥ (¢)) is called the Wronskian. Hint: Show it
suffices to consider
P = JP

and establish the formula for ®. Next let

o

bn,
where the ¢, are the rows of ®. Then explain why

det (®)" = zn: det (®;) (9.10)

where ®; is the same as ® except the i'" row is replaced with ¢, instead of the row
¢;. Now from the form of J,
& =DP+ N

where N has all nonzero entries above the main diagonal. Explain why
i (1) = Nioy; () + ai@iqq (1)

Now use this in the formula for the derivative of the Wronskian given in 9.10 and use
properties of determinants to obtain

det () = zn: \; det (@) .

Obtain Abel’s formula
det ((I)) — Cetrace(A)t

and so the Wronskian det ® either vanishes identically or never.



9.6.

19.

20.

21.

22.

23.

24.

EXERCISES 253

Let A be an n x n matrix and let J be its Jordan canonical form. Recall J is a block
diagonal matrix having blocks Ji (A\) down the diagonal. Each of these blocks is of
the form

Al 0
A
T (\) =
1
0 A

1 0

0 Ekfl

Show that D1Jy (A\) D has the same form as Ji () but instead of ones down the
super diagonal, there is ¢ down the super diagonal. That is Ji () is replaced with

A € 0
A

. €

0 A

Now show that for A an n x n matrix, it is similar to one which is just like the Jordan
canonical form except instead of the blocks having 1 down the super diagonal, it has
E.

Let A be in £ (V,V) and suppose that APz # 0 for some = # 0. Show that APej, # 0
for some e;, € {e1,- - ,e,}, a basis for V. If you have a matrix which is nilpotent,
(A™ = 0 for some m) will it always be possible to find its Jordan form? Describe how
to do it if this is the case. Hint: First explain why all the eigenvalues are 0. Then
consider the way the Jordan form for nilpotent transformations was constructed in the
above.

Suppose A is an n X n matrix and that it has n distinct eigenvalues. How do the mini-
mal polynomial and characteristic polynomials compare? Determine other conditions
based on the Jordan Canonical form which will cause the minimal and characteristic
polynomials to be different.

Suppose A is a 3 x 3 matrix and it has at least two distinct eigenvalues. Is it possible
that the minimal polynomial is different than the characteristic polynomial?

If A is an n x n matrix of entries from a field of scalars and if the minimal polynomial
of A splits over this field of scalars, does it follow that the characteristic polynomial
of A also splits? Explain why or why not.

Show that if two n x n matrices A, B are similar, then they have the same minimal
polynomial and also that if this minimal polynomial is of the form p (A\) = [_; ¢; (A\)"
where the ¢, (\) are irreducible and monic, then ker (¢, (4)"") and ker (¢; (B)"*) have
the same dimension. Why is this so? This was what was responsible for the blocks
corresponding to an eigenvalue being of the same size.
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Show that a given complex n x n matrix is non defective (diagonalizable) if and only
if the minimal polynomial has no repeated roots.

Describe a straight forward way to determine the minimal polynomial of an n x n
matrix using row operations. Next show that if p (A) and p’ (A) are relatively prime,
then p (A\) has no repeated roots. With the above problem, explain how this gives a
way to determine whether a matrix is non defective.

In Theorem 9.3.5 show that each cyclic set 3, is associated with a monic polyno-
mial 7, (A) such that n, (A) () = 0 and this polynomial has smallest possible degree
such that this happens. Show that the cyclic sets 3,. can be arranged such that
Naipr (A) /Mg, ().

Show that if A is a complex n x n matrix, then A and A7 are similar. Hint: Consider
a Jordan block. Note that

0 01 A1 0 0 01 A0 O
010 0 X 1 01 0 (=11 X0
1 00 0 0 A 1 00 0 1 A

Let A be a linear transformation defined on a finite dimensional vector space V. Let
the minimal polynomial be [T{_, ¢, ()" and let (ﬁ:}i, ’ﬁzr> be the cyclic sets
such that {Bii’ . ’5211} is a basis for ker (¢; (4)"™). Let v = >, >, v} Now let
¢ (\) be any polynomial and suppose that

q(A)v=20

Show that it follows ¢ (A) = 0. Hint: First consider the special case where a basis for
V is {x,Aac, e ,A"‘lx} and g (A)z = 0.

9.7 The Rational Canonical Form*

Here one has the minimal polynomial in the form []7_, ¢ (\)"* where ¢ ()) is an irreducible
monic polynomial. It is not necessarily the case that ¢ ()\) is a linear factor. Thus this case
is completely general and includes the situation where the field is arbitrary. In particular, it
includes the case where the field of scalars is, for example, the rational numbers. This may
be partly why it is called the rational canonical form. As you know, the rational numbers
are notorious for not having roots to polynomial equations which have integer or rational
coefficients.

This canonical form is due to Frobenius. I am following the presentation given in [10]
and there are more details given in this reference. Another good source which has additional
results is [15].

Here is a definition of the concept of a companion matrix.

Definition 9.7.1 Let

qON) =ao+ atA+ -+ ap_ 1AV A"

be a monic polynomial. The companion matriz of q (\), denoted as C (q(N)) is the matriz
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Proposition 9.7.2 Let q(\) be a polynomial and let C (q (X)) be its companion matrizx.
Then q(C (g (A))) = 0.

Proof: Write C instead of C' (g (\)) for short. Note that

Ce, =e3,Cey =e3,--- ,Ce,_; =e,
Thus
e, =CFle, k=1,---,n (9.11)
and so it follows
{el,CehC’2e17~-~ ,C"_1e1} (9.12)

are linearly independent. Hence these form a basis for F”*. Now note that Ce,, is given by
Ce, = —ape; —ajeg — -+ —a,_1€,
and from 9.11 this implies
C"e; = —age; —a1Ce; — - —a,_ 10" ley

and so ¢ (C)e; = 0. Now since 9.12 is a basis, every vector of F™ is of the form k (C') e, for
some polynomial &k (A\). Therefore, if v € F",

q(C)v=q(C)k(C)er =k(C)q(C)e1 =0

which shows ¢ (C) =0. &
The following theorem is on the existence of the rational canonical form.

Theorem 9.7.3 Let A € L(V,V) where V is a vector space with field of scalars F and
minimal polynomial []7_, ¢; (\)™* where each ¢; (X) is irreducible and monic. Letting Vi, =
ker (¢, (A\)™*), it follows

V=Vi®---aV,

where each Vi, is A invariant. Letting By, denote a basis for Vi, and M* the matriz of the
restriction of A to Vi, it follows that the matriz of A with respect to the basis {Bi,--- , By}
is the block diagonal matrixz of the form
M! 0
. (9.13)
0 M1

If By, is given as {B
set of vectors, then the matriz M* is of the form

vir 2By, } as described in Theorem 9.5.5 where each By, is an A cyclic

C(dr (N)™) 0
M = (9.14)

0 C (o (V™)

where the A cyclic sets of vectors may be arranged in order such that the positive integers r;
satisfy r1 > -+ > 15 and C (¢, (N\)"7) is the companion matriz of the polynomial ¢, (N)"7.
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Proof: By Theorem 9.2.5 the matrix of A with respect to {Bi,---, B,} is of the form
given in 9.13. Now by Theorem 9.3.5 the basis By may be chosen in the form {Bvl v B, }
where each f3,, is an A cyclic set of vectors and also it can be assumed the lengths of these
B, are decreasing. Thus

Vi = span (Bvl) @ --- D span (5%)

and it only remains to consider the matrix of A restricted to span (ﬁvk) . Then you can
apply Theorem 9.2.5 to get the result in 9.14. Say

d—1
ka:vk,Avk,~~,A Vi

where 1) (A) v, = 0 and the degree of ) (A) is d, the smallest degree such that this is so, n being
a monic polynomial. Then 7 (\) must divide ¢, (A\)™* . By Corollary 7.3.11, 5 (\) = ¢, (\)"™
where 7, < my. It remains to consider the matrix of A restricted to span (ka) . Say

NN =dy N =ao+ad+ - +aa 1 AT+ A7

Thus, since 7 (A) v = 0,
Adl}k = —agVk — alAUk; — .. — ad—lAdil’Uk

Recall the formalism for finding the matrix of A restricted to this invariant subspace.

( Avy, szk A37)k cor —agUp — a1 Avg — - — ad,lAd_lvk ) =
0 0 o .- —ayg
1 0 —ay
( v, Avg AQUk s Adilvk ) 0 1
0 —ag—2
0 0 1 —aq-1

Thus the matrix of the transformation is the above. This is the companion matrix of
¢, ()™ =1 (N). In other words, C = C (¢, (\)™*) and so M* has the form claimed in the
theorem. Wl

9.8 Uniqueness

Given A € L(V,V) where V is a vector space having field of scalars F, the above shows
there exists a rational canonical form for A. Could A have more than one rational canonical
form? Recall the definition of an A cyclic set. For convenience, here it is again.

Definition 9.8.1 Letting x # 0 denote by B, the vectors {x,Ax,AQx, e ,Am_lx} where
m 1s the smallest such that A™x € span (x, e ,Am_lx) .

The following proposition ties these A cyclic sets to polynomials. It is just a review of
ideas used above to prove existence.

Proposition 9.8.2 Let z # 0 and consider {x,Am,A2x7 e ,Am_lx}. Then this is an A
cyclic set if and only if there exists a monic polynomial n(X\) such that n(A)xz = 0 and
among all such polynomials ¥ () satisfying ¥ (A)x = 0, n(A\) has the smallest degree.
If V.= ker (¢ (N\)™) where ¢ (\) is monic and irreducible, then for some positive integer

p<mn(A)=¢ N’
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The following is the main consideration for proving uniqueness. It will depend on what
was already shown for the Jordan canonical form. This will apply to the nilpotent matrix

¢ (A).

Lemma 9.8.3 Let V be a vector space and A € L (V,V) has minimal polynomial ¢ (X\)™
where ¢ (N\) is irreducible and has degree d. Let the basis for V' consist of {51,17"' ,51,5}
where f3,, is A cyclic as described above and the rational canonical form for A is the matrix
taken with respect to this basis. Then letting |[3vk| denote the number of vectors in j3,, , it
follows there is only one possible set of numbers ’6Uk|.

Proof: Say 3, is associated with the polynomial ¢ (M7, Thus, as described above

B.,| equals p;d. Consider the following table which comes from the A cyclic set
{v;, Avj, - - ATy 7Apjd—lvj}
Of% Oz]i aé - O[glfl
Vj Av; A?v; e Ad=1y;
¢ (A)v; ¢ (A) Av; ¢ (A) A%v; ... ¢ (A) Ad—1y;
¢(A)pj71 Uy ¢(A)pj71 A’Uj ¢(A)pj71A21)j e qg(A)Pj*l Ad—l,vj

In the above, ai signifies the vectors below it in the k" column. None of these vectors

below the top row are equal to 0 because the degree of ¢ ()\)P.Fl A1 g dp; — 1, which is

less than p;d and the smallest degree of a nonzero polynomial sending v; to 0 is p;d. Also,
each of these vectors is in the span of ij and there are dp; of them, just as there are dp;
vectors in 3, .

Claim: The vectors {ag, e ,aﬂ_l} are linearly independent.

Proof of claim: Suppose

d—1p;—1

Z Z Cik¢ (A)k Aivj =0

i=0 k=0

Then multiplying both sides by ¢ ( A)Pfl this yields
d—1 _
D ciod (AP Alu; =0
i=0

this is because if £ > 1, you have a typical term of the form
cird (A1 ) (A) Al = A6 (4) " i (A 0; = 0

Now if any of the ¢;g is nonzero this would imply there exists a polynomial having degree
smaller than p;d which sends v; to 0. In fact, the polynomial would have degree d—14p;—1.
Since this does not happen, it follows each c;o = 0. Thus

d—1pj—1

Z Z Cik¢ (A)k Ai’t}j = 0

=0 k=1
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Now multiply both sides by ¢ (A4)" ~2 and do a similar argument to assert that ¢;; = 0 for
each 4. Continuing this way, all the ¢;; = 0 and this proves the claim.

Thus the vectors {ozf) 70‘271} are linearly independent and there are p;d =

8.,
of them. Therefore, they form a basis for span <5vj). Also note that if you list the
columns in reverse order starting from the bottom and going toward the top, the vectors
{aé, cee 042_1} yield Jordan blocks in the matrix of ¢ (A). Hence, considering all these vec-

. . S
tors {af), - ,aé_l} , each listed in the reverse order, the matrix of ¢ (A4) with respect
=1

to this basis of V is in Jordan canonical form. See Proposition 9.4.4 and Theorem 9.5.2 on
existence and uniqueness for the Jordan form. This Jordan form is unique up to order of

the blocks. For a given j {ag, e 7“214} yields d Jordan blocks of size p; for ¢ (A). The

size and number of Jordan blocks of ¢ (A) depends only on ¢ (A), hence only on A. Once
A is determined, ¢ (A) is determined and hence the number and size of Jordan blocks is
determined, so the exponents p; are determined and this shows the lengths of the ij, p;d
are also determined.

Note that if the p; are known, then so is the rational canonical form because it comes
from blocks which are companion matrices of the polynomials ¢ (A\)?’. Now here is the main
result.

Theorem 9.8.4 Let V' be a vector space having field of scalars F and let A € L(V,V).
Then the rational canonical form of A is unique up to order of the blocks.

Proof: Let the minimal polynomial of A be []f_; ¢, (A\)™* . Then recall from Corollary
9.2.3
V=Vie- -2V,

where Vj, = ker (¢, (A)""). Also recall from Corollary 9.2.4 that the minimal polynomial
of the restriction of A to Vj is ¢, (\)™* . Now apply Lemma 9.8.3 to A restricted to Vj. W

In the case where two n x n matrices M, N are similar, recall this is equivalent to the
two being matrices of the same linear transformation taken with respect to two different
bases. Hence each are similar to the same rational canonical form.

Example 9.8.5 Here is a matriz.

5 =2 1
A= 2 10 -2
9 0 9

Find a similarity transformation which will produce the rational canonical form for A.
The minimal polynomial is A\* — 24\? 4 180\ — 432. Why? This factors as
(A—6)> (A —12)

Thus Q3 is the direct sum of ker ((A - 61)2> and ker (A — 127) . Consider the first of these.

You see easily that this is
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What about the length of A cyclic sets? It turns out it doesn’t matter much. You can start
with either of these and get a cycle of length 2. Lets pick the second one. This leads to the
cycle

-1 —4 -1 —12 -1
0 | -4 | =4 0 ] 48 | = A2
1 0 1 —36 1

where the last of the three is a linear combination of the first two. Take the first two as
the first two columns of S. To get the third, you need a cycle of length 1 corresponding to

T
ker (A — 12I). This yields the eigenvector ( 1 -2 3 ) . Thus

-1 -4 1
S = 0 -4 -2
1 0 3

Now using Proposition 8.3.10, the Rational canonical form for A should be

-1

-1 -4 1 5 =2 1 -1 -4 1 0 =36 O
0 -4 -2 2 10 -2 0o -4 -2 |=]11 12 0
1 0 3 9 0 9 1 0 3 0 0 12

Example 9.8.6 Here is a matriz.

Find a basis such that if S is the matriz which has these vectors as columns S~1AS is in
rational canonical form assuming the field of scalars is Q.

First it is necessary to find the minimal polynomial. Of course you can find the character-
istic polynomial and then take away factors till you find the minimal polynomial. However,
there is a much better way which is described in the exercises. Leaving out this detail, the
minimal polynomial is

AP —12X% + 64X — 128

This polynomial factors as
(A—4) (N =8A+32) = ¢, (N) ¢y (V)

where the second factor is irreducible over Q. Consider ¢, (\) first. Messy computations
yield

-1 -1 -1 -2
1 0 0 0
ker (¢4 (A)) = a 0 +b 1 +c| O +d| 0
0 0 1 0
0 0 0 1
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Now start with one of these basis vectors and look for an A cycle. Picking the first one, you
obtain the cycle

because the next vector involving A2 yields a vector which is in the span of the above two.
You check this by making the vectors the columns of a matrix and finding the row reduced
echelon form. Clearly this cycle does not span ker (¢, (A4)), so look for another cycle. Begin
with a vector which is not in the span of these two. The last one works well. Thus another
A cycle is

—2 —16

0 4

0o .| -4

0 0

1 8

It follows a basis for ker (¢4 (A)) is

—2 —16 -1 —-15
0 4 1 5
o |, -4 |, 0o |, 1
0 0 0 -5
1 8 0 7

Finally consider a cycle coming from ker (¢; (A)). This amounts to nothing more than
finding an eigenvector for A corresponding to the eigenvalue 4. An eigenvector is

T
(—10001)

Now the desired matrix for the similarity transformation is

-2 =16 -1 —-15 -1

0 4 1 5 0

S = 0 -4 0 1 0

0 0 0 -5 0

1 8 0 7 1

Then doing the computations, you get

0 -32 0 0 O
1 8 0 0 o0
ST'AS=10 0 0 -32 0
o 0 1 8 0
o 0 0 o0 4

and you see this is in rational canonical form, the two 2 x 2 blocks being companion matrices
for the polynomial A —8A+32 and the 1 x 1 block being a companion matrix for A—4. Note
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that you could have written this without finding a similarity transformation to produce it.
This follows from the above theory which gave the existence of the rational canonical form.

Obviously there is a lot more which could be considered about rational canonical forms.
Just begin with a strange field and start investigating what can be said. One can also derive
more systematic methods for finding the rational canonical form. The advantage of this is
you don’t need to find the eigenvalues in order to compute the rational canonical form and
it can often be computed for this reason, unlike the Jordan form. The uniqueness of this
rational canonical form can be used to determine whether two matrices consisting of entries
in some field are similar.

9.9 Exercises

1. Suppose A is a linear transformation and let the characteristic polynomial be
q
det A\ — A) =[] ¢, N)"™
j=1

where the ¢, (\) are irreducible. Explain using Corollary 7.3.11 why the irreducible
factors of the minimal polynomial are ¢; (\) and why the minimal polynomial is of
the form H;]':1 ¢; (\)"7 where r; < nj. You can use the Cayley Hamilton theorem if
you like.

2. Find the minimal polynomial for

1
A= 2
-3

N = DN

3
4
1
by the above technique assuming the field of scalars is the rational numbers. Is what

you found also the characteristic polynomial?

3. Show, using the rational root theorem, the minimal polynomial for A in the above
problem is irreducible with respect to Q. Letting the field of scalars be Q find the
rational canonical form and a similarity transformation which will produce it.

4. Letting the field of scalars be Q, find the rational canonical form for the matrix

1 21 -1
2 3 0 2
1 3 2 4
1 21 2

5. Let A: Q3 — Q? be linear. Suppose the minimal polynomial is (A — 2) (/\2 + 2\ + 7) .
Find the rational canonical form. Can you give generalizations of this rather simple
problem to other situations?

6. Find the rational canonical form with respect to the field of scalars equal to Q for the

matrix
0 0 1
A= 1 0 -1
01 1

Observe that this particular matrix is already a companion matrix of A*> — A% + X — 1.
Then find the rational canonical form if the field of scalars equals C or Q + Q.
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7. Let ¢ (A) be a polynomial and C its companion matrix. Show the characteristic and
minimal polynomial of C' are the same and both equal ¢ ().

8. 1TUse the existence of the rational canonical form to give a proof of the Cayley Hamilton
theorem valid for any field, even fields like the integers mod p for p a prime. The earlier
proof based on determinants was fine for fields like Q or R where you could let A — oo
but it is not clear the same result holds in general.

9. Suppose you have two n x n matrices A, B whose entries are in a field F and suppose G
is an extension of F. For example, you could have F = Q and G = C. Suppose A and
B are similar with respect to the field G. Can it be concluded that they are similar
with respect to the field F? Hint: First show that the two have the same minimal
polynomial over F. Next consider the proof of Lemma 9.8.3 and show that they have
the same rational canonical form with respect to F.



Chapter 10

Markov Processes

10.1 Regular Markov Matrices

The existence of the Jordan form is the basis for the proof of limit theorems for certain
kinds of matrices called Markov matrices.

Definition 10.1.1 An n x n matrizc A = (ai;), is a Markov matric if a;; > 0 for all 4, j

and
Z Q5 = 1.

It may also be called a stochastic matrix or a transition matriz. A Markov or stochastic
matriz is called regular if some power of A has all entries strictly positive. A vector v.e R™,
is a steady state if Av=v.

Lemma 10.1.2 The property of being a stochastic matriz is preserved by taking products.
It is also true if the sum is of the form Zj a;; = 1.

Proof: Suppose the sum over a row equals 1 for A and B. Then letting the entries be
denoted by (a;;) and (b;;) respectively and the entries of AB by (c;5),

ZCM = Zzaikbkj = Zzaikbkg‘ = Zbkj =1
i ik [ %

It is obvious that when the product is taken, if each a;;,b;; > 0, then the same will be
true of sums of products of these numbers. Similar reasoning works for the assumption that

Zj Q5 = 1.
The following theorem is convenient for showing the existence of limits.

Theorem 10.1.3 Let A be a real p X p matriz having the properties
1. Aij Z 0
2. Either 377_ aij =1 or 330_  ai; = 1.
3. The distinct eigenvalues of A are {1, X, ..., A\, } where each |\;| < 1.

Then lim, oo A™ = Ay exists in the sense that lim,, o ay; = agy, the it entry As.
Here aj; denotes the ijt" entry of A". Also, if \ = 1 has algebraic multiplicity r, then

the Jordan block corresponding to A = 1 is just the r X r identity.

Proof. By the existence of the Jordan form for A, it follows that there exists an invertible
matrix P such that

I+N
oy (A
P1AP = ) . =

I (Am)

where I is r X r for r the multiplicity of the eigenvalue 1 and N is a nilpotent matrix for
which N” = 0. I will show that because of Condition 2, N = 0.
First of all,
Ir, (N) = NI+ N;

263
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where N; satisfies N;* = 0 for some r; > 0. It is clear that N; (\;1) = (A1) N and so

r

00" = 3 () = 3 () v

k=0 k=0

which converges to 0 due to the assumption that |A;| < 1. There are finitely many terms
and a typical one is a matrix whose entries are no larger than an expression of the form

A" Crn (n = 1) (n =k +1) < Cy [\ 0¥

which converges to 0 because, by the root test, the series Y-, |)\i|"_k n* converges. Thus
for each i =2,...,p,
lim (J,., (\))" =0.

n—oo

By Condition 2, if a;; denotes the ij*" entry of A", then either

This follows from Lemma 10.1.2. It is obvious each a;; > 0, and so the entries of A™ must
be bounded independent of n.
It follows easily from

n times

P 'APP'APP'AP..-P7'AP = P'A"P

that
PtAMp = Jgn (10.1)

Hence J™ must also have bounded entries as n — co. However, this requirement is incom-
patible with an assumption that N # 0.
If N # 0, then N* # 0 but N**! =0 for some 1 < s <r. Then

(I+N)" :I+k2; (Z)Nk

One of the entries of N* is nonzero by the definition of s. Let this entry be nj;. Then this
implies that one of the entries of (I + N)" is of the form ("})n;. This entry dominates the
ij*" entries of ()N for all k < s because

i (1)/() ==

Therefore, the entries of (I + N)" cannot all be bounded. From block multiplication,

(I+N)7L
e (2 (22)

(o (Am))"

and this is a contradiction because entries are bounded on the left and unbounded on the
right.
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Since N = 0, the above equation implies lim,, ,,, A" exists and equals

1

0

Are there examples which will cause the eigenvalue condition of this theorem to hold?
The following lemma gives such a condition. It turns out that if a;; > 0, not just > 0, then
the eigenvalue condition of the above theorem is valid.

Lemma 10.1.4 Suppose A = (a;;) is a stochastic matriz. Then A =1 is an eigenvalue. If
a;j > 0 for all i, j, then if p is an eigenvalue of A, either |u| <1 or p=1.

Proof: First consider the claim that 1 is an eigenvalue. By definition,

Z].(Lij =1

T
and so ATv = v where v = ( 1 - 1 ) . Since A, AT have the same eigenvalues, this

shows 1 is an eigenvalue. Suppose then that u is an eigenvalue. Is |u] < 1 or p =17 Let v
be an eigenvector for AT and let |v;| be the largest of the |v;]|.

HU; = Z a;i0U;
J
and now multiply both sides by v; to obtain
> ajviv; =Y azi Re (v;m;)
; ,

J
2 2
< Y agi vl [l = |l vl
J

2, 2
|l i

A

Therefore, |pu| < 1. If |u| = 1, then equality must hold in the above, and so v,;T; i must
be real and nonnegative for each j. In particular, this holds for j = ¢ which shows 7 is real
and nonnegative. Thus, in this case, p = 1 because ;i = p is nonnegative and equal to 1.
The only other case is where |u| < 1. B

Lemma 10.1.5 Let A be any Markov matriz and let v be a vector having all its components
non negative with ), v; = c. Then if w = Av, it follows that w; > 0 for all i and ), w; = c.

Proof: From the definition of w,
w; = Zaijvj > 0.
J

Also

E wizg E aijvj:E E aijvj:E ’l)j:C.-
i iog Jjooi J

The following theorem about limits is now easy to obtain.
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Theorem 10.1.6 Suppose A is a Markov matriz in which a;; > 0 for all i,j and suppose

w is a vector. Then for each 1,

lim (A*w). = v

i, (40w, = v
where Av =v. In words, A*w always converges to a steady state. In addition to this, if
the vector w satisfies w; > 0 for all i and ), w; = ¢, then the vector v will also satisfy the
conditions, v; > 0, Y. v; = c.

Proof: By Lemma 10.1.4, since each a;; > 0, the eigenvalues are either 1 or have absolute
value less than 1. Therefore, the claimed limit exists by Theorem 10.1.3. The assertion that
the components are nonnegative and sum to ¢ follows from Lemma 10.1.5. That Av =v

follows from

v= lim A"w = lim A""'w=A lim A"w = Av. B
n—oo n—o0 n— o0

It is not hard to generalize the conclusion of this theorem to regular Markov processes.

Corollary 10.1.7 Suppose A is a reqular Markov matriz, one for which the entries of A*
are all positive for some k, and suppose w is a vector. Then for each 1,

nh—>H;O (Anw)z = U
where Av =v. In words, A™w always converges to a steady state. In addition to this, if

the vector w satisfies w; > 0 for all i and )", w; = ¢, Then the vector v will also satisfy the
conditions v; > 0, Y. v; = c.

Proof: Let the entries of A* be all positive for some k. Now suppose that ai; > 0 for
all 7, j and A = (a;;) is a Markov matrix. Then if B = (b;;) is a Markov matrix with b;; > 0
for all ij, it follows that BA is a Markov matrix which has strictly positive entries. This is
because the ij*" entry of BA is
Z birax; > 0,
k

Thus, from Lemma 10.1.4, A* has an eigenvalue equal to 1 for all k sufficiently large, and
all the other eigenvalues have absolute value strictly less than 1. The same must be true of
A. Ifv#0 and Av = Av and |A| = 1, then A*v = A*v and so, by Lemma 10.1.4, \™ = 1
if m > k. Thus

L=\ =P =

By Theorem 10.1.3, lim,, ,,, A"w exists. The rest follows as in Theorem 10.1.6. B

10.2 Migration Matrices

Definition 10.2.1 Let n locations be denoted by the numbers 1,2, --- | n. Also suppose it is
the case that each year a;; denotes the proportion of residents in location j which move to
location i. Also suppose no one escapes or emigrates from without these n locations. This last
assumption requires y ., a;; = 1. Thus (ai;) is a Markov matriz referred to as a migration
matrizx.

Iftv=_(x1, - ,mn)T where x; is the population of location i at a given instant, you obtain
the population of location ¢ one year later by computing > ; @ijT; = (Av), . Therefore, the
population of location i after k years is (Akv)i . Furthermore, Corollary 10.1.7 can be used
to predict in the case where A is regular what the long time population will be for the given
locations.
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As an example of the above, consider the case where n = 3 and the migration matrix is
of the form

6 0 .1
2 8 0
29
Now
6 0 .1 .38 .02 .15
2 8 0 =] .28 .64 .02
2 29 .34 .34 .83

and so the Markov matrix is regular. Therefore, (Akv)i will converge to the i*" component
of a steady state. It follows the steady state can be obtained from solving the system

x4+ .1z =2
224+ .8y =y
204 . 2y+ .92 =2

along with the stipulation that the sum of z,y, and z must equal the constant value present
at the beginning of the process. The solution to this system is

{y=x,z =4z,x = z}.
If the total population at the beginning is 150,000, then you solve the following system
y=ua, z=4x, x+y+ z = 150000

whose solution is easily seen to be {z = 25000, z = 100000,y = 25000} . Thus, after a long
time there would be about four times as many people in the third location as in either of
the other two.

10.3 Absorbing States

There is a different kind of Markov process containing so called absorbing states which result
in transition matrices which are not regular. However, Theorem 10.1.3 may still apply. One
such example is the Gambler’s ruin problem. There is a total amount of money denoted by
b. The Gambler starts with an amount j7 > 0 and gambles till he either loses everything or
gains everything. He does this by playing a game in which he wins with probability p and
loses with probability q. When he wins, the amount of money he has increases by 1 and
when he loses, the amount of money he has decreases by 1. Thus the states are the integers
from O to b. Let p;; denote the probability that the gambler has ¢ at the end of a game
given that he had j at the beginning. Let p}; denote the probability that the gambler has
after n games given that he had j initially. Thus

n+1 __ n
bi; = Zpikpk;ja
k
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and so p;; is the ijt" entry of P™ where P is the transition matrix. The above description
indicates that this transition probability matrix is of the form

1 ¢ 0 --- 0
0o 0 . 0

P=109 p . ¢ (10.2)
: 0 0
0o -~ 0 p 1

The absorbing states are 0 and b. In the first, the gambler has lost everything and hence
has nothing else to gamble, so the process stops. In the second, he has won everything and
there is nothing else to gain, so again the process stops.

Consider the eigenvalues of this matrix.

Lemma 10.3.1 Let p,q > 0 and p+ q = 1. Then the eigenvalues of

0 g 0 - 0
p 0 ¢ -+ 0
0O p O

q
0 0 p» O

have absolute value less than 1.

Proof: By Gerschgorin’s theorem, (See Page 173) if A is an eigenvalue, then |A| < 1.
Now suppose v is an eigenvector for A. Then

qu2 U1

pv1 +qus V2

Av = : = :
PUp—2 + qUy, Un—1

PUp—1 Un

Suppose |A| = 1. Let vy be the first nonzero entry. Then

qUr+1 = AvUg

and so |vgy1| > |vg|. If {|vj\};.n:k is increasing for some m > k, then

p|vm—1| +q |'Um| > |pvm—2 + qvm| = |>\Um—1| = |Um—1‘

and so ¢ |vm| > ¢|vm—1|. Thus by induction, the sequence is increasing. Hence |v,| >
|vn—1] > 0. However, the last line states that p|v,_1| = |v,| which requires that |v,_i| >
|vn|, a contradiction.

Now consider the eigenvalues of 10.2. For P given there,

1-X ¢ 0 - 0
0 —A 0

P-X=| o , .
-2 0
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and so, expanding the determinant of the matrix along the first column and then along the
last column yields

P —=A

The roots of the polynomial after (1 — )\)2 have absolute value less than 1 because they are
just the eigenvalues of a matrix of the sort in Lemma 10.3.1. It follows that the conditions
of Theorem 10.1.3 apply and therefore, lim,,_,, P™ exists. B

Of course, the above transition matrix, models many other kinds of problems. It is called
a Markov process with two absorbing states, sometimes a random walk with two absorbing
states.

It is interesting to find the probability that the gambler loses all his money. This is given
by limy,_, pp;-From the transition matrix for the gambler’s ruin problem, it follows that

Ph; = D Pok Pri = ool + ppgg Ly for j € [1,b—1],
k

poo = 1, and pg, = 0.

Assume here that p # ¢. Now it was shown above that lim,, . py; exists. Denote by P;
this limit. Then the above becomes much simpler if written as

Py = land P, =0. (10.4)

It is only required to find a solution to the above difference equation with boundary con-
ditions. To do this, look for a solution in the form P; = r/and use the difference equation
with boundary conditions to find the correct values of . Thus you need

= gri=l g it
and so to find r you need to have pr? — r + ¢ = 0, and so the solutions for r are r =

%(1%/1—4@1), %(17\/174]0(1)

Now

V1—dpg=+1—4p(1—p)=/1—4p+4p>=1—2p.

Thus the two values of r simplify to

1 qg 1
—(14+1-2p==-, —(1-(1-2p)) =1
3 )=t 50— (-2)

Therefore, for any choice of C;,i = 1,2,

J
Ci + Co <q>
p

will solve the difference equation. Now choose C1,Cs to satisfy the boundary conditions
10.4. Thus you need to have

b
CL+Co=1, O, +Ch (;) -0
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It follows that

b b
p q
CQ — Cl —
pb_qb’ qb_pb
Thus P; =
¢ N p° <q)j _ ¢ e (")
@ —p pt—q¢" \p @ —-p* ¢ —pb q® —pb

To find the solution in the case of a fair game, one could take the lim,_,; /5 of the above
solution. Taking this limit, you get
b—3j
P=—.
/ b
You could also verify directly in the case where p = ¢ = 1/2 in 10.3 and 10.4 that P; =1
and P; = j are two solutions to the difference equation and proceeding as before.

10.4 Exercises

1. Suppose the migration matrix for three locations is

N W Ot
o o @
N 9w

Find a comparison for the populations in the three locations after a long time.

2. Show that if ). a;; = 1, then if A = (a,;), then the sum of the entries of Av equals
the sum of the entries of v. Thus it does not matter whether a;; > 0 for this to be so.

3. If A satisfies the conditions of the above problem, can it be concluded that lim,, ., A™
exists?

4. Give an example of a non regular Markov matrix which has an eigenvalue equal to
—1.

5. Show that when a Markov matrix is non defective, all of the above theory can be proved
very easily. In particular, prove the theorem about the existence of lim, .., A™ if the
eigenvalues are either 1 or have absolute value less than 1.

6. Find a formula for A™ where

5 1

2 —3 0 -1

5 0 0 -4
A=17 1 1 _s

2 2 2 2

7 1

7 —3 0 -2

Does lim,,_,, A™ exist? Note that all the rows sum to 1. Hint: This matrix is similar

to a diagonal matrix. The eigenvalues are 1, —1, %, %

7. Find a formula for A™ where

[
|
—

\
)

(e
N|— D[~
N|= = = N
>~

[SURI NS S )
|
[N}
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10.

11.

12.

13.

14.

15.

16.

Note that the rows sum to 1 in this matrix also. Hint: This matrix is not similar

to a diagonal matrix but you can find the Jordan form and consider this in order to
11

obtain a formula for this product. The eigenvalues are 1, -1, 5, 5.

Find lim,,_,oc A™ if it exists for the matrix

1 1 1
2 —3 —3 0
1 1 1
Al 2 2 -3 0
o1 8
2 2 2
3 3 3
5 3 3 1

The eigenvalues are %, 1,1, 1.

Give an example of a matrix A which has eigenvalues which are either equal to 1,—1,
or have absolute value strictly less than 1 but which has the property that lim,, ., A™
does not exist.

If A is an n x n matrix such that all the eigenvalues have absolute value less than 1,
show lim,,_,o, A™ = 0.

Find an example of a 3 x 3 matrix A such that lim,,_,., A™ does not exist but
lim, o, A" does exist.

If A is a Markov matrix and B is similar to A, does it follow that B is also a Markov
matrix?

In Theorem 10.1.3 suppose everything is unchanged except that you assume either
>-jaij < lor ) a; <1 Would the same conclusion be valid? What if you don’t
insist that each a;; > 07 Would the conclusion hold in this case?

Let V be an n dimensional vector space and let x € V' and x # 0. Consider 5, =
x, Ax, -+ , A" 'x where

A™x € span (x, Ax, .- 7Am_lx)

and m is the smallest such that the above inclusion in the span takes place. Show
that {x, Ax, - -- ,Am_lx} must be linearly independent. Next suppose {vy,---,v,}
is a basis for V. Consider 3, as just discussed, having length m;. Thus A™iv; is a
linearly combination of v;,Av;, -, A" v, for m as small as possible. Let py, (\) be
the monic polynomial which expresses this linear combination. Thus py, (A)v; = 0
and the degree of py, () is as small as possible for this to take place. Show that the
minimal polynomial for A must be the monic polynomial which is the least common
multiple of these polynomials py, (A).

If A is a complex Hermitian n x n matrix which has all eigenvalues nonnegative, show
that there exists a complex Hermitian matrix B such that BB = A.

TSuppose A, B are n X n real Hermitian matrices and they both have all nonnegative
eigenvalues. Show that det (A + B) > det (A)+det (B). Hint: Use the above problem
and the Cauchy Binet theorem. Let P? = A,Q? = B where P,(Q are Hermitian and

nonnegative. Then
P
avB=(p Q)<Q>.



272

17.

18.

19.

20.
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*

a c
b A
« is a scalar and A is n X n. Show that a must be real, c=b, and A = A* A is
nonnegative, and that if & = 0, then b = 0. Otherwise, a > 0.

Suppose B = isan (n + 1) x (n + 1) Hermitian nonnegative matrix where

If A is an n X n complex Hermitian and nonnegative matrix, show that there exists
an upper triangular matrix B such that B*B = A. Hint: Prove this by induction. It
is obviously true if n = 1. Now if you have an (n + 1) x (n + 1) Hermitian nonnegative

2 *

a® ab

matrix, then from the above problem, it is of the form b oA ,a real.
o}

1 Suppose A is a nonnegative Hermitian matrix (all eigenvalues are nonnegative) which

is partitioned as
A— Ann A
Az Az

where Aj1, Ags are square matrices. Show that det (A) < det (A1) det (As). Hint:
Use the above problem to factor A getting

. By, 0* Bi1 Bia
By, B3, 0 Ba

Next argue that A11 = Bj; Bi1, A2a = Bi3B12 + B3, Bas. Use the Cauchy Binet theo-
rem to argue that det (Agz) = det (B3 B2 + BjyBa2) > det (B3yBaa) . Then explain
why

det (A) = det(Bjy)det(B3,)det (B11)det (Baa)
det (BrlBll) det (B;QBQQ)

1 Prove the inequality of Hadamard. If A is a Hermitian matrix which is nonnegative
(all eigenvalues are nonnegative), then det (A) < [, As.
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Inner Product Spaces

11.1 General Theory

It is assumed here that the field of scalars is either R or C. The usual example of an inner
product space is C™ or R™ as described earlier. However, there are many other inner product
spaces and the topic is of such importance that it seems appropriate to discuss the general
theory of these spaces.

Definition 11.1.1 A wvector space X is said to be a normed linear space if there exists a
function, denoted by |-| : X — [0,00) which satisfies the following axioms.

1. |z| >0 for all x € X, and |x| =0 if and only if x = 0.
2. lax| = |a| |x| for all a € F.

3. |z +yl < |+ 1yl

This function |-| is called a norm.

The notation ||z|| is also often used. Not all norms are created equal. There are many
geometric properties which they may or may not possess. There is also a concept called an
inner product which is discussed next. It turns out that the best norms come from an inner
product.

Definition 11.1.2 A mapping (-,-) : V. x V. — F is called an inner product if it satisfies
the following axioms.

1. (z,y) = (y,2).

2. (z,x) >0 for all x € V and equals zero if and only if z = 0.
3. (ax +by,z) =a(z,z) +b(y, z) whenever a,b € F.

Note that 2 and 3 imply (z,ay + bz) = a(z,y) + b(z, 2).

Then a norm is given by
1/2

(z, ) |z

It remains to verify this really is a norm.

Definition 11.1.3 A normed linear space in which the norm comes from an inner product
as just described is called an inner product space.

Example 11.1.4 Let V = C™ with the inner product given by (x,y) = > _, xxYy,. This is
an example of a complex inner product space already discussed.

Example 11.1.5 Let V = R", (x,y)=x-y 52?21 xjy;. This is an example of a real
inner product space.

Example 11.1.6 Let V be any finite dimensional vector space and let {vy,--- ,v,} be a
basis. Decree that
lifi=j
(vi,v5) =05 = f ] j
0ifi#]

273
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and define the inner product by
n
(e.) =Y T
i=1
where

n n
_ i _ i
x—vai,y—Eyvi-
i=1 i=1

The above is well defined because {v1,---,v,} is a basis. Thus the components x;
associated with any given x € V are uniquely determined.

This example shows there is no loss of generality when studying finite dimensional vector
spaces with field of scalars R or C in assuming the vector space is actually an inner product
space. The following theorem was presented earlier with slightly different notation.

Theorem 11.1.7 (Cauchy Schwarz) In any inner product space

(@, )| < |zllyl-
where |x| = (z,x)1/2.
Proof: Let w € C,|w| =1, and @w(z,y) = |(x,y)| = Re(x, yw). Let
F(t) = (z + tyw, x + twy).
Then from the axioms of the inner product,
F(t) = |z|? 4 2t Re(x, wy) + t*|y|> > 0.

This yields

|z]* + 2t|(z, y)| + t*]y[* > 0.
If |y| = 0, then the inequality requires that |(x,y)| = 0 since otherwise, you could pick large
negative ¢ and contradict the inequality. If |y| > 0, it follows from the quadratic formula
that

Al(z, )P = 4zPly* < 0. M

Earlier it was claimed that the inner product defines a norm. In this next proposition
this claim is proved.

Proposition 11.1.8 For an inner product space, |x| = (x,a:)l/2 does specify a norm.

Proof: All the axioms are obvious except the triangle inequality. To verify this,

2 2 2
lt+y|” = (r+y,x+y)=|z]"+ |y +2Re(z,y)
< 2l +ly* +2)(2,y)]
2 2 2
< 2P+ Jylt A+ 20z] fy| = (] + [y)”.

The best norms of all are those which come from an inner product because of the following
identity which is known as the parallelogram identity.

1/2
b

Proposition 11.1.9 If (V,(-,-)) is an inner product space then for |z| = (x,x) the

following identity holds.

2 2 2 2
|z +yl” + |z —y|” =2z]" +2[y]".
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It turns out that the validity of this identity is equivalent to the existence of an inner
product which determines the norm as described above. These sorts of considerations are
topics for more advanced courses on functional analysis.

Definition 11.1.10 A basis for an inner product space, {uy, - ,u,} is an orthonormal
basis if
1ifk=y
(ug,uj) =0 = . .
0ifk#j

Note that if a list of vectors satisfies the above condition for being an orthonormal set,
then the list of vectors is automatically linearly independent. To see this, suppose

iduj =0
j=1

Then taking the inner product of both sides with uy,
n n

0= ch (uj,ug) = chzsjk =cr.

j=1 j=1

11.2 The Gram Schmidt Process

Lemma 11.2.1 Let X be an inner product space and let {x1, - ,x,} be linearly indepen-
dent. Then there exists an orthonormal basis for X, {u1,--- ,un} which has the property
that for each k < n, span(xy,--- ,xx) = span (ug, -, ug) .

Proof: Let u; = x1/|z1|. Thus for & = 1, span(u1) = span(z1) and {u;} is an
orthonormal set. Now suppose for some k < n, uy, ---, ur have been chosen such that
(uj,w;) = d;; and span (z1,--- ,zx) = span (uq,-- - ,ug). Then define

k
Tt — Doy (Tht1, uj) uy
Ups1 = =1 S (11.1)

k
Tht1 = Dy (Thr1, u5) Uy

where the denominator is not equal to zero because the ; form a basis and so

Tgy1 & span (w1, -+, xx) = span (ug, -, ug)
Thus by induction,
Ugt1 € span (U1, -+ , Uk, Tr1) = Span (1, -+ , T, Tpt1) -
Also, xgy1 € span (ug,- -, Uk, upt+1) which is seen easily by solving 11.1 for zx4; and it
follows
Span (:Ela T 7xk7xk+1) = Spall (’U'l? U 7uk7uk+1) .
Ifl <k,
k
(uppr,w) = C | (@rgr,w) =D (pgr,uy) (g, w)
Jj=1

k
= C {Ek+1,ul E :Ck+1,u] (Slj
Jj=1

= C((@k+1,w) — (Tp41,w)) = 0.
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The vectors, {u; };;1 , generated in this way are therefore an orthonormal basis because

each vector has unit length. W
The process by which these vectors were generated is called the Gram Schmidt process.
The following corollary is obtained from the above process.

Corollary 11.2.2 Let X be a finite dimensional inner product space of dimension n whose
basis is {uy, - , Uk, Tpt+1, " ,Tnt. Then if {uy, -+ ,ux} is orthonormal, then the Gram
Schmidt process applied to the given list of vectors in order leaves {uy,- - ,ux} unchanged.

Lemma 11.2.3 Suppose {uj}?zl is an orthonormal basis for an inner product space X.
Then for all x € X,

n

x = Z(m,uj)uj.

j=1

Proof: Since {u;};_, is a basis, there exist unique scalars {a;} such that

n
T = E Qi Uj
j=1

It only remains to identify ay. From the properties of the inner product,
n n
(x,u) = Zaj (uj,ug) = Zaj6jk =q; l
j=1 j=1

The following theorem is of fundamental importance. First note that a subspace of an
inner product space is also an inner product space because you can use the same inner
product.

Theorem 11.2.4 Let M be a finite dimensional subspace of X, an inner product space and
let {e;};", be an orthonormal basis for M. Then if y € X and w € M,

|y—w|2:inf{|y—z|2 :ZGM} (11.2)
if and only if
(y —w,z)=0 (11.3)

for all z € M. Furthermore,

w= Z(y,:ri)a:i (11.4)

i=1

is the unique element of M which has this property. It is called the orthogonal projection.
Proof: First we show that if 11.3, then 11.2. Let z € M be arbitrary. Then
2 2
ly—z" =y —w+ (w—2)|

=(y—-w+(w—2),y—w+ (w—2))
=ly—w]®+ |z — w®+2Re (y — w,w — z)

The last term is given to be 0 and so

2 2 2
ly — 2" = |y —w|” + |z — w|
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which verifies 11.2.
Next suppose 11.2. Is it true that 11.3 follows? Let z € M be arbitrary and let 0] =
1,0 (x —w,w—2) = |(x — w,w — 2)|. Then let
p(t) = |lz—w+th(w—2)° =z —w®+2Re(x —w,t0 (w—2)) +t* |w — z|?
= |z —w]’+2Retl (z —w, (w—2)) + 1 |w — 2|
= o= wf 4 2t — w, (w— 2))| + £ | — 2
Then p has a minimum when ¢ = 0 and so p’ (0) = 2|(x — w, (w — 2))| = 0 which shows
11.3. This proves the first part of the theorem since z is arbitrary.
It only remains to verify that w given in 11.4 satisfies 11.3 and is the only point of M
which does so.
First, could there be two minimizers? Say w;,ws both work. Then by the above char-
acterization of minimizers,
(x —wp,wp —we) = 0
(x —wo,wy —we) = 0
Subtracting gives (wq — we, w1 — wg) = 0. Hence the minimizer is unique.

Finally, it remains to show that the given formula works. Letting {e1,--- ,e,,} be an
orthonormal basis for M, such a thing existing by the Gramm Schmidt process,

<m_z(xvei)ei7ek> = (J»‘,ek) _Z(x7ei) (€i76k‘)
i=1 i

= (wex) = Y (3,6:) i

i

= (z,er) — (x,e5) =0

Since this inner product equals 0 for arbitrary ey, it follows that
(:17 - Z (z,e;) ei,z) =0
i=1

for every z € M because each such z is a linear combination of the e;. Hence 1" (z,€;) ¢
is the unique minimizer. W

Example 11.2.5 Consider X equal to the continuous functions defined on [—m, 7] and let
the inner product be given by

Eena

It is left to the reader to verify that this is an inner product. Letting e be the function
T — \/%e““, define
n
M = span ({ex},__,) -
Then you can verify that

T 1 1 , 1 /7r —
€k, Em) = T tkz emiz | dp = — ez(m ) _ 5 .
(e ) /_7r (\/27r ) <\/27r > 2 J_ k
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then for a given function f € X, the function from M which is closest to f in this inner

product norm is
n

g= Z (f,er)ex

k=—n
yetkTdx. These are the Fourier coefficients. The above is

In this case (f,ex) = \/ﬂ f f(z
the n*™ partial sum of the Foumer series.

To show how this kind of thing approximates a given function, let f(z) = x2. Let

33

M = span ({\/1276””} > . Then, doing the computations, you find the closest point
k=—3

is of the form

;\/iﬂg(\/%)-l-i(( )" )xf\f "’“+232<

k=1 k=1

1 ikx
) v s

and now simplify to get
3
1
§7T2 + Z < > coskzx

Then a graph of this along with the graph of y = 22 is given below. In this graph, the dashed
graph is of y = 22 and the solid line is the graph of the above Fourier series approximation.
If we had taken the partial sum up to n much bigger, it would have been

/' very hard to distinguish between the graph of the partial sum of the
Fourier series and the graph of the function it is approximating. This

is in contrast to approximation by Taylor series in which you only get

0 x n approximation at a point of a function and its derivatives. These are
4 very close near the point of interest but typically fail to approximate

the function on the entire interval.

-m m
2

11.3 Riesz Representation Theorem

The next theorem is one of the most important results in the theory of inner product spaces.
It is called the Riesz representation theorem.

Theorem 11.3.1 Let f € L(X,F) where X is an inner product space of dimension n.
Then there exists a unique z € X such that for all x € X,

f(@) = (2,2).

Proof: First I will verify uniqueness. Suppose z; works for j = 1,2. Then for all z € X,

0=f(z)— f(2) = (v,21 — 22)

and so z1 = z».
It remains to verify existence. By Lemma 11.2.1, there exists an orthonormal basis,
{u;}j_, - If there is such a z, then you would need f (u;) = (u;,2) and so you would need

f(uj) = (2,u;) . Also you must have z = . (z,u;) uj. Therefore, define

z= Z f(uj)u,
j=1
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Then using Lemma 11.2.3,

(x,2) = 2 I (uj)u; = I (ug) (2, uy)

f Z(x,uj)uj =f(z). N

Jj=1

Corollary 11.3.2 Let A € L(X,Y) where X andY are two inner product spaces of finite
dimension. Then there exists a unique A* € L (Y, X) such that

(Az,y)y = (2, A%y)x (11.5)
for allz € X and y € Y. The following formula holds
(aA + BB)* = aA* + BB*
Proof: Let f, € L (X,F) be defined as
fy (2) = (Az,y)y .

Then by the Riesz representation theorem, there exists a unique element of X, A* (y) such
that

It only remains to verify that A* is linear. Let a and b be scalars. Then for all x € X,
(z, A" (ayr + by2)) x = (A, (ay + bya))y
= a(‘Aajuyl) +B(A(E7y2) =
a(x, A" (y1)) + b (2, A" (y2)) = (2, 04" (y1) + DA" (y2)) -
Since this holds for every x, it follows

A (ay1 + by2) = aA” (y1) + bA™ (y2)

which shows A* is linear as claimed.
Consider the last assertion that * is conjugate linear.

(z,(@A+ BB)"y) = (@A + BB) z,y)

= a(Az,y)+B(Bz,y) = a(z,A%y) + B (2, B"y)
(z,0A%Y) + (z, BA™y) = (z, (@A* + BA") y) .

Since x is arbitrary, B
(@A + BB) y = (@A* + BA") y
and since this is true for all y,

(A +BB)" =aA* + BA*. A

Definition 11.3.3 The linear map, A* is called the adjoint of A. In the case when A : X —
X and A = A*, A is called a self adjoint map. Such a map is also called Hermitian.
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Theorem 11.3.4 Let M be an m X n matriz. Then M* = (M)T in words, the transpose
of the conjugate of M 1is equal to the adjoint.

Proof: Using the definition of the inner product in C”,

(MX,y) XM* lez Z(M*)w%xl

4,J
Also

(Mx,y) ZZMJ’nyZ

Since x,y are arbitrary vectors, it follows that M;; = (M*)” and so, taking conjugates of
both sides,
M5 =M; &
The next theorem is interesting. You have a p dimensional subspace of F"* where F = R

or C. Of course this might be “slanted”. However, there is a linear transformation ) which
preserves distances which maps this subspace to FP.

Theorem 11.3.5 Suppose V' is a subspace of F™ having dimension p < n. Then there exists
a Q€ L(F",F") such that
QV Cspan (e, - ,ep)
and |@Qx| = |x| for all x. Also
Q'Q=QQ" =1

Proof: By Lemma 11.2.1 there exists an orthonormal basis for V, {vi}le . By using the
Gram Schmidt process this may be extended to an orthonormal basis of the whole space
F",

{Vla Vi, Vph, ,Vn} .

Now define Q € £ (F",F™) by Q (v;) = e; and extend linearly. If Y7 | z;v; is an arbitrary

element of F",
Q E T;Vy = E Ti€;4 E T;Vy
i=1 i=1 i=1

It remains to verify that Q*Q = QQ* = I. To do so, let x,y € F". Then let w be a complex
number such that |w| =1, w (x,Q*Qy —y) = |(x,Q*Qy — y)|-

(Qwx+y),Qwx+y)) = (Wwx+y,wx+y).

n

2
DN

i=1

Thus
Qx> + |Qy|* + 2Rew (@x.Qy) = |x|* + |y|* + 2Rew (x,y)

and since () preserves norms, it follows that for all x,y € F",

Rew (Qx,Qy) = Rew (x,Q"Qy) = wRe (x,y).

Thus
0=Rew ((x,Q"Qy) - (x,¥)) =Rew (x,Q"Qy —y) = |(x,Q"Qy — )|
Re (x,Q"Qy —y) =0 (11.6)
for all x,y. Letting x = Q*Qy — vy, it follows Q*Qy = y. Similarly QQ* =1. B
Note that is is actually shown that QV = span(eq,--- ,e,) and that in case p = n one

obtains that a linear transformation which maps an orthonormal basis to an orthonormal
basis is unitary.
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11.4 The Tensor Product of Two Vectors

Definition 11.4.1 Let X and Y be inner product spaces and let x € X and y € Y. Define
the tensor product of these two vectors, y ® x, an element of L(X,Y) by

y@z(u)=y(u,r)y.

This is also called a rank one transformation because the image of this transformation is
contained in the span of the vector, y.

The verification that this is a linear map is left to you. Be sure to verify this! The
following lemma has some of the most important properties of this linear transformation.

Lemma 11.4.2 Let X,Y, Z be inner product spaces. Then for o a scalar,
(ay®z) =az®y (11.7)
(z@y) (2 @) = (y2,01) 2@ (11.8)

Proof: Let u € X and v € Y. Then

(a(y®@z)u,v) = (a(u,z)y,v) = a(u,z)(y,v)
and
(u>aaj ®Yy (’U)) = (u’a(v7y) .”L') = (yav) (uam) :

Therefore, this verifies 11.7.
To verify 11.8, let u € X.

(@) (Y2 @ 2) (u) = (u,2) (2@ y1) (y2) = (u,2) (Y2, 1) 2
and
(y2,91) 2 @z (u) = (y2,91) (u, ) 2.
Since the two linear transformations on both sides of 11.8 give the same answer for every

u € X, it follows the two transformations are the same.

Definition 11.4.3 Let X,Y be two vector spaces. Then define for A,B € L(X,Y) and
a € F, new elements of L(X,Y) denoted by A+ B and aA as follows.

(A+ B) () = Az + Bz, (aAd)x = o (Ax).

Theorem 11.4.4 Let X and Y be finite dimensional inner product spaces. Then L (X,Y)
is a vector space with the above definition of what it means to multiply by a scalar and add.
Let {v1, -+ ,v,} be an orthonormal basis for X and {wy, - ,w,} be an orthonormal basis
for'Y. Then a basis for L(X,Y) is

{wj®vi:i:1,...7n7j:17...’m}'

Proof: It is obvious that £ (X,Y) is a vector space. It remains to verify the given set
is a basis. Consider the following:

A—Z(Avk,wl)wlé@vk vy Wy | = (Avp, wy) —
k.l
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> (Avk, wy) (vp, vi) (wr, wy)
k.l
= (Avp, w,) Z (Avk, wp) dpidy = (Avp, w,) — (Avy, w,) = 0.
k,l
Letting A — Zk’l (Avg, w;) wy @ v, = B, this shows that Buv, = 0 since w, is an arbitrary
element of the basis for Y. Since v, is an arbitrary element of the basis for X, it follows
B =0 as hoped. This has shown {w; ® v; :¢=1,---,n, j=1,--- ,m} spans £L(X,Y).
It only remains to verify the w; ® v; are linearly independent. Suppose then that

Z CijW; Qv = 0
4,J
Then do both sides to vs. By definition this gives

0= E cijw; (vs,v;) = E Cijw;0s; = E CsjW;
1,5

Now the vectors {w1, -+ ,w.,} are independent because it is an orthonormal set and so the
above requires c,; = 0 for each j. Since s was arbitrary, this shows the linear transformations,
{w; ® v;} form a linearly independent set. W

Note this shows the dimension of £(X,Y) = nm. The theorem is also of enormous
importance because it shows you can always consider an arbitrary linear transformation as
a sum of rank one transformations whose properties are easily understood. The following
theorem is also of great interest.

Theorem 11.4.5 Let A =73, . cijw; ®v; € L(X,Y) where as before, the vectors, {w;} are
an orthonormal basis for Y and the vectors, {v;} are an orthonormal basis for X. Then if
the matriz of A has entries M;;, it follows that M;; = c;;.

Proof: Recall
AU,* = Z Mkiwk
Kk

Also

A’UZ‘

E ijwk@)’l}j ’UZ E Clj Wk ’U“UJ
= § Ck]wk‘(slj = E Cli Wk

Therefore,

E Mkiwk:E CriW
% %

and so My; = c; for all k. This happens for each i.

11.5 Least Squares

A common problem in experimental work is to find a straight line which approximates as
well as possible a collection of points in the plane {(z;,y;)},_,. The usual way of dealing
with these problems is by the method of least squares and it turns out that all these sorts
of approximation problems can be reduced to Ax = b where the problem is to find the best
x for solving this equation even when there is no solution.
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Lemma 11.5.1 Let V and W be finite dimensional inner product spaces and let A:V — W
be linear. For each y € W there exists v € V such that

| Az — y| < |Az1 — ]

for all x1 € V. Also, x € V is a solution to this minimization problem if and only if x is a
solution to the equation, A*Ax = A*y.

Proof: By Theorem 11.2.4 on Page 276 there exists a point, Axg, in the finite dimen-
sional subspace, A (V), of W such that for all z € V,|Az —y|* > |Azo —y|*. Also, from
this theorem, this happens if and only if Azg — y is perpendicular to every Az € A (V).
Therefore, the solution is characterized by (Axzg —y, Az) = 0 for all z € V which is the
same as saying (A*Axg — A*y,x) = 0 for all € V. In other words the solution is obtained
by solving A*Axy = A*y for zo. A

Consider the problem of finding the least squares regression line in statistics. Suppose
you have given points in the plane, {(z;,v;)}.—; and you would like to find constants m
and b such that the line y = mx + b goes through all these points. Of course this will be
impossible in general. Therefore, try to find m, b such that you do the best you can to solve

the system
Y zy 1
_ . . m
Yn z, 1
2
2
which is of the form y = Ax. In other words try to make |A ( TZ ) — as small
Yn

as possible. According to what was just shown, it is desired to solve the following for m and

b.
Y1

A*A(m>A* :

b .

Yn

Since A* = AT in this case,

Y w Yl moy D Tl
D i1 T n b i1 Yi
Solving this system of equations for m and b,

— (Z?:l ;) (Z:’l:l i) + (Z;L:l TiYi) N
(S0 ) — (X0, z)°

— (i m) Y may + (i vi) Yy a
5 .
i) n— (20 i)
One could clearly do a least squares fit for curves of the form y = az? + bz + ¢ in the
same way. In this case you solve as well as possible for a, b, and ¢ the system

and

2
zy x1 1 Y1

ot Q
I

2 oz, 1 c Yn

using the same techniques.
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11.6 Fredholm Alternative Again

The best context in which to study the Fredholm alternative is in inner product spaces.
This is done here.

Definition 11.6.1 Let S be a subset of an inner product space, X. Define
St={zecX:(x,s)=0 forallsecS}.

The following theorem also follows from the above lemma. It is sometimes called the
Fredholm alternative.

Theorem 11.6.2 Let A:V — W where A is linear and V and W are inner product spaces.
Then A (V) = ker (A*)".

Proof: Let y = Az soy € A(V). Then if A*z =0,
(y,2) = (Az,2) = (,472) = 0

showing that y € ker (A*)" . Thus A (V) C ker (A*)".

Now suppose y € ker (A*)J'. Does there exists = such that Az = y? Since this might
not be immediately clear, take the least squares solution to the problem. Thus let x be a
solution to A* Az = A*y. It follows A* (y — Az) = 0 and so y — Az € ker (A*) which implies
from the assumption about y that (y — Az,y) = 0. Also, since Az is the closest point to

y in A(V), Theorem 11.2.4 on Page 276 implies that (y — Az, Az;) = 0 for all z; € V.
=0

—_—~
In particular this is true for z; = z and so 0 = (y — Az, y) — (y — Az, Az) = |y — Az|?,
showing that y = Az. Thus A (V) D ker (A*)". B

Corollary 11.6.3 Let A, V, and W be as described above. If the only solution to A*y = 0
isy =0, then A is onto W.

Proof: If the only solution to A*y = 0 is y = 0, then ker (A*) = {0} and so every vector
from W is contained in ker (A*)" and by the above theorem, this shows A (V) =W. B

11.7 Exercises
1. Find the best solution to the system

r+2y==6
20—y =5
3xr+2y=20

2. Find an orthonormal basis for R?, {wy, wy, w3} given that w; is a multiple of the
vector (1,1,2).

3. Suppose A = AT is a symmetric real n x n matrix which has all positive eigenvalues.
Define

(x,¥) = (A%, y) .

Show this is an inner product on R"™. What does the Cauchy Schwarz inequality say
in this case?
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10.

11.

Let ||x||, = max {|z;]| : j =1,2,--- ,n}. Show this is a norm on C". Here

T
x:(xl xn) .

_ 1/2
x| < Ix] = (x,x)"

Show

where the above is the usual inner product on C™.

T
Let ||x[|, = 77, |2;| .Show this is a norm on C". Here x = ( Ty ot Tp ) . Show

x|, > |x| = (x,x)"/?

where the above is the usual inner product on C™. Show there cannot exist an inner
product such that this norm comes from the inner product as described above for
inner product spaces.

Show that if ||-|| is any norm on any vector space, then |||z|| — ||y]|| < ||z — ]| -

Relax the assumptions in the axioms for the inner product. Change the axiom about
(z,z) > 0 and equals 0 if and only if z = 0 to simply read (z,z) > 0. Show the Cauchy
Schwarz inequality still holds in the following form. |(z,y)| < (z, x)1/2 (y, y)1/2 .

Let H be an inner product space and let {uy},_, be an orthonormal basis for H.

Show
n
=3 () ).
k=1

Let the vector space V' consist of real polynomials of degree no larger than 3. Thus a
typical vector is a polynomial of the form a + bx + cx? 4+ da3. For p,q € V define the
inner product, ( fo x) dz. Show this is indeed an inner product. Then
state the Cauchy Schwarz mequahty in terms of this inner product. Show {1, x, 22, x?’}
is a basis for V. Finally, find an orthonormal basis for V. This is an example of some
orthonormal polynomials.

Let P, denote the polynomials of degree no larger than n — 1 which are defined on an
interval [a,b]. Let {x1,--- ,z,} be n distinct points in [a, b] . Now define for p,q € P,,

= p@)e()

Show this yields an inner product on P,,. Hint: Most of the axioms are obvious. The
one which says (p,p) = 0 if and only if p = 0 is the only interesting one. To verify this
one, note that a nonzero polynomial of degree no more than n — 1 has at most n — 1
Z€ros.

Let C ([0,1]) denote the vector space of continuous real valued functions defined on
[0,1]. Let the inner product be given as

1
mzéfwwwm

Show this is an inner product. Also let V' be the subspace described in Problem 9.
Using the result of this problem, find the vector in V which is closest to z*.
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12.

13.

14.
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A regular Sturm Liouville problem involves the differential equation, for an un-
known function of x which is denoted here by y,

(p(@)y) + (Mg (@) +7(2)y =0, x € [a,b]

and it is assumed that p(¢),q(¢t) > 0 for any ¢ € [a,b] and also there are boundary
conditions,

Ciy(a)+Coy' (a) = 0
Csy (b)) +Cay' (b)) = 0
where
C?+C2 >0, and C2 + C? > 0.

There is an immense theory connected to these important problems. The constant, A
is called an eigenvalue. Show that if y is a solution to the above problem corresponding
to A = A; and if z is a solution corresponding to A = Ao # A1, then

b
/ q(z)y(x)z(x)dx =0. (11.9)
and this defines an inner product. Hint: Do something like this:

(@) y) 2+ (Mg (@) +7(x)yz = 0,
(p(2) ) y+ (Aagq(2) +7(2)) 2y

Now subtract and either use integration by parts or show

(p@)y) 2= (@) ) y=(p@)y)z—(p(x))y)

and then integrate. Use the boundary conditions to show that ¢’ (a) z (a)—2" (a) y (a) =
0 and ¢’ (b) z (b) — 2’ (b) y (b) = 0. The formula, 11.9 is called an orthogonality relation.
It turns out there are typically infinitely many eigenvalues and it is interesting to write
given functions as an infinite series of these “eigenfunctions”.

Consider the continuous functions defined on [0, 7], C ([0,7]). Show (f,g) = [ fgdx

is an inner product on this vector space. Show the functions {\/g sin (nx)} are
n=1

an orthonormal set. What does this mean about the dimension of the vector space

C ([0,7])? Now let Viy = span (\/gsin (), \/gsin (Na:)) . For f € C (]0,7]) find
a formula for the vector in Viy which is closest to f with respect to the norm determined
from the above inner product. This is called the N** partial sum of the Fourier series
of f. An important problem is to determine whether and in what way this Fourier
series converges to the function f. The norm which comes from this inner product is
sometimes called the mean square norm.

Consider the subspace V' = ker (A) where

1 4 -1 -1
A 2 1 3
4 9 0 1
5 6 3 4

Find an orthonormal basis for V. Hint: You might first find a basis and then use the
Gram Schmidt procedure.
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15.

16.

17.

18.

19.

The Gram Schmidt process starts with a basis for a subspace {v1,-- ,v,} and pro-
duces an orthonormal basis for the same subspace {u1,- - ,uy} such that

span (vq, -+ ,v) = span (ug, -+, ug)

for each k. Show that in the case of R™ the QR factorization does the same thing.
More specifically, if
A.::( vi e v, )

A:QRE(ql o+ dn )R

then the vectors {qi,- - ,qn} is an orthonormal set of vectors and for each k,

and if

span (qi,- -+ ,qk) = span (vy, -+, Vg)
Verify the parallelogram identify for any inner product space,
@+ y” + o —y* =2z +2|y*.
Why is it called the parallelogram identity?

Let H be an inner product space and let K C H be a nonempty convex subset. This
means that if k1, ko € K, then the line segment consisting of points of the form

th1 + (1 —t) ko for t € [0,1]

is also contained in K. Suppose for each z € H, there exists Pz defined to be a point
of K closest to x. Show that Pz is unique so that P actually is a map. Hint: Suppose
z1 and z9 both work as closest points. Consider the midpoint, (21 + 22) /2 and use the
parallelogram identity of Problem 16 in an auspicious manner.

In the situation of Problem 17 suppose K is a closed convex subset and that H
is complete. This means every Cauchy sequence converges. Recall from calculus a
sequence {k,} is a Cauchy sequence if for every € > 0 there exists N. such that
whenever m,n > N, it follows |k, — kn| < €. Let {k,} be a sequence of points of K
such that

lim |z —k,| =inf{|z — k| : k € K}

n—oo
This is called a minimizing sequence. Show there exists a unique k € K such that
lim,, o |k — k| and that k = Px. That is, there exists a well defined projection map
onto the convex subset of H. Hint: Use the parallelogram identity in an auspicious
manner to show {k,} is a Cauchy sequence which must therefore converge. Since K
is closed it follows this will converge to something in K which is the desired vector.

Let H be an inner product space which is also complete and let P denote the projection
map onto a convex closed subset, K. Show this projection map is characterized by
the inequality

Re(k — Pz,x — Pz) <0

for all k € K. That is, a point z € K equals Pz if and only if the above variational
inequality holds. This is what that inequality is called. This is because k is allowed
to vary and the inequality continues to hold for all k € K.
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20.

21.

22.

23.

24.

25.

26.
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Using Problem 19 and Problems 17 - 18 show the projection map, P onto a closed
convex subset is Lipschitz continuous with Lipschitz constant 1. That is

|Px — Py| < |z —y|

Give an example of two vectors in R* or R? x,y and a subspace V such that x -y =0
but Px-Py # 0 where P denotes the projection map which sends x to its closest point
onV.

Suppose you are given the data, (1,2),(2,4),(3,8),(0,0). Find the linear regression
line using the formulas derived above. Then graph the given data along with your
regression line.

Generalize the least squares procedure to the situation in which data is given and you
desire to fit it with an expression of the form y = af (z) 4 bg (z) + ¢ where the problem
would be to find a,b and ¢ in order to minimize the error. Could this be generalized
to higher dimensions? How about more functions?

Let A€ £L(X,Y) where X and Y are finite dimensional vector spaces with the dimen-
sion of X equal to n. Define rank (4) = dim (A (X)) and nullity(A4) = dim (ker (4)) .
Show that nullity(A) + rank (A) = dim (X ). Hint: Let {z;},_, be a basis for ker (A)
and let {z;},_, U{y;}.—, be a basis for X. Then show that {Ay;} " is linearly
independent and spans AX.

Let A be an m xn matrix. Show the column rank of A equals the column rank of A*A.
Next verify column rank of A*A is no larger than column rank of A*. Next justify the
following inequality to conclude the column rank of A equals the column rank of A*.

rank (A) =rank (A*A) <rank (A*) <

=rank (AA") <rank (A).

Hint: Start with an orthonormal basis, {Ax;}’_, of A(F") and verify {A*Ax;}7_,
is a basis for A*A (F™).

Let A be a real m x n matrix and let A = QR be the QR factorization with @Q
orthogonal and R upper triangular. Show that there exists a solution x to the equation

RTRx = RTQ™p

and that this solution is also a least squares solution defined above such that A7 Ax =
ATb.

11.8 The Determinant and Volume

The determinant is the essential algebraic tool which provides a way to give a unified treat-
ment of the concept of p dimensional volume of a parallelepiped in R*. Here is the definition
of what is meant by such a thing.

Definition 11.8.1 Let uy,--- ,u, be vectors in RM M > p. The parallelepiped determined
by these vectors will be denoted by P (uy,--- ,u,) and it is defined as

p
P(uy, - ,up) = Zsjuj:sje[o,l] =UQ, Q=1[0,1)"
j=1
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where U = ( 10 U | 1 ) .The volume of this parallelepiped is defined as

volume of P (uy, -+ ,up) =v (P (ug, -+ ,u,)) = (det (G))1/2.

where Gij = w; - uj. This G = UTU is called the metric tensor. If the vectors u; are
dependent, this definition will give the volume to be 0.

First lets observe the last assertion is true. Say u; = > . ; aju;. Then the it" row of

G is a linear combination of the other rows using the scalars a; and so from the properties
of the determinant, the determinant of this matrix is indeed zero as it should be. Indeed,
u; - ug :Zj¢iajuj~uk .

A parallelepiped is a sort of a squashed box. Here is a picture which shows
the relationship between P (uy,---,u,—1) and
P (uy,--- ,up). In a sense, we can define the volume
any way desired, but if it is to be reasonable, the
following relationship must hold. The appropriate
definition of the volume of P (ui,--- ,u,) in terms of
P(uy, - ,up_q)isv(P(ug, - ,up)) =

lu, - wlv (P (uy,---,up1)) (11.10)

where w is any unit vector perpendicular to each of
P =Py, ,up-1) uy,- - ,up_1. Note |u,-w| = |u,||cosf| from the
geometric meaning of the dot product. In the case where p = 1, the parallelepiped P (v)
consists of the single vector and the one dimensional volume should be |v| = (vTv)l/2 =

(v- v)l/z. Now having made this definition, I will show that det (G)1/2 is the appropriate
definition of v (P (uy,- - ,uy)) for every p.

As just pointed out, this is the only reasonable definition of volume in the case of one
vector. The next theorem shows that it is the only reasonable definition of volume of a
parallelepiped in the case of p vectors because 11.10 holds.

Theorem 11.8.2 If we desire 11.10 to hold for any w perpendicular to each u;, then we
obtain the definition of 11.8.1 for v(P (ui1,--- ,u,)) in terms of determinants.

Proof: So assume we want 11.10 to hold. Suppose the determinant formula holds
for P(uy, -+ ,up_1). It is necessary to show that if w is a unit vector perpendicular to
each uy,--- ,up_q then |u, -w|v (P (uy,---,up_1)) reduces to det (G)l/Q. By the Gram
Schmidt procedure there is (wq,---,w,) an orthonormal basis for span (us,--- ,u,) such
that span (wq,--- , W) = span (uy,--- ,uy) for each k < p. We can pick w, = w the given
unit vector perpendicular to each u;. First note that since {wy},_, is an orthonormal basis
for span (uy,--- ,up),

p

P
u; = Z (uj - wg)wg, u;-u; = Z (uj - wyg) (u; - wg)
k=1

k=1
Therefore, the 5" entry of the p x p matrix UTU is just
P
UTU),; = > (- wr) (e - uy)
r=1

which is the product of a p x p matrix M whose 7j*" entry is w,. - u; with its transpose. The
vector w, is a unit vector perpendicular to each u; for j <p—1so wy,-u; =0if j <p.
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Now consider the vector

W1 R Wp—1 Wy
=0
u; - Wi ul'wp—l ul.wp
N = det
=0
u,_1-wip - Up—1-Wp_1 Up_1- Wy

which results from formally expanding along the top row. Note you would get the same
thing expanding along the last column because as just noted, the last column on the right
is 0 except for the top entry, so every cofactor Ay, for the 15" position is + a determinant
which has a column of zeros. Thus N is a multiple of w,. Hence, for j < p,N-u; = 0.
From what was just discussed and induction, v (P (a1, -+ ,up-1)) = £41, = N-w,. Also
N - u, equals

up.wl P 'u_p.vvpi1 up.wp
=0
u; - Wi e ]_11.‘R7p_1 ul.wp
det ] ] ) = tdet (M)
=0
Uup—1-wWip - Up_1-Wp_1 Up_1° Wy

Thus from induction and expanding along the last column,

1/2
[u, - Wyl v (P (ur, - upm)) = [N -] = det (MTM)"

= det (UTU)"* = det (@) /2.

Now w, = w the unit vector perpendicular to each u; for j < p — 1. Thus if 11.10, then
the claimed determinant identity holds. l

The theorem shows that the only reasonable definition of p dimensional volume of a
parallelepiped is the one given in the above definition. Recall that these vectors are in RM.
What is the role of RM? It is just to provide an inner product. That is its only function. If
p = M, then det (UTU) = det (UT) det (U) = det (U)* and so det (G)"/? = |det (U)|.

11.9 Finding an Orthogonal Basis

The Gram Schmidt process described above gives a way to generate an orthogonal set of
vectors from a linearly independent set. Is there a convenient way to do this? Probably
not. However, if you have access to a computer algebra system there might be a way which
could help. In the following lemma, v; will be a vector and it is assumed that v;,i = 1,...,n
are linearly independent.

Lemma 11.9.1 Let {v1,...,v,} be linearly independent and consider the following formal
derivative:

(111,111) (U1,U2) (U1,Un—1) U1
(U2,U1) (UQ,Uz) (U27vn—1) V2
det
(Un—hvl) (Un—th) te (Un—hvn—l) Un—1
(’U", Ul) (Un; ’Ug) T (Uny vn—l) Un,

Then the vector which results from expanding this determinant formally is perpendicular to
each of vi,...,Vp_1.
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Proof: It is of the form ) ., v;C; where C; is a suitable (n — 1) x (n — 1) determinant.
Thus the inner product of this with v for & < n — 1 is the expansion of a determinant
which has two equal columns. However, the inner product with v,, will be the Grammian

of {vy,...,v,} which is not zero since these vectors v; are independent. See Problem 11 on
Page 293. 1

Example 11.9.2 The vectors 1,z, 2%, 23 are linearly independent on [0, 1], the vector space

being the continuous functions defined on [0,1]. You might show this. An inner product is
given by fol f(z) g (z)dzx. Find an orthogonal basis for span (1,3:, x2,x3),

You could use the above lemma. u; (z) = 1. Now I will assemble the formal determinants
as given above.

101
L1 1 5 3 1
L1 L SR T
det | | ydet | 5 3 @ ydet | 7 7 5
5 T 3 7 F Z

2 11 .2 3 4 5
3 4 11 1 .3

1 5 6

Now the orthogonal basis is obtained from evaluating these determinants and adding 1

to the list. Thus an orthonormal basis is
11,2 1 11 .3 1,2 1 1
{1733'_ 20127 ~ 127 1 735 31607 ~ 14407 + 3007 ~ T300 ) )
Is this horrible? Yes it is. However, if you have a computer algebra system do it for you,
it isn’t so bad. For example, to get the last term, you just do

1 1 =z =z
x ( ] 5 ) xz 2 23
T =
x? x? 23 2t
a3 23 at b
Then you do the following.

2 11

1 =z =z 1 3 3

1 r 2 3 11 1
dr — 2 3 1

2 .3 4 11 1

0 xr X X 3 1 5
3 4 5 11 1

P P 1 5 G

You could get Matlab to do it for you. Then you add in the last column which consists of
the original vectors. If you wanted an orthonormal basis, you could divide each vector by
its magnitude. This was only painless because I let the computer do all the tedious busy
work. However, I think it has independent interest because it gives a formula for a vector
which will be orthogonal to a given set of linearly independent vectors.

11.10 Exercises

1. Here are three vectors in R* : (L2,O,3)T , (2,1, —3,2)T ,(0,0, 1,2)T. Find the three
dimensional volume of the parallelepiped determined by these three vectors.

2. Here are two vectors in R* : (1,2,0, 3)T ,(2,1,-3, 2)T. Find the volume of the paral-
lelepiped determined by these two vectors.

3. Here are three vectors in R? : (1,2)T,(2,1)T,(0, l)T. Find the three dimensional
volume of the parallelepiped determined by these three vectors. Recall that from the
above theorem, this should equal 0.
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Find the equation of the plane through the three points (1,2,3),(2,-3,1),(1,1,7).

Let T map a vector space V to itself. Explain why T is one to one if and only if T is
onto. It is in the text, but do it again in your own words.

TLet all matrices be complex with complex field of scalars and let A be an n x n matrix
and B a m x m matrix while X will be an n X m matrix. The problem is to consider
solutions to Sylvester’s equation. Solve the following equation for X

AX -XB=C

where C'is an arbitrary n x m matrix. Show there exists a unique solution if and only
ifo(A)No(B)=0. Hint: If ¢ ()\) is a polynomial, show first that if AX — XB =0,
then ¢(A) X — Xq(B) = 0. Next define the linear map 7" which maps the n x m
matrices to the n x m matrices as follows.

TX=AX -XB

Show that the only solution to 77X = 0 is X = 0 so that T is one to one if and only if
o (A)No (B) = (. Do this by using the first part for ¢ (A) the characteristic polynomial
for B and then use the Cayley Hamilton theorem. Explain why ¢ (A)f1 exists if and
only if the condition o (4) N o (B) = 0.

Recall the Binet Cauchy theorem, Theorem 3.3.14. What is the geometric meaning of
the Binet Cauchy theorem?

For W a subspace of V, W is said to have a complementary subspace [15] W' if
W @& W' = V. Suppose that both W, W’ are invariant with respect to A € L (V, V).
Show that for any polynomial f (\), if f(A)x € W, then there exists w € W such
that f(A)x = f(A)w. A subspace W is called A admissible if it is A invariant and
the condition of this problem holds.

1 Return to Theorem 9.3.5 about the existence of a basis § = {Bm, e ,[3%} for V

where A € £ (V, V). Adapt the statement and proof to show that if W is A admissible,
then it has a complementary subspace which is also A invariant. Hint:

The modified version of the theorem is: Suppose A € £ (V, V) and the minimal poly-
nomial of A is ¢ (\)" where ¢ (\) is a monic irreducible polynomial. Also suppose
that W is an A admissible subspace. Then there exists a basis for V' which is of

the form 8 = {6I1,~-~  Bays V1, ,vm} where {v1,--+ ,v;,} is a basis of W. Thus

span (Bwl, cee Bx,,) is the A invariant complementary subspace for W. You may want

to use the fact that ¢ (4) (V) NW = ¢ (A) (W) which follows easily because W is A
admissible. Then use this fact to show that ¢ (A) (W) is also A admissible.

Let U, H be finite dimensional inner product spaces. (More generally, complete inner
product spaces.) Let A be a linear map from U to H. Thus AU is a subspace of
H. For g € AU, define A~1lg to be the unique element of {x: Ax = g} which is
closest to 0. Then define (h,g) 4, = (A’lg, Ailh)U. Show that this is a well defined
inner product. Let U, H be finite dimensional inner product spaces. (More generally,
complete inner product spaces.) Let A be a linear map from U to H. Thus AU is a
subspace of H. For g € AU, define A~'g to be the unique element of {x: Ax = g}
which is closest to 0. Then define (h,g),, = (A~'g, A~'h),. Show that this is a
well defined inner product and that if A is one to one, then |/hl| ,, = ||A*1hHU and

[A4%[ gy = Il
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11. Suppose {vy,..., v, } is a linearly independent set of vectors in an inner product space.
The Grammian determinant is

(1)1;111) (01702) (Ul,vn)
et (v2,v1)  (v2,v2) -+ (v2,vn)
(Un,v1)  (n,v2) o (Vn,vp)

Show this is not zero.
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Chapter 12

Self Adjoint Operators

12.1 Simultaneous Diagonalization

Recall the following definition of what it means for a matrix to be diagonalizable.

Definition 12.1.1 Let A be an n X n matriz. It is said to be diagonalizable if there exists

an invertible matriz S such that
S™1AS =D

where D is a diagonal matriz.

Also, here is a useful observation.

Observation 12.1.2 If A is an n x n matriz and AS = SD for D a diagonal matriz, then
each column of S is an eigenvector or else it is the zero vector. This follows from observing
that for sy the k" column of S and from the way we multiply matrices,

ASk = )\ksk

It is sometimes interesting to consider the problem of finding a single similarity trans-
formation which will diagonalize all the matrices in some set.

Lemma 12.1.3 Let A be an n X n matriz and let B be an m x m matriz. Denote by C the

matric
C= 40 .
0 B

Then C' is diagonalizable if and only if both A and B are diagonalizable.

Proof: Suppose SZIASA = Dy and S’];lBSB = Dp where D4 and Dp are diagonal
Sa

is such that
0 Sp

matrices. You should use block multiplication to verify that S = <

S~1CS = D¢, a diagonal matrix.
Conversely, suppose C is diagonalized by S = (s1,-- ,Sp+m). Thus S has columns s;.
For each of these columns, write in the form

X;
S; =
Yi
where x; € F" and where y; € F™. The result is
S S
g = 11 12
Sa1 Sz
where 577 is an n X n matrix and So is an m X m matrix. Then there is a diagonal matrix,
D; being n x n and Dy m x m such that

D 0
p-amne = (% 9)
2

295
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A 0 S11 Si2
S11 Sz Dy 0
Sa1 Sao 0 Dy

AS11 = S1D1, BS2 = Sa2D»

such that

Hence by block multiplication

BSQl = S21D1a ASIQ = 512D2

It follows each of the x; is an eigenvector of A or else is the zero vector and that each of the
y; is an eigenvector of B or is the zero vector. If there are n linearly independent x;, then
A is diagonalizable by Theorem 8.3.12 on Page 8.3.12.

The row rank of the matrix (x1,- - , X4, ) must be n because if this is not so, the rank
of S would be less than n + m which would mean S~! does not exist. Therefore, since the
column rank equals the row rank, this matrix has column rank equal to n and this means
there are n linearly independent eigenvectors of A implying that A is diagonalizable. Similar
reasoning applies to B. B

The following corollary follows from the same type of argument as the above.

Corollary 12.1.4 Let Ay be an ni X ng matrix and let C denote the block diagonal

(35 ()

Ay 0

matriz given below.

0 A,
Then C is diagonalizable if and only if each Ay is diagonalizable.

Definition 12.1.5 A set, F of n X n matrices is said to be simultaneously diagonalizable if
and only if there exists a single invertible matriz S such that for every A € F, STYAS = D4
where D 4 is a diagonal matriz. F is a commuting family of matrices if whenever A, B € F,
AB = BA.

Lemma 12.1.6 If F is a set of n X n matrices which is simultaneously diagonalizable, then
F is a commuting family of matrices.

Proof: Let A, B € F and let S be a matrix which has the property that S~'AS is a
diagonal matrix for all A € F. Then S™'AS = D4 and S~'BS = Dg where D4 and Dp
are diagonal matrices. Since diagonal matrices commute,

AB = SD,S 'SDpS~'=8DsDpS~!
= SDpDsS '=SDpS 'SD,S~! = BA.
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Lemma 12.1.7 Let D be a diagonal matrix of the form

ML, 0 - 0
Noln, o0
D= 0 2ina , (12.1)
: - 0
0 0 Ay,

where I, denotes the n; x n; identity matric and A\; # X; for i # j and suppose B is a
matriz which commutes with D. Then B is a block diagonal matrixz of the form

B, 0 --- 0
p=| % B (12.2)
0 0 B,

where B; is an n; X n; matrix.

Proof: Let B = (B;;) where B;; = B; a block matrix as above in 12.2.

By Bz --- By
Byy By - Ba,
Brl Br2 T B’I‘T

Then by block multiplication, since B is given to commute with D,
)\jBij = /\iBij
Therefore, if ¢ # j,B;; =0. B

Lemma 12.1.8 Let F denote a commuting family of n X n matrices such that each A € F
is diagonalizable. Then F is simultaneously diagonalizable.

Proof: First note that if every matrix in F has only one eigenvalue, there is nothing to
prove. This is because for A such a matrix,

STYAS = AT

and so
A=)

Thus all the matrices in F are diagonal matrices and you could pick any S to diagonalize
them all. Therefore, without loss of generality, assume some matrix in F has more than one
eigenvalue.

The significant part of the lemma is proved by induction on n. If n = 1, there is nothing
to prove because all the 1 x 1 matrices are already diagonal matrices. Suppose then that
the theorem is true for all £k < n — 1 where n > 2 and let F be a commuting family of
diagonalizable n x n matrices. Pick A € F which has more than one eigenvalue and let
S be an invertible matrix such that S™'AS = D where D is of the form given in 12.1.
By permuting the columns of S there is no loss of generality in assuming D has this form.
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Now denote by F the collection of matrices, {S “lcs.CceF } . Note F features the single
matrix S. _

It follows easily that J is also a commuting family of diagonalizable matrices. By Lemma
12.1.7 every B € F is a block diagonal matrix of the form given in 12.2 because each of these
commutes with D described above as S _1515 and so by block multiplication, the diagonal
blocks B; corresponding to different B € F commute.

By Corollary 12.1.4 each of these blocks is diagonalizable. This is because B is known to
be so. Therefore, by induction, since all the blocks are no larger than n —1 x n—1 thanks to
the assumption that A has more than one eigenvalue, there exist invertible n; x n; matrices,
T; such that TleZ-TZ- is a diagonal matrix whenever B; is one of the matrices making up

the block diagonal of any B € F. It follows that for T" defined by

T, 0 -+ 0
T
T= 0 2 ,
: . -0
0O -~ 0 T,

then T-!BT = a diagonal matrix for every B € F including D. Consider ST. It follows
that for all C' € F,

something in F
7' §7'CS T =(ST)"'C(ST)= a diagonal matrix. B

Theorem 12.1.9 Let F denote a family of matrices which are diagonalizable. Then F is
simultaneously diagonalizable if and only if F is a commuting family.

Proof: If F is a commuting family, it follows from Lemma 12.1.8 that it is simultaneously
diagonalizable. If it is simultaneously diagonalizable, then it follows from Lemma 12.1.6 that
it is a commuting family. Wl

12.2 Schur’s Theorem

Recall that for a linear transformation, L € £ (V, V') for V a finite dimensional inner product
space, it could be represented in the form

L= Z lijvi & Vj
ij
where {vy,---,v,} is an orthonormal basis. Of course different bases will yield different

matrices, (I;;) . Schur’s theorem gives the existence of a basis in an inner product space such
that (;;) is particularly simple.

Definition 12.2.1 Let L € L(V,V) where V is a vector space. Then a subspace U of V is
L invariant if L (U) C U.
In what follows, F will be the field of scalars, usually C but maybe R.

Theorem 12.2.2 Let L € L(H,H) for H a finite dimensional inner product space such
that the restriction of L*to every L invariant subspace has its eigenvalues in F. Then there

exist constants, ¢;j for i < j and an orthonormal basis, {w;};_, such that
n J
L= Z Cijwi X Wj

j=1i=1
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The constants, c;; are the eigenvalues of L. Thus the matriz whose ij" entry is c;; is upper
triangular.

Proof: If dim (H) = 1, let H = span (w) where |w| = 1. Then Lw = kw for some k.
Then
L=kw®w

because by definition, w ® w (w) = w. Therefore, the theorem holds if H is 1 dimensional.
Now suppose the theorem holds for n — 1 = dim (H) . Let w,, be an eigenvector for L*.
Dividing by its length, it can be assumed |w,| = 1. Say L*w,, = pw,. Using the Gram
Schmidt process, there exists an orthonormal basis for H of the form {vy, -+ ,v,_1,w,}.
Then
(Lvi, wy) = (v, L*wWy,) = (v, uwy) = 0,

which shows

L:H, =span(vy, - ,Vp_1) = span (vi, -+, Vp_1).

Denote by L; the restriction of L to H;. Since H; has dimension n — 1, the induction
hypothesis yields an orthonormal basis, {wy,---,w,_1} for H; such that

n—1 7

Ll = Z Z cijw,;®wj. (123)

j=1i=1

Then {wy,---,w,} is an orthonormal basis for H because every vector in
Spann (Vlv e avnfl)

has the property that its inner product with w,, is 0 so in particular, this is true for the
vectors {wy, -+, W,_1}. Now define ¢;,, to be the scalars satisfying

n
Lw,, = Z CinWi (12.4)

and let

n j

B = Z Zcijwi@)wj.
j=11

i=1
Then by 12.4,

n J
= E § ljwl nj E CinW; = Lw,.

If1<k<n-1,
n J k
BWk = Z Zcijwiékj = Zcikwi
j=11i=1 i=1

while from 12.3,
n—1 7

ka —L1Wk - § § C'ijl ik — § CikWi.

j=11i=1

Since L = B on the basis {wy,--- ,w,}, it follows L = B.
It remains to verify the constants, cgr are the eigenvalues of L, solutions of the equation,
det (AI — L) = 0. However, the definition of det (AI — L) is the same as

det (A — C)
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where C' is the upper triangular matrix which has ¢;; for i < j and zeros elsewhere. This
equals 0 if and only if A is one of the diagonal entries, one of the cg;. B

Now with the above Schur’s theorem, the following diagonalization theorem comes very
easily. Recall the following definition.

Definition 12.2.3 Let L € L (H, H) where H is a finite dimensional inner product space.
Then L is Hermitian if L* = L.

Theorem 12.2.4 Let L € L (H, H) where H is an n dimensional inner product space. If
L is Hermitian, then all of its eigenvalues A\ are real and there exists an orthonormal basis
of eigenvectors {wy} such that
L= Z A WERQW .
k

Proof: By Schur’s theorem, Theorem 12.2.2, there exist [;; € F such that

noJ
L= Z Z lijwi®wj

j=1i=1

Then by Lemma 11.4.2,

(lijwiew;)”
1

n J n J
ljwi@w; = L=L"=>Y_

1:=1 j=14

J

n

j n 4

j=1i=1 i=1 j=1

By independence, if i = j, l;; = l; and so these are all real. If i < j, it follows from
independence again that /;; = 0 because the coefficients corresponding to ¢ < j are all 0 on
the right side. Similarly if ¢ > j, it follows [;; = 0. Letting Ay = I, this shows

LZZ)\kaQ@Wk
k

That each of these wy, is an eigenvector corresponding to Ay is obvious from the definition
of the tensor product. B

12.3 Spectral Theory of Self Adjoint Operators

The following theorem is about the eigenvectors and eigenvalues of a self adjoint operator.
Such operators are also called Hermitian as in the case of matrices. The proof given gen-
eralizes to the situation of a compact self adjoint operator on a Hilbert space and leads to
many very useful results. It is also a very elementary proof because it does not use the
fundamental theorem of algebra and it contains a way, very important in applications, of
finding the eigenvalues. This proof depends more directly on the methods of analysis than
the preceding material. Recall the following notation.

Definition 12.3.1 Let X be an inner product space and let S C X. Then
St={zecX:(x,s)=0 forallsecS}.

Note that even if S is not a subspace, S+ is.
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Theorem 12.3.2 Let A € L (X, X) be self adjoint (Hermitian) where X is a finite dimen-
sional inner product space of dimension n. Thus A = A*. Then there exists an orthonormal
basis of eigenvectors, {v; };L:l .

Proof: Consider (Ax,x). This quantity is always a real number because
(Az,z) = (2, Ax) = (x, A*z) = (Az, 2)
thanks to the assumption that A is self adjoint. Now define
A =inf {(Az,z) : |z| =1,z € X; = X}.

Claim: )\ is finite and there exists v; € X with |v1| = 1 such that (Avi,v1) = A1.
Proof of claim: Let {u; }?:1 be an orthonormal basis for X and for € X, let (x4, - - -,
Z) be defined as the components of the vector . Thus,

n
xr = E SCjUj.
j=1

Since this is an orthonormal basis, it follows from the axioms of the inner product that

n

2 2
o =Dl

j=1
Thus
n
(Az,z) = Z rpAug, Z Tjuj | = Z 2, T; (Aug, u;),
k=1 j=1 k,j
a real valued continuous function of (xy, - -+, x,) which is defined on the compact set

n
K= {(mla"' ,an) EF": Z‘xJ|2 = 1}
j=1

Therefore, it achieves its minimum from the extreme value theorem. Then define

n
v = E TjUyj
Jj=1

where (z1,--+,xy) is the point of K at which the above function achieves its minimum.
This proves the claim.

I claim that A; is an eigenvalue and v; is an eigenvector. Letting w € X; = X, the
function of the real variable, t, given by

F() = (A (v1 + tw) ,v1 + tw) _ (Avy,v1) + 2t Re (Avy, w) + t2 (Aw, w)
vy + tw|? lo1|* + 2t Re (vy, w) + 2 |w]?

achieves its minimum when ¢ = 0. Therefore, the derivative of this function evaluated at
t = 0 must equal zero. Using the quotient rule, this implies, since |v1| = 1 that

2Re (Avy, w) |v1|* — 2Re (v1,w) (Avy, v1) = 2 (Re (Avy, w) — Re (vg,w) Ay) = 0.



302 CHAPTER 12. SELF ADJOINT OPERATORS

Thus Re (Avy — Ajvy,w) = 0 for all w € X. This implies Av; = Ajv1. To see this, let w € X
be arbitrary and let 6 be a complex number with [#] =1 and

[(Avy — Aog,w)| = 0 (Avy — Aog,w).

Then B
[(Avy — Mg, w)| = Re (Av1 — A1, Hw) =0.
Since this holds for all w, Avy = Ajv;.

Continuing with the proof of the theorem, let X5 = {vl}L . This is a closed subspace of
X and A : X5 — X5 because for z € X5,

(Az,v1) = (x, Avy) = M\ (x,v1) = 0.

Let
Ao =inf {(Az,z) : || =1,2 € Xo}
As before, there exists vo € Xo such that Ave = Aqvg, A1 < Ao. Now let X3 = {vl,vg}l
and continue in this way. As long as k < n, it will be the case that {v1,--- v} # {0}.
This is because for k < n these vectors cannot be a spanning set and so there exists some
w ¢ span (vy,--- ,vg). Then letting z be the closest point to w from span (vq,--- ,vg), it
follows that w — z € {vy,--- ,vk}l. Thus there is an decreasing sequence of eigenvalues
{Mi}r—, and a corresponding sequence of eigenvectors, {v1, ---, v,} with this being an
orthonormal set. B
Contained in the proof of this theorem is the following important corollary.

Corollary 12.3.3 Let A € L (X, X) be self adjoint where X is a finite dimensional inner
product space. Then all the eigenvalues are real and for Ay < Ay < --- < N\, the eigenvalues
of A, there exists an orthonormal set of vectors {uy,- -+ ,u,} for which

Auk = )\}guk.

Furthermore,
A, = inf {(Az,z) : |z] =1,z € X}

where N
Xk‘E{ula"'auk'—l} 7X15X~

Corollary 12.3.4 Let A € L (X, X) be self adjoint (Hermitian) where X is a finite dimen-
sional inner product space. Then the largest eigenvalue of A is given by

max {(Ax,x) : [x| =1} (12.5)
and the minimum eigenvalue of A is given by
min {(Ax,x) : |x| =1}. (12.6)

Proof: The proof of this is just like the proof of Theorem 12.3.2. Simply replace inf
with sup and obtain a decreasing list of eigenvalues. This establishes 12.5. The claim 12.6
follows from Theorem 12.3.2. B

Another important observation is found in the following corollary.

Corollary 12.3.5 Let A € L (X, X) where A is self adjoint. Then A=), \jv; ®v; where
Av; = \v; and {v;}]_, is an orthonormal basis.
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Proof : If vy is one of the orthonormal basis vectors, Avy = Apvi. Also,
D A @i (vk) = > A (v, vi) = Y Nibinvi = Ak

Since the two linear transformations agree on a basis, it follows they must coincide. B

By Theorem 11.4.5 this says the matrix of A with respect to this basis {v;},_, is the
diagonal matrix having the eigenvalues A1, --- , A, down the main diagonal.

The result of Courant and Fischer which follows resembles Corollary 12.3.3 but is more
useful because it does not depend on a knowledge of the eigenvectors.

Theorem 12.3.6 Let A € L(X,X) be self adjoint where X is a finite dimensional inner
product space. Then for \y < Ay < --- < N\, the eigenvalues of A, there exist orthonormal
vectors {uy, -+ ,un} for which

Auk = )\kuk
Furthermore,
A = max {min {(Ax,x) el =12 € {wy, - ,wk,l}J‘}} (12.7)
Wi, Wkr—1
where if k =1,{w, - ,wk_l}L = X.
Proof: From Theorem 12.3.2, there exist eigenvalues and eigenvectors with {uy, -+ ,u,}

orthonormal and A\; < A\;jyq.

n

(Az, ) =Y (A, uy) (w,uy) = Y Ay (@,05) (g, 2) = A |(2,uy) [
j=1

Jj=1 Jj=1

Recall that (z,w) =3, (2,u;) (w,u;). Then let ¥ = {w1,- - wp_1 )}

inf {(Az,z) : |z| =1,z € Y} = inf Z)\j |(x,uj)\2 =1,z €Y
j=1

k
< inf Z)\j |(£L',Uj)|2 dz) =1,(z,u) =0for j >k, andz €Y . (12.8)

Jj=1

The reason this is so is that the infimum is taken over a smaller set. Therefore, the infimum
gets larger. Now 12.8 is no larger than

inf )\kZ|(x,uj)\2 Szl =1,(z,u;) =0for j >k, andz €Y 3 < )
j=1

because since {uy,--- ,uy,} is an orthonormal basis, |z|* = Z;L:l |(z, uj)|2 . It follows, since
{wy,- -+ ,wk_1} is arbitrary,
sup {inf {(Ax,x) el =12 € {wy, - ,wk_l}l}} < Ag. (12.9)
Wi, We—1

Then from Corollary 12.3.3,

A = inf{(Aa:,x) el =12 € {ug, - 7uk,1}J‘} <



304 CHAPTER 12. SELF ADJOINT OPERATORS

sup {inf{(Ax,x):|x\:1,x€{w1,~-- ,wk,l}l}}g)\k

Wi, We—1

Hence these are all equal and this proves the theorem. B
The following corollary is immediate.

Corollary 12.3.7 Let A € L (X, X) be self adjoint where X is a finite dimensional inner
product space. Then for A1 < Ao < --- <\, the eigenvalues of A, there exist orthonormal
vectors {uy, - ,un} for which

Auk = )\kuk.

Furthermore,

A =  max {min{(?x{;’):xsé(),xe{wl,-~-,wk_1}l}} (12.10)
T

Wi, W1

where if k=1, {wq,--- ,wk,l}J‘ =X.
Here is a version of this for which the roles of max and min are reversed.

Corollary 12.3.8 Let A € L (X, X) be self adjoint where X is a finite dimensional inner
product space. Then for Ay < Ay < --- < N\, the eigenvalues of A, there exist orthonormal
vectors {uy, -+ ,un} for which

Auk = )\kuk

Furthermore,
A
Ak = min {max{( |x|,2x) cx £ 0,z € {wy, - ,wn_k}L}} (12.11)
Wi, Wk T
where if k =n,{wy,--- ,wn,k}l = X.

12.4 Positive and Negative Linear Transformations

The notion of a positive definite or negative definite linear transformation is very important
in many applications. In particular it is used in versions of the second derivative test for
functions of many variables. Here the main interest is the case of a linear transformation
which is an n x n matrix but the theorem is stated and proved using a more general notation
because all these issues discussed here have interesting generalizations to functional analysis.

Definition 12.4.1 A self adjoint A € L(X,X), is positive definite if whenever x # 0,
(Ax,x) > 0 and A is negative definite if for all x # 0, (Ax,x) < 0. A is positive semidef-
inite or just nonnegative for short if for all x, (Ax,x) > 0. A is negative semidefinite or
nonpositive for short if for all x, (Ax,x) < 0.

The following lemma is of fundamental importance in determining which linear trans-
formations are positive or negative definite.

Lemma 12.4.2 Let X be a finite dimensional inner product space. A self adjoint A €
L (X, X) is positive definite if and only if all its eigenvalues are positive and negative definite
if and only if all its eigenvalues are negative. It is positive semidefinite if all the eigenvalues
are nonnegative and it is negative semidefinite if all the eigenvalues are nonpositive.
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Proof: Suppose first that A is positive definite and let A be an eigenvalue. Then for x
an eigenvector corresponding to A\, A (x,x) = (Ax,x) = (4Ax,x) > 0. Therefore, A > 0 as
claimed.

Now suppose all the eigenvalues of A are positive. From Theorem 12.3.2 and Corollary
12.3.5, A = Y | \ju; ® u; where the \; are the positive eigenvalues and {u;} are an
orthonormal set of eigenvectors. Therefore, letting x # 0,

((Z Au; @ ui) X, X) = <Z A (%, u;) ax>
= <Z Ai (%, ;) (%X)) = ZM [(w;, %)|* >0

because, since {u;} is an orthonormal basis, |x|* = Sy (g, x)[%.

To establish the claim about negative definite, it suffices to note that A is negative
definite if and only if —A is positive definite and the eigenvalues of A are (—1) times the
eigenvalues of —A. The claims about positive semidefinite and negative semidefinite are
obtained similarly. W

The next theorem is about a way to recognize whether a self adjoint n x n complex
matrix A is positive or negative definite without having to find the eigenvalues. In order
to state this theorem, here is some notation.

(Ax,x)

Definition 12.4.3 Let A be an n X n matrixz. Denote by Ay the k X k matriz obtained by
deleting the k+ 1,--- ,n columns and the k+1,--- n rows from A. Thus A, = A and Ay
is the k x k submatriz of A which occupies the upper left corner of A. The determinants of
these submatrices are called the principle minors.

The following theorem is proved in [8]. For the sake of simplicity, we state this for real
matrices since this is also where the main interest lies.

Theorem 12.4.4 Let A be a self adjoint n x n matriz. Then A is positive definite if and
only if det (Ag) > 0 for every k=1,--- | n.

Proof: This theorem is proved by induction on n. It is clearly true if n = 1. Suppose
then that it is true for n—1 where n > 2. Since det (4) > 0, it follows that all the eigenvalues
are nonzero. Are they all positive? Suppose not. Then there is some even number of them
which are negative, even because the product of all the eigenvalues is known to be positive,
equaling det (A). Pick two, A; and As and let Au; = A\ju; where u; # 0 for ¢ = 1,2 and
(u,ug) = 0. Now if y = aju; + aguy is an element of span (ug, us), then since these are
eigenvalues and (ug, uz)g. = 0, a short computation shows

(A (041111 =+ 042112) ,aqup + Oégllg) = ‘Oél|2 A1 |U1|2 + |042‘2 Ao |112|2 < 0.

Now letting x € R"~!, x # 0, the induction hypothesis implies
(xT,O) A ( }0( ) =xTA,_1x=(A,_1x,x) > 0.

The dimension of {z € R™ : z, = 0} is n — 1 and the dimension of span (u;,uz) = 2 and so
there must be some nonzero x € R™ which is in both of these subspaces of R™. However,
the first computation would require that (Ax,x) < 0 while the second would require that
(Ax,x) > 0. This contradiction shows that all the eigenvalues must be positive. This proves
the if part of the theorem.
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To show the converse, note that, as above, (Ax,x) = x Ax. Suppose that A is positive
definite. Then this is equivalent to having

xTAx > § ||x|]?

Note that for x € R¥,

(=" o )A<E>ZXTA'€X25HXH2

From Lemma 12.4.2, this implies that all the eigenvalues of A are positive. Hence from
Lemma 12.4.2, it follows that det (Ax) > 0, being the product of its eigenvalues. B

Corollary 12.4.5 Let A be a self adjoint n X n matriz. Then A is negative definite if and
only if det (Ag) (—1)’c >0 for everyk=1,--- ,n.

Proof: This is immediate from the above theorem by noting that, as in the proof of
Lemma 12.4.2, A is negative definite if and only if —A is positive definite. Therefore,
det (—Ag) > 0 for all k = 1,--- | n, is equivalent to having A negative definite. However,
det (—Ay) = (—1)" det (4;). |

12.5 The Square Root

With the above theory, it is possible to take fractional powers of certain elements of £ (X, X)
where X is a finite dimensional inner product space. I will give two treatments of this, the
first pertaining to the square root only and the second more generally pertaining to the k"
root of a self adjoint nonnegative matrix.

Theorem 12.5.1 Let A € L (X, X) be self adjoint and nonnegative. Then there exists a
unique self adjoint nonnegative B € L (X, X) such that B> = A and B commutes with every
element of L (X, X) which commutes with A.

Proof: By Theorem 12.3.2, there exists an orthonormal basis of eigenvectors of A, say
{v;};_, such that Av; = X\;v;. Therefore, by Theorem 12.2.4, A = . \;v; ® v; where each
A > 0.

Now by Lemma 12.4.2, each \; > 0. Therefore, it makes sense to define

B = Z )\:/21)1 X v;.
i
It is easy to verify that

0ifi#j
v, Qu; ifi=j

(vi ® ;) (v ®v;) = {
Therefore, a short computation verifies that B2 = oA @v; = A If C' commutes with
A, then for some c;j,
C = Z Cijvi [ Uj
ij

and so since they commute,

CiiU; @ UALUE Q U = CiiAL0 iV QU = CikA\LU; @ Vg
J j j kO
1,5,k 1,5,k i,k
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= E Cij ALV @ UpV; QU = E Cij \OkiVE @ Vj = E Clj AUk @ V;
1,5,k .5,k J.k

E CikAiV; @ Vg
ki

Then by independence,
CikAi = Cik Ak

Therefore, cik)\}/ 2 = cik.)\,le/ % which amounts to saying that B also commutes with C. It is
clear that this operator is self adjoint. This proves existence.

Suppose B is another square root which is self adjoint, nonnegative and commutes with
every linear transformation which commutes with A. Since both B, By are nonnegative,

(B(B —B1)w,(B—B1)x) =20,

(B1 (B — By)z,(B— By)z) >0 (12.12)

Now, adding these together, and using the fact that the two commute,
(B>-B})z,(B—Bi)z) = ((A— A)z,(B—B1)z) =0.

It follows that both inner products in 12.12 equal 0. Next use the existence part of this to
take the square root of B and B, which is denoted by v/B, /By respectively. Then

0 = (\/E(B—Bl)x,\/E(B—Bl)x)
(VB (B - B)a, VBl (B~ By)x)

which implies VB (B — By)x = /B; (B — By) z = 0. Thus also,

0

B(B-DB))x=DB,(B-B))x=0

Hence
OZ(B(B—Bl).’E—Bl (B—Bl):v,x):((B—Bl)x,(B—Bl)x)

and so, since z is arbitrary, By = B. i

12.6 Fractional Powers

The main result is the following theorem.

Theorem 12.6.1 Let A be a self adjoint and nonnegative n X n matriz (all eigenvalues
are nonnegative) and let k be a positive integer. Then there exists a unique self adjoint
nonnegative matriz B such that B* = A.

Proof: By Theorem 12.3.2 or Corollary 6.4.12, there exists an orthonormal basis of
eigenvectors of A, say {fui}?:l such that Av; = \;v; with each \; real. In particular, there
exists a unitary matrix U such that

U*AU =D, A=UDU"
where D has nonnegative diagonal entries. Define B in the obvious way.

B =UDYky*
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Then it is clear that B is self adjoint and nonnegative. Also it is clear that B¥ = A. What
of uniqueness? Let p (¢) be a polynomial whose graph contains the ordered pairs (/\i, )\}/ k)

where the \; are the diagonal entries of D, the eigenvalues of A. Then
p(A)=UP(D)U* =UDY*U* =B
Suppose then that C* = A and C is also self adjoint and nonnegative.
CB=Cp(A)=Cp(C*) =p(C¥)C=p(4)C=BC

and so {B,C} is a commuting family of non defective matrices. By Theorem 12.1.9 this
family of matrices is simultaneously diagonalizable. Hence there exists a single S such that

S™'BS =Dgp, S7'CS=Dc
Where D¢, D denote diagonal matrices. Hence, raising to the power k, it follows that
A=BF=8DES™! A=cCk=5DES™!
Hence
SDRS™" = SDES™

and so D}, = D¥,. Since the entries of the two diagonal matrices are nonnegative, this implies
Dp = D¢ and so S™'BS = S~1CS which shows B=C. B

A similar result holds for a general finite dimensional inner product space. See Problem
22 in the exercises.

12.7 Square Roots and Polar Decompositions

An application of Theorem 12.3.2, is the following fundamental result, important in geo-
metric measure theory and continuum mechanics. It is sometimes called the right polar
decomposition. The notation used is that which is seen in continuum mechanics, see for
example Gurtin [12]. Don’t confuse the U in this theorem with a unitary transformation.
It is not so. When the following theorem is applied in continuum mechanics, F' is normally
the deformation gradient, the derivative of a nonlinear map from some subset of three di-
mensional space to three dimensional space. In this context, U is called the right Cauchy
Green strain tensor. It is a measure of how a body is stretched independent of rigid motions.
First, here is a simple lemma.

Lemma 12.7.1 Suppose R € L(X,Y) where X,Y are inner product spaces and R preserves
distances. Then R*R = I.

Proof: Since R preserves distances, |Ru| = |u| for every u. Let u, v be arbitrary vectors
in X and let 0 € C, |0] = 1, and 6 (R*Ru —u,v) = |(R*Ru — u,Vv)|. Therefore from the
axioms of the inner product,

lul®> + [v|* +2Ref (u,v) = |Bul’>+|v|]>+6(u,v)+0(v,u)
= |u+v]’=(R(Ou+v),R(Ou+v))

= (RAu,Rbu) + (Rv,Rv) + (Rfu, Rv) + (Rv, Rfu)

|0u)® + [v|* + 6 (R*Ru,v) + 8 (v, R* Ru)
= |u® 4 |v]* + 2Ref (R*Ru,v)
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and so for all u, v,
2Ref (R*Ru—u,v) =2|(R*"Ru—u,Vv)| =0

Now let v = R*Ru — u. It follows that R*Ru—u=0. &
The decomposition in the following is called the right polar decomposition.

Theorem 12.7.2 Let X be a inner product space of dimension n and let Y be a inner
product space of dimension m > n and let F € L(X,Y). Then there exists R € L(X,Y)
and U € L (X, X) such that

F = RU, U=U"*,(U is Hermitian),

all eigenvalues of U are mon negative,
U?=FF,R"R=1,
and |Rx| = |x].
Proof: (F*F)" = F*F and so by Theorem 12.3.2, there is an orthonormal basis of

eigenvectors, {vy,---,v,} such that

F*FVZ' = /\iVi, F*F = Z )\ivi R v;.

i=1
It is also clear that A\; > 0 because
>\i (Vi,VZ‘) = (F*FVZ',VZ') = (FVi, FVl) Z 0.

Let

U= Z)\;/Qvi ® v;.
i=1

Then U? = F*F, U = U*, and the eigenvalues of U, {)\3/2}' are all non negative.

=1
Let {Uxy,- -+ ,Ux,} be an orthonormal basis for U (X) . By the Gram Schmidt procedure
there exists an extension to an orthonormal basis for X,

{UX17 e 7UXT7yT+17 e 7yn}’ .
Next note that {Fxy,- -, Fx,} is also an orthonormal set of vectors in Y because
(Fxy, Fxj) = (F*Fxy,x;) = (szk,xj) = (Uxy, Uxj) = 6.

By the Gram Schmidt procedure, there exists an extension of {Fxy, -+, Fx,} to an or-
thonormal basis for Y,
{Fxlv"' aFerzr-i-la"' 7Zm}-

Since m > n, there are at least as many zj, as there are y;. Now for x € X, since
{lea e aUXTayT'-'rla e 7YTL}
is an orthonormal basis for X, there exist unique scalars

Ciy- 7CT7dr+17"' 7dn
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such that . .
XZZCkUXk—F Z dryr
k=1 k=r+4+1
Define . .
Rx=Y oaFx,+ Y dyz (12.13)
k=1 k=r+1
Thus . .
IRx[* =) "enl*+ D ldil® = [x]*.
k=1 k=r+1

Therefore, by Lemma 12.7.1 R*R = I.
Then also there exist unique scalars by such that for a given x € X,

Ux =Y bUxy (12.14)

k=1

and so from 12.13,

RUx = zr: bkFXk =F (ZT: bkxk>
k=1

k=1
Is F (22:1 bixi) = F (x)?

(F <Zr: bkxk> —F(X) 7F’ (zr: bkxk> —F(X)>
k=1 k=1

(on(n) (559
(B (50e)
AENSHE)

(i:kaXk — Ux,zr:kaXk — UX> =0

k=1 k=1

Because from 12.14, Ux = Y, _, byUxy,. Therefore, RUx = F (3", _, byxy) = F (x). A
The following corollary follows as a simple consequence of this theorem. It is called the
left polar decomposition.

Corollary 12.7.3 Let F' € L(X,Y) and suppose n > m where X is a inner product space of
dimension n and Y is a inner product space of dimension m. Then there exists a Hermitian
Ue L(X,X), and an element of L (X,Y), R, such that

F=UR, RR* =1I.

Proof: Recall that L** = L and (ML)* = L*M*. Now apply Theorem 12.7.2 to
F* e £(Y,X). Thus, F* = R*U where R* and U satisfy the conditions of that theorem.
Then F =UR and RR* =R*R*=1. 11

The following existence theorem for the polar decomposition of an element of £ (X, X)
is a corollary.



12.8. AN APPLICATION TO STATISTICS 311

Corollary 12.7.4 Let F € L(X,X). Then there exists a Hermitian W € L(X,X), and
a unitary matriz Q such that F = WQ, and there exists a Hermitian U € L(X,X) and a
unitary R, such that F = RU.

This corollary has a fascinating relation to the question whether a given linear transfor-
mation is normal. Recall that an n x n matrix A, is normal if AA* = A*A. Retain the same
definition for an element of £ (X, X).

Theorem 12.7.5 Let F € L(X,X). Then F is normal if and only if in Corollary 12.7.4
RU = UR and QW = WQ.

Proof: I will prove the statement about RU = UR and leave the other part as an
exercise. First suppose that RU = UR and show F' is normal. To begin with,

UR*=(RU)" = (UR)" = R*U.
Therefore,

FF UR*RU = U?
FF* = RUUR*=URR'U = U?

which shows F' is normal.
Now suppose F' is normal. Is RU = UR? Since F' is normal,

FF* = RUUR* = RU?R*

and
F*F =UR*RU = U?.

Therefore, RU?R* = U?, and both are nonnegative and self adjoint. Therefore, the square
roots of both sides must be equal by the uniqueness part of the theorem on fractional powers.
It follows that the square root of the first, RUR* must equal the square root of the second,
U. Therefore, RUR* = U and so RU = U R. This proves the theorem in one case. The other
case in which W and @ commute is left as an exercise. B

12.8 An Application to Statistics

A random vector is a function X : Q — RP where 2 is a probability space. This means
that there exists a o algebra of measurable sets F and a probability measure P : F — [0, 1].
In practice, people often don’t worry too much about the underlying probability space and
instead pay more attention to the distribution measure of the random variable. For E a
suitable subset of RP, this measure gives the probability that X has values in E. There
are often excellent reasons for believing that a random vector is normally distributed. This
means that the probability that X has values in a set E is given by

/E (2m)7? dlet ()2 P (_; (e —m)” 27 - m)> o

The expression in the integral is called the normal probability density function. There are
two parameters, m and ¥ where m is called the mean and ¥ is called the covariance matrix.
It is a symmetric matrix which has all real eigenvalues which are all positive. While it may
be reasonable to assume this is the distribution, in general, you won’t know m and > and
in order to use this formula to predict anything, you would need to know these quantities. I
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am following a nice discussion given in Wikipedia which makes use of the existence of square
roots.

What people do to estimate these is to take n independent observations x1,--- ,x, and
try to predict what m and X should be based on these observations. One criterion used for
making this determination is the method of maximum likelihood. In this method, you seek
to choose the two parameters in such a way as to maximize the likelihood which is given as

For convenience the term (2m)” /2 was ignored. Maximizing the above is equivalent to max-
imizing the In of the above. So taking In,

-5 (% ! (x;—m)

=1

ln (det

l\D\»—t

Note that the above is a function of the entries of m. Take the partial derivative with
respect to m;. Since the matrix ¥ 7! is symmetric this implies

zn: Z (zir —m,) X" = 0 each L.
i=1 r

Written in terms of vectors,
n

Z(Xi —m)*x" =0

=1

and so, multiplying by ¥ on the right and then taking adjoints, this yields
Z ) =0, nm = sz,m— sz_x
i=1

Now that m is determined, it remains to find the best estimate for ¥. (x;—m)* £t (x;,—m)
is a scalar, so since trace (AB) = trace (BA),

(x;—m)* 27! (x;—m) = trace ((x;—m)" DI (x;—m))

= trace ((x;—m) (x;,—m)" X7 ")

Therefore, the thing to maximize is

nln (det (X Z trace ( m) (x;—m)" X7)

S

= nln(det (X)) — trace <Z (x;—m) (Xi_m)*> st

We assume that S has rank p. Thus it is a self adjoint matrix which has all positive eigen-
values. Therefore, from the property of the trace, the thing to maximize is

nln (det (E_l)) — trace (51/22_151/2)
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Now let B = SY/2%~181/2. Then B is positive and self adjoint also and so there ex-
ists U unitary such that B = U*DU where D is the diagonal matrix having the positive
scalars A1,---, A, down the main diagonal. Solving for ¥~! in terms of B, this yields
S-1/2B§—1/2 = Z 1 and so

In (det (271)) = In (det (571/2) det (B) det (S71/2) ) = In (det (S7")) +In (det (B))

which yields
C (S) +nln(det (B)) — trace (B)

as the thing to maximize. Of course this yields

S) +nln (HA)

T

M‘* HM@

Ai

=1

as the quantity to be maximized. To do this, take 9/9\; and set equal to 0. This yields
A = n. Therefore, from the above, B = U*nIU = nl. Also from the above,

Bl lr o gingi
n

and so
n

E:fS:fZ(Xi—m)(xi—m)*

i=1
This has shown that the maximum likelihood estimates are

le, 2772( ;—m) (x; —m)".

=1

12.9 The Singular Value Decomposition
In this section, A will be an m X n matrix. To begin with, here is a simple lemma.

Lemma 12.9.1 Let A be an m x n matriz. Then A*A is self adjoint and all its eigenvalues
are nonnegative.

Proof: It is obvious that A*A is self adjoint. Suppose A*Ax = Ax. Then A \x|2 =
(Ax,x) = (A*Ax,x) = (Ax,Ax) > 0. B

Definition 12.9.2 Let A be an m xn matriz. The singular values of A are the square roots
of the positive eigenvalues of A*A

With this definition and lemma here is the main theorem on the singular value decom-
position. In all that follows, I will write the following partitioned matrix

o 0
0 0
where o denotes an r x r diagonal matrix of the form

g1 0
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and the bottom row of zero matrices in the partitioned matrix, as well as the right columns
of zero matrices are each of the right size so that the resulting matrix is m x n. Either
could vanish completely. However, I will write it in the above form. It is easy to make the
necessary adjustments in the other two cases.

Theorem 12.9.3 Let A be an m X n matriz. Then there exist unitary matrices, U and V

of the appropriate size such that
vrav=[( 7"
0 0

01 0

where o is of the form

Q
Il

O O
for the o; the singular values of A, arranged in order of decreasing size.
Proof: By the above lemma and Theorem 12.3.2 there exists an orthonormal basis,

{vi}i—, for F" such that A*Av; = o?v; where 0? >0 for i =1,--- ,k, (0; > 0), and equals
zero if i > k. Let the eigenvalues o7 be arranged in decreasing order. It is desired to have

and so if U = ( u - uy, ) , one needs to have for j <k, ou; = Av;. Thus let

u; = O'J-_114Vj7 ] S k

Then for i,j < k,

-1 _—1 -1 _ -1
(ui,uj) = O'j o, (AVi,AVj) = Uj o, (A*Avi,vj)
-1 _-1_2
= o; 0; 0;(vi,vj) =0y
Now extend to an orthonormal basis of F™ {uy, - ,ug, g1, -+, Um}. If i >k,

(AVi,AVZ') = (A*AVZ',VZ') = O(Vi,Vi) =0

so Av; = 0. Then for o given as above in the statement of the theorem, it follows that

awv=uvl 7 %) rav=(° %) m
00 0 0

The singular value decomposition has as an immediate corollary the following interesting
result.

Corollary 12.9.4 Let A be an m xn matriz. Then the rank of A and A* equals the number
of singular values.
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Proof: Since V and U are unitary, they are each one to one and onto and so it follows
that

rank (A) = rank (U*AV) = rank ( g 8 > = number of singular values.

Also since U,V are unitary,
rank (A*) = rank (V*A*U) = rank (U*AV)")

= rank (( g 8 > ) = number of singular values. l

12.10 Approximation in the Frobenius Norm

The Frobenius norm is one of many norms for a matrix. It is arguably the most obvious of
all norms. Here is its definition.

Definition 12.10.1 Let A be a complex m X n matriz. Then
|A|| = (trace (AA*))"/?
Also this norm comes from the inner product
(A, B) = trace (AB*)

Thus \|A||iﬂ is easily seen to equal |lai;|> so essentially, it treats the matriz as a vector
in Fmxn,

Lemma 12.10.2 Let A be an m X n complex matriz with singular matrix

5 c 0
0 0
with o as defined above, U*AV = X. Then
2 2
X1l = llAllF (12.15)
and the following hold for the Frobenius norm. If U,V are unitary and of the right size,
WUA[lp = l|Allg, IUAV]|p = [|Allp- (12.16)
Proof: From the definition and letting U, V' be unitary and of the right size,
|UA|[3 = trace (UAA*U*) = trace (U*U AA*) = trace (AA*) = ||A|[5,

Also,
||AVH2F = trace (AVV*A*) = trace (AA™) = |\A||2F .

It follows , , , ,
1Z)% = lUTAV||% = [|AV]|E = [|Al|F. B

2
A2 =302,
7

the sum of the squares of the singular values of A.

Of course, this shows that
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Why is the singular value decomposition important? It implies

A=v| 7 V)
0 0

where o is the diagonal matrix having the singular values down the diagonal. Now sometimes
A is a huge matrix, 1000x2000 or something like that. This happens in applications to
situations where the entries of A describe a picture. What also happens is that most of the
singular values are very small. What if you deleted those which were very small, say for all

1 > 1 and got a new matrix
!/
r=ul 7 V)=
0 0

Then the entries of A’ would end up being close to the entries of A but there is much less
information to keep track of. This turns out to be very useful. More precisely, letting

g1 0

o= - vav= (7 %)
0 0

0 o,

U c—d 0 v
0 0

Thus A is approximated by A’ where A’ has rank [ < r. In fact, it is also true that out
of all matrices of rank [, this A’ is the one which is closest to A in the Frobenius norm.
Thus A is approximated by A’ where A’ has rank [ < r. In fact, it is also true that out of
all matrices of rank [, this A’ is the one which is closest to A in the Frobenius norm.

2 T

F k=1+1

2
1A= Al =

0

possible out of all matrices B having rank no more than [ < r the size of the matrix o,x;.
Suppose the rank of B is [. Then obviously no column x; of B in a basis for the column
space can have j > r since if so, the approximation of A could be improved by simply

- 0
Here is roughly why this is so. Suppose B approximates A = < Orxr 0 > as well as

r
making this column into a zero column. Therefore there are ( ; ) choices for columns

for a basis for the column space of B. Suppose you pick the first [ for instance. Thus the
first column of B should be o1e; to make the approximation up to the first column as good
as possible. Now consider approximating as well as possible up to the first two columns.
Clearly the second column should be oses and in this way, the approximation up to the
first two columns is exact. Continue this way till the {*" column. Then since B has rank
[, all other columns should be zero columns since you cannot have a nonzero entry in any
diagonal position and keep the rank of B only . Then since it is desired to get the best
approximation of A you wouldn’t want any off diagonal nonzero terms either. The square
of the error in doing this, picking the first [ columns as a basis would be Z;:l 41 0?. On the
other hand, if you picked other columns than the first [ in the basis for the column space
of B, you would have a larger error because you would include sums involving the larger
singular values. Thus letting ¢’ denote the [ x [ upper left corner of o, B should be of the
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"0
form “ . For example,
0 0

3000

0 2 00

0 01 0
is best approximated by the rank 2 matrix

3 000

0 2 0 0

0 00O

Now suppose A is an m x n matrix. Let U,V be unitary and of the right size such that

gray = 7 O
0 0

Then suppose B approximates A as well as possible in the Frobenius norm. Then you would

want
arxe 0} gy
0 0

to be as small as possible. Therefore, from the above discussion, you should have

! !
vey=(7 "V ")y
0 0 0 0
a=v| 0 )y
0 0

12.11 Least Squares and Singular Value Decomposi-
tion

|A—B| = |U"AV —U*BV| =

whereas

The singular value decomposition also has a very interesting connection to the problem of
least squares solutions. Recall that it was desired to find x such that |Ax — y| is as small as
possible. Lemma 11.5.1 shows that there is a solution to this problem which can be found by
solving the system A*Ax = A*y. Each x which solves this system solves the minimization
problem as was shown in the lemma just mentioned. Now consider this equation for the
solutions of the minimization problem in terms of the singular value decomposition.

A* A A*

v Yoo 7 Y Yvx=v([ 7 %)y,
00 00 00

Therefore, this yields the following upon using block multiplication and multiplying on the

left by V*.
o2 0 c 0
Vix = U'y. 12.17

One solution to this equation which is very easy to spot is

o™l 0
=V U'y. 12.18
X ( 0 0 ) y ( )
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12.12 The Moore Penrose Inverse

The particular solution of the least squares problem given in 12.18 is important enough that
it motivates the following definition.

Definition 12.12.1 Let A be an m x n matriz. Then the Moore Penrose inverse of A,

denoted by AT is defined as
a7t 0
At =V U~.
0 O

viav=|[ 7Y
0 0

Thus A1y is a solution to the minimization problem to find x which minimizes |Ax — y]| .
In fact, one can say more about this. In the following picture M, denotes the set of least
squares solutions x such that A*Ax = A*y.

Here

as above.

Then AT (y) is as given in the picture.

Proposition 12.12.2 ATy is the solution to the problem of minimizing |Ax —y| for all x
which has smallest norm. Thus

|AA+y — y| < |Ax —y| for all x
and if x1 satisfies |Axy —y| < |Ax — y| for all x, then |ATy| < |x1].

Proof: Consider x satisfying 12.17, equivalently A*Ax =A*y,

2
o 0 Vi © 0 Uty
0 0 0 0

which has smallest norm. This is equivalent to making |V*x| as small as possible because
V* is unitary and so it preserves norms. For z a vector, denote by (z), the vector in F*
which consists of the first k entries of z. Then if x is a solution to 12.17

( o (V*x), ) _ < o (U*y), )
0 0
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and so (V*x), = 0! (U*y), . Thus the first k entries of V*x are determined. In order to
make |V*x| as small as possible, the remaining n — k entries should equal zero. Therefore,

V*x:< (V*x), ) _ ( oL (U"y),, ) _ ( ot 0 ) Ty
0 0 0 0

ol 0
=V U'y=ATy 1
« (O O) y= Aty

and so

Lemma 12.12.3 The matriz A" satisfies the following conditions.
AATA=A, ATAAT = AT, AT A and AAY are Hermitian. (12.19)

Proof: This is routine. Recall

and
—1
o 0
AT =V U
0 0
so you just plug in and verify it works.
A much more interesting observation is that AT is characterized as being the unique

matrix which satisfies 12.19. This is the content of the following Theorem. The conditions
are sometimes called the Penrose conditions.

Theorem 12.12.4 Let A be an m X n matriz. Then a matriz Ay, is the Moore Penrose
inverse of A if and only if Ay satisfies

AAoA = A, AoAAO = A(), A()A and AAQ are Hermitian. (1220)

Proof: From the above lemma, the Moore Penrose inverse satisfies 12.20. Suppose then
that Ag satisfies 12.20. It is necessary to verify that Ay = AT. Recall that from the singular
value decomposition, there exist unitary matrices, U and V such that

vav—x=(°7 %) a-uzv~
0 0
Recall that
o™l 0
At =V U*
0 O
Let
A=V PQ U* (12.21)
R S

where P is r X 7, the same size as the diagonal matrix composed of the singular values on
the main diagonal.
Next use the first equation of 12.20 to write

Ao

A A A
— P Q —~
Uxv*v R S UV =UxV*™.
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Then multiplying both sides on the left by U* and on the right by V,

GOGOGD-(T)-(08) o

Therefore, P = o~ 1. From the requirement that A4, is Hermitian,

Ao

A
UZ‘V*V(P Q)U*:U<U 0><P Q)U*
R S 0 0 R S

must be Hermitian. Therefore, it is necessary that

(o) (R )7 )= 7)

is Hermitian. Then
I oQ \ 1 0
0o 0 ) \ Qv 0

A

P —~ P I
1% M DT T R R 0 ) v
R S Ro 0 Ro 0
is Hermitian. Therefore, also
I 0
Ro 0
is Hermitian. Thus R = 0 because
r o\ (I oR
Ro 0] {0 o0

which requires Ro = 0. Now multiply on right by ¢! to find that R = 0.
Use 12.21 and the second equation of 12.20 to write

and so @ = 0.
Next,

Ao

Ao Ao Ao

A
v(P Q)U*UEV*V<P Q)U*V<P Q)U*.
R S R S R S
P Q o 0 P QY (P Q
R S 0 0 R S) \R s/

This yields from the above in which is was shown that R, @ are both 0
ot 0 c 0 ot 0 _ ot 0
0 S 0 0 o s ) 0 0

- ( 7 ) . (12.24)

0o S

which implies

(12.23)
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Therefore, S = 0 also and so
P -1
VAU = Cl-(°
R S 0 O

-1
A0V<U 0>U*_A+.l

which says

0 0

The theorem is significant because there is no mention of eigenvalues or eigenvectors in
the characterization of the Moore Penrose inverse given in 12.20. It also shows immediately
that the Moore Penrose inverse is a generalization of the usual inverse. See Problem 3.

12.13 Exercises

1. Show (A*)" = A and (AB)" = B*A*.

2. Prove Corollary 12.3.8.

3. Show that if A is an n x n matrix which has an inverse then A* = A~

4. Using the singular value decomposition, show that for any square matrix A, it follows
that A*A is unitarily similar to AA*.

5. Let A, B be a m x n matrices. Define an inner product on the set of m x n matrices
by
(A, B) = trace (AB").

Show this is an inner product satisfying all the inner product axioms. Recall for M an
n X n matrix, trace (M) = Y., M;;. The resulting norm, ||-|| is called the Frobenius
norm and it can be used to measure the distance between two matrices.

6. Let A be an m x n matrix. Show ||A||§, = (A4 A)p =2 0? where the o; are the
singular values of A.

7. If A is a general n X n matrix having possibly repeated eigenvalues, show there is a
sequence {Ay} of n x n matrices having distinct eigenvalues which has the property
that the ij*" entry of Aj converges to the 95" entry of A for all ij. Hint: Use Schur’s
theorem.

8. Prove the Cayley Hamilton theorem as follows. First suppose A has a basis of eigen-
vectors {vi}p_;,Avi = Agvi. Let p()\) be the characteristic polynomial. Show
p(A) v = p(Mg) v = 0. Then since {vj} is a basis, it follows p(4)x =0 for all
x and so p (A) = 0. Next in the general case, use Problem 7 to obtain a sequence {Ay}
of matrices whose entries converge to the entries of A such that A, has n distinct
eigenvalues and therefore by Theorem 6.1.7 A has a basis of eigenvectors. There-
fore, from the first part and for py (\) the characteristic polynomial for Ay, it follows
i (Ax) = 0. Now explain why and the sense in which limy_ o pr (Ax) = p (A).

9. Prove that Theorem 12.4.4 and Corollary 12.4.5 can be strengthened so that the
condition on the Ay is necessary as well as sufficient. Hint: Consider vectors of the

form ( }(; ) where x € Fk.
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10.

11.

12.

13.

14.
15.

16.

17.
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Show directly that if A is an n x n matrix and A = A* (A is Hermitian) then all the
eigenvalues are real and eigenvectors can be assumed to be real and that eigenvectors
associated with distinct eigenvalues are orthogonal, (their inner product is zero).

Let vi,---, vy be an orthonormal basis for F”. Let Q be a matrix whose i** column
is v;. Show

Q'Q=QQ" =1

Show that an n X n matrix () is unitary if and only if it preserves distances. This
means |Qv| = |v|. This was done in the text but you should try to do it for yourself.

Suppose {vy, -+ ,v,} and {wy, -+ ,w,} are two orthonormal bases for F" and sup-
pose @ is an n X n matrix satisfying Qv; = w;. Then show @ is unitary. If |v| = 1,
show there is a unitary transformation which maps v to e;.

Finish the proof of Theorem 12.7.5.

Let A be a Hermitian matrix so A = A* and suppose all eigenvalues of A are larger
than §°. Show
(Av,v) > &% |v|?

Where here, the inner product is (v,u) = Z?Zl VU .

The discrete Fourier transform maps C* — C" as follows.
1 n—1
Com
F (x) = z where z;, = — eIk
( ) k \/’ﬁ ;} J

Show that F~! exists and is given by the formula

n—1
_ 1 j2m ;
F~!(z) = x where z; = — E etk gy
i=0

NG

Here is one way to approach this problem. Note z = Ux where

22 22 22 22
e—sz-O e—zfl-(} 6—17’/’2‘0 . e—zf(n—l){)
13701 e—i3r11 e—i3r21 e~ 13T (n—1)-1
-2 -2 ;2 -2
U— 1 e—i2502 e—iZE12 o—i2E2:2 e—iZE(n—1)2
NG
e 1370 (n-1)  —iZrl(n—1) —i2T2(n-1) . ,—i2F(n-1)(n-1)

Now argue U is unitary and use this to establish the result. To show this verify

each row has length 1 and the inner product of two different rows gives 0. Now
S2m - Som
Uj = e "% and so (U")y; = ek,

Let f be a periodic function having period 27. The Fourier series of f is an expression
of the form
[ee] n
= 1
2 o= lim 3 ae

k=—o0 k=—n

and the idea is to find ¢ such that the above sequence converges in some way to f. If

f(CC)Z Z Ckeik:r

k=—o0
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18.

19.

20.

21.

22.

23.

24.

and you formally multiply both sides by e~*™* and then integrate from 0 to 2,
interchanging the integral with the sum without any concern for whether this makes

sense, show it is reasonable from this to expect
1 2w

Cm = — x) e My,

m 2 0 ( )

Now suppose you only know f (z) at equally spaced points 27j/n for j =0,1,--- ,n.
Consider the Riemann sum for this integral obtained from using the left endpoint of
the subintervals determined from the partition {27” J };L:O. How does this compare with

the discrete Fourier transform? What happens as n — oo to this approximation?

Suppose A is a real 3 x 3 orthogonal matrix (Recall this means AAT = ATA =1.)
having determinant 1. Show it must have an eigenvalue equal to 1. Note this shows
there exists a vector x # 0 such that Ax = x. Hint: Show first or recall that any
orthogonal matrix must preserve lengths. That is, |Ax| = |x].

Let A be a complex m x n matrix. Using the description of the Moore Penrose inverse
in terms of the singular value decomposition, show that

lim (A*A+40I) ' A" = AT

6—0+
where the convergence happens in the Frobenius norm. Also verify, using the singular

value decomposition, that the inverse exists in the above formula. Observe that this
shows that the Moore Penrose inverse is unique.

Show that AT = (A4*A)" A*. Hint: You might use the description of AT in terms of
the singular value decomposition.

In Theorem 12.6.1. Show that every matrix which commutes with A also commutes
with AM* the unique nonnegative self adjoint k** root.

Let X be a finite dimensional inner product space and let 5 = {uy, - ,u,} be an
orthonormal basis for X. Let A € L£(X,X) be self adjoint and nonnegative and
let M be its matrix with respect to the given orthonormal basis. Show that M is
nonnegative, self adjoint also. Use this to show that A has a unique nonnegative self
adjoint k*" root.

Let A be a complex m X n matrix having singular value decomposition U*AV =

0
( ((; 0 ) as explained above, where ¢ is k X k. Show that

ker (A) = span (Vegy1,--- ,Vey,),
the last n — k columns of V.

The principal submatrices of an n x n matrix A are A, where Ay consists those
entries which are in the first & rows and first & columns of A. Suppose A is a real
symmetric matrix and that x — (Ax,x) is positive definite. This means that if x # 0,
then (Ax,x) > 0. Show that each of the principal submatrices are positive definite.

Hint: Consider ( xT 0 )A( )(; > where x consists of k entries.
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25.

26.

27.

28.

29.
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1Show that if A is a symmetric positive definite n x n real matrix, then A has an LU
factorization with the property that each entry on the main diagonal in U is positive.
Hint: This is pretty clear if A is 1x1. Assume true for (n — 1) X (n — 1). Then

Then as above, A is positive definite. Thus it has an LU factorization with all positive
entries on the diagonal of U. Notice that, using block multiplication,

e LU a (L 0 U L 'a
\al am ) L0 1 al  an,

Now consider that matrix on the right. Argue that it is of the form LU where U
has all positive diagonal entries except possibly for the one in the n** row and nt*
column. Now explain why det (A) > 0 and argue that in fact all diagonal entries of U
are positive.

TLet A be a real symmetric n X n matrix and A = LU where L has all ones down the
diagonal and U has all positive entries down the main diagonal. Show that A = LDH
where L is lower triangular and H is upper triangular, each having all ones down the
diagonal and D a diagonal matrix having all positive entries down the main diagonal.
In fact, these are the diagonal entries of U.

1Show that if L, L, are lower triangular with ones down the main diagonal and H, H;
are upper triangular with all ones down the main diagonal and D, D; are diagonal
matrices having all positive diagonal entries, and if LDH = LiDi1H;, then L =
Li,H = H;,D = Dy. Hint: Explain why D;'L7'LD = HyH~'. Then explain
why the right side is upper triangular and the left side is lower triangular. Conclude
these are both diagonal matrices. However, there are all ones down the diagonal in
the expression on the right. Hence H = H;. Do something similar to conclude that
L = L; and then that D = D;.

1Show that if A is a symmetric real matrix such that x — (Ax, x) is positive definite,
then there exists a lower triangular matrix L having all positive entries down the
diagonal such that A = LLT. Hint: From the above, A = LDH where L, H are
respectively lower and upper triangular having all ones down the diagonal and D is a
diagonal matrix having all positive entries. Then argue from the above problem and
symmetry of A that H = LT. Now modify L by making it equal to LD'/2. This is
called the Cholesky factorization.

Given F € L(X,Y) where X,Y are inner product spaces and dim(X) =n < m =
dim (Y'), there exists R,U such that U is nonnegative and Hermitian and R*R = I
such that F' = RU. Show that U is actually unique and that R is determined on
U(X).



Chapter 13

Norms

In this chapter, X and Y are finite dimensional vector spaces which have a norm. The
following is a definition.

Definition 13.0.1 A linear space X is a normed linear space if there is a norm defined on
X, ||| satisfying
[Ix|] >0, ||x|| =0 if and only if x =0,

[+ vl < [l + Iyl
[lex[[ = |ef [x]|

whenever ¢ is a scalar. A set, U C X, a normed linear space is open if for every p € U,
there exists § > 0 such that

B(p,d) ={z:|lz—p|| <} CU.

Thus, a set is open if every point of the set is an interior point. Also, lim,_, ., X,= X means
lim;, o0 ||Xn — X|| = 0. This is written sometimes as X, — X.

Note first that
[x[| =[x -y +yll < [x =yl + llyl

SO

Ixl = lyll < llx =¥l
Similarly

Iyl ==l < lx =yl
and so

Il = NIyl <l =l (13.1)

To begin with recall the Cauchy Schwarz inequality which is stated here for convenience
in terms of the inner product space, C".

Theorem 13.0.2 The following inequality holds for a; and b; € C.

n n 1/2 n 1/2
ZCL,‘BZ‘ S (Z |ai|2> <Z bi|2> . (132)
i=1 i=1 i=1

Let X be a finite dimensional normed linear space with norm ||-|| where the field of
scalars is denoted by F and is understood to be either R or C. Let {vy,---,v,} be a basis
for X. If x € X, denote by z; the i*" component of x with respect to this basis. Thus

n
X = E T;Vi.
i=1

Definition 13.0.3 For x € X and {v1, - ,v,} a basis, define a new norm by
" 1/2
x| = (Z |xi|2> :
i=1
where

n

X = E TiVi.

i=1

325
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Similarly, for'y € Y with basis {w1,--+, W}, and y; its components with respect to this

basis,
m 1/2
_ 2
= ()
i=1

For Ae L(X,Y), the space of linear mappings from X toY,
4]l = sup{|Ax| : x| < 1), (13.3)

The first thing to show is that the two norms, ||-|| and |-|, are equivalent. This means
the conclusion of the following theorem holds.

Theorem 13.0.4 Let (X, ||-||) be a finite dimensional normed linear space and let |-| be
described above relative to a given basis, {vi,- - ,vy,}. Then |-| is a norm and there exist
constants 0, A > 0 independent of x such that

8 [[x[] < [x] <Aflx]|. (13.4)

Proof: All of the above properties of a norm are obvious except the second, the triangle
inequality. To establish this inequality, use the Cauchy Schwarz inequality to write

n n n n
D i+ yil® < > s > lwil* + 2Re > a7,
=1 =1 =1 =1
" 2, 1/2
xI* + |y|* +2 (Z |~’Cz‘|2> (Z |y,;|2>

i=1 i=1

x +y/

IN

2 2 2
= [xI"+[yl" +2[x[|y] = (|x] + [y])

and this proves the second property above.
It remains to show the equivalence of the two norms. By the Cauchy Schwarz inequality
again,

1|

n n 1/2
2
<3 foul llvill < I (znvz«n )
i=1 i=1

n
E Tivy
i=1

= 0 'x|.

This proves the first half of the inequality.
Suppose the second half of the inequality is not valid. Then there exists a sequence
x* € X such that
|xk| > k||xk||, k=1,2,---.

Then define .
k i
YT
It follows
|yk| =1, |y’“| >k ||y’“|| (13.5)

Letting y¥ be the components of y* with respect to the given basis, it follows the vector
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is a unit vector in F". By the Heine Borel theorem, there exists a subsequence, still denoted
by k such that
(ylfa 7y:’€L) - (yla 7y77)

It follows from 13.5 and this that for

n
y = Z YiVi,
i=1

o= o 1] =

n n
Z Yivi Z Yivi
i=1 i=1
but not all the y; equal zero. The last equation follows easily from 13.1 and

n n n
Z%Vz‘ Z(yf —yi) Vi < Z|yf—yz| [[vil
i=1 i=1 i=1

This contradicts the assumption that {vy,---,v,} is a basis and proves the second half of
the inequality. W

n

nyvi

i=1

<

Definition 13.0.5 Let (X, ||-||) be a normed linear space and let {xz,},. | be a sequence of
vectors. Then this is called a Cauchy sequence if for all € > O there exists N such that if
m,n > N, then

l|Zn — Tm|| < e.

This is written more briefly as

lim ||z, —zm|| =0.
m,n— 00
Definition 13.0.6 A normed linear space, (X,||-||) is called a Banach space if it is com-
plete. This means that, whenever, {x,} is a Cauchy sequence there exists a unique x € X
such that lim,, o ||x — x, || = 0.

Corollary 13.0.7 If (X,||-||) is a finite dimensional normed linear space with the field of
scalars F = C or R, then (X, ||-|]|) is a Banach space.

Proof: Let {x*} be a Cauchy sequence. Then letting the components of x* with respect
to the given basis be

l"f, e 73;27
it follows from Theorem 13.0.4, that
k k
(:I;17 PR 7"En)
is a Cauchy sequence in F™ and so
(a:lf, ,Jiﬁ) = (21, ,z,) € F™.

Thus, letting x = Y ;" | ;v;, it follows from the equivalence of the two norms shown above
that

lim |xk — x| = lim ||Xk —XH =0.1
k—o0 k—o0



328 CHAPTER 13. NORMS

Corollary 13.0.8 Suppose X is a finite dimensional linear space with the field of scalars
either C or R and ||-|| and |||-||| are two norms on X. Then there exist positive constants, &
and A, independent of x € X such that

S| < [Ixl < Alfx]l] -
Thus any two norms are equivalent.

This is very important because it shows that all questions of convergence can be consid-
ered relative to any norm with the same outcome.

Proof: Let {vy,---,v,} be a basis for X and let |-| be the norm taken with respect to
this basis which was described earlier. Then by Theorem 13.0.4, there are positive constants
01,41, 02, Ag, all independent of x €X such that

O ||l < Ix| < A [[Ix[l], 6 [Jx]] < [x| < A flx]].

Then

Ay JARPAYY
oo [[Ix[]] < |x[ < Ar[[x]| < — [x| < [/
01 o1
and so 5 A
2 2
—_— < < —= ]
A, x| < [Ix[| < G, I

Definition 13.0.9 Let X and Y be normed linear spaces with norms ||-||x and |||y re-
spectively. Then L (X,Y) denotes the space of linear transformations, called bounded linear
transformations, mapping X to'Y which have the property that

1Al = sup {[[Az]]y = [Jz][x <1} < oo
Then ||Al|| is referred to as the operator norm of the bounded linear transformation A.

It is an easy exercise to verify that ||-|| is a norm on £ (X,Y) and it is always the case
that
1 Azlly < [|Al ]| -

Furthermore, you should verify that you can replace < 1 with = 1 in the definition. Thus
|A[] = sup {[|Az|ly : |l«][x =1}

Theorem 13.0.10 Let X and Y be finite dimensional normed linear spaces of dimension
n and m respectively and denote by ||-|| the norm on either X orY. Then if A is any linear
function mapping X to Y, then A € L(X,Y) and (L(X,Y),]|||]) is a complete normed
linear space of dimension nm with

|[Ax]| < [[A[|[[x]]-
Also if Ae L(X,Y) and B € L(Y,Z) where X, Y, Z are normed linear spaces,
IBA| < [ B][IAl

Proof: It is necessary to show the norm defined on linear transformations really is a
norm. Again the first and third properties listed above for norms are obvious. It remains to
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show the second and verify ||A|| < co. Letting {vy,---,v,} be a basis and |-| defined with
respect to this basis as above, there exist constants §, A > 0 such that

S[Ix|| < x| < Alfx]].

Then,
|4+ BJ| = sup{||(A + B) (x)|| : [Ix|| <1}

< sup{[[Ax|| : [[x[| < 1} + sup{[[ Bx| : [[x|| < 1} = [[A[[ + ||B]] -

Next consider the claim that ||A|| < co. This follows from

n 1/2 n 1/2
< || <Z||A(Vi)||2> < Alflx]] <Z||A(Vi)||2> < oo
i=1

i=1

1A ()] =

<D lzil A (va)ll
i=1

n 9 1/2
Thus [|4]| < A (S 14 ()l P)

Next consider the assertion about the dimension of £ (X,Y). It follows from Theorem
8.2.3. By Corollary 13.0.7 (£ (X,Y),||:||) is complete. If x # 0,

1 X
Ax|| — = ||a
4l 1 H T

]s||A|

Consider the last claim.

I1BA| = sup [[B(A ()l < [|1B] sup [l Azl =[B] 4] ™

llzll< llzll<1

Note by Corollary 13.0.8 you can define a norm any way desired on any finite dimensional
linear space which has the field of scalars R or C and any other way of defining a norm on
this space yields an equivalent norm. Thus, it doesn’t much matter as far as notions of
convergence are concerned which norm is used for a finite dimensional space. In particular
in the space of m x n matrices, you can use the operator norm defined above, or some
other way of giving this space a norm. A popular choice for a norm is the Frobenius norm
discussed earlier but reviewed here.

Definition 13.0.11 Make the space of m xXn matrices into a inner product space by defining
(A, B) = trace (AB™).
Another way of describing a norm for an n x n matrix is as follows.

Definition 13.0.12 Let A be an m X n matriz. Define the spectral norm of A, written as
1]l to be

max{)\l/2 2 A is an eigenvalue of A*A} .

That is, the largest singular value of A. (Note the eigenvalues of A* A are all positive because

if A*Ax = M\x, then

Ax|* = A (x,x) = (A% Ax,x) = (Ax,Ax) > 0.)
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Actually, this is nothing new. It turns out that ||-||, is nothing more than the operator
norm for A taken with respect to the usual Euclidean norm,

n 1/2
x| = (zw) |
k=1

Proposition 13.0.13 The following holds.
||All, = sup {|Ax] : [x] = 1} = [[A]].
Proof: Note that A*A is Hermitian and so by Corollary 12.3.4,
4], = max{(A*Ax, X2 x| = 1} - max{(Ax,Ax)1/2 x| = 1}
= max{|4x|:|x|=1}=||4||. &
Here is another proof of this proposition. Recall there are unitary matrices of the right
c 0

size U,V such that A = U 0 0 V* where the matrix on the inside is as described

in the section on the singular value decomposition. Then since unitary matrices preserve

norms,
vl %) v ol 7 9 )vx
00 0 0

[|A]] = sup = sup
|x|<1 [V*x|<1
o 0 o 0
= sup (U Y| = sup yl=01=||A
yl<1 (0 0) yl<1 (0 0) L= Al

This completes the alternate proof.

From now on, ||A]|, will mean either the operator norm of A taken with respect to the
usual Euclidean norm or the largest singular value of A, whichever is most convenient.

An interesting application of the notion of equivalent norms on R”™ is the process of
giving a norm on a finite Cartesian product of normed linear spaces.

Definition 13.0.14 Let X;, i = 1,--- ,n be normed linear spaces with norms, ||-||,. For

n

XE($1,-~' ,.”L'n) EHXi

i=1
define 0 : T, X; — R™ by
0(x) = (llzally s s llwnll,)
Then if ||-|| is any norm on R™, define a norm on [[;_, X;, also denoted by ||-|| by
[l = 16|l -
The following theorem follows immediately from Corollary 13.0.8.

Theorem 13.0.15 Let X; and ||-||; be given in the above definition and consider the norms
on [1i—, X; described there in terms of norms on R™. Then any two of these norms on
H?zl X; obtained in this way are equivalent.
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For example, define
n
Ixlly =) |l
i=1

|I%|loe = max {|ai[,i = 1,--- ,n},

n 1/2
2
Il = (ZI%I )
i=1

and all three are equivalent norms on [, X

or

13.1 The p Norms

In addition to ||-||; and |[|-||., mentioned above, it is common to consider the so called p
norms for x € C™.

Definition 13.1.1 Let x € C". Then define forp > 1,

n 1/p
I1xll, = (Z Iwi|p>

The following inequality is called Holder’s inequality.
Proposition 13.1.2 For x,y € C",

n n /p s /v
>l lyil < (Zw) (Zw’)
i=1 i=1 i=1

The proof will depend on the following lemma.

Lemma 13.1.3 Ifa,b> 0 and p’ is defined by % + 1% =1, then
a? b
p p
Proof of the Proposition: If x or y equals the zero vector there is nothing to
prove. Therefore, assume they are both nonzero. Let A = (Y |z;|” )P and B =

n p’ 1/p’ -
D oieq il . Then using Lemma 13.1.3,
LSS
A B —

LY, Ll
i=1 i=1 p A p’ B

S I

n

and so
n n 1/p n 1/10/
S ol < AB = (zmp) (z |yi|p) .
i=1 i=1 i=1

Theorem 13.1.4 The p norms do indeed satisfy the axioms of a norm.
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Proof: It is obvious that [|-[|, does indeed satisfy most of the norm axioms. The only
one that is not clear is the triangle inequality. To save notation write ||-[| in place of ||-||,
in what follows. Note also that 1% = p — 1. Then using the Holder inequality,

n
Ix+yll” = D |z +ul
i=1
n n
< Dl wl” Y fe il
i=1 i=1
n P n P
[ TR APH I PR g
i=1 =1
n 1/p’ n 1/p n 1/p
< (Z|zi+yi|p> (Zlﬂp) +<Zyi|p>
=1 1=1 1=1

= Ix+ P (lixll, + llyll,)
. . . p/p/ .
so dividing by ||x + y|["* , it follows

[+ y1I” 1% + ¥ 777 = [Jx + v < |Ix]l,, +[[y]],

(p—}%:p(l—}%) :p%:l.).l
It only remains to prove Lemma 13.1.3.
Proof of the lemma: Let p’ = ¢ to save on notation and consider the following picture:

% /

x=tP1
t=qge1
t
a
a b P q
a b
ab < / tp_ldt+/ 27 e = — + =,
0 0 p q

Note equality occurs when a? = b9.
Alternate proof of the lemma: For a,b > 0, let b be fixed and

1
fla)=-aP + =0T —ab, t >0
q

hSE N

If b =0, it is clear that f (a) > 0 for all a. Then assume b > 0. It is clear since p > 1 that
lim, o f (a) = 0.

f(a)=ar" —b
This is negative for small a and then eventually is positive. Consider the minimum value of

f which must occur at a > 0 thanks to the observation that the function is initially strictly
decreasing. At this point,

0=f'(a)=al"' —b=al?/? —p
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and so a? = b? at the point where this function has a minimum. Thus at this value of a,
1 1 )
fla)==-aP 4+ -a? —aad’™ =aP —a? =0
q

Hence f (a) > 0 for all @ > 0 and this proves the inequality. Equality occurs when a? = b?.
|

Now [|A[|, may be considered as the operator norm of A taken with respect to |||, . In
the case when p = 2, this is just the spectral norm. There is an easy estimate for [|A][, in
terms of the entries of A.

Theorem 13.1.5 The following holds.

a/p\ V1
1AL < [ D0 | D0 1Al
k J
Proof: Let [[x|[, <1 andlet A= (a1, - ,a,) where the aj, are the columns of A. Then

)

and so by Holder’s inequality,

1A, :‘

g Trag
k

<3 Jal llaell, <
p k

a/p\ V4

s(Xk]xw)l/p <Z|ak||g>l/qs > zj]AjkV’ m

k

13.2 The Condition Number

Let A € L(X,X) be a linear transformation where X is a finite dimensional vector space
and consider the problem Ax = b where it is assumed there is a unique solution to this
problem. How does the solution change if A is changed a little bit and if b is changed a
little bit? This is clearly an interesting question because you often do not know A and b
exactly. If a small change in these quantities results in a large change in the solution, z,
then it seems clear this would be undesirable. In what follows ||-|| when applied to a linear
transformation will always refer to the operator norm. Recall the following property of the
operator norm in Theorem 13.0.10.

Lemma 13.2.1 Let A, B € L (X, X) where X is a normed vector space as above. Then for
||-|| denoting the operator norm,

IAB[ < [ AIlB] -

Lemma 13.2.2 Let A,B € L(X,X),A™" € L(X,X), and suppose |B| < 1/[A7"]|.
Then (A+ B)™", (I—|—A713)71 exists and

|+ am) | <@ jas) (13.6)
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ca+ B~ < a7 ‘||Alm|‘ (13.7)
The above formula makes sense because HA‘lBH <1.
Proof: By Lemma 13.0.10,
1
147 Bl < A 1B < |47 =y = (13.8)

Then from the triangle inequality,

[+ A7 B)al| > il - A"

| = |A7 B |zl = (1 — [|A'B]) ll=|

AVAAY,

It follows that I + A~'B is one to one because from 13.8, 1 — HA_lBH > 0. Thus if
(I + A‘lB) x =0, then x = 0. Thus I + A~!B is also onto, taking a basis to a basis. Then
a generic y € X is of the form y = (I + A‘lB) x and the above shows that

|(r+a7B) "y < (= |laBI) T Iyl

which verifies 13.6. Thus (A+ B) = A (I + A™'B) is one to one and this with Lemma
13.0.10 implies 13.7.

Proposition 13.2.3 Suppose A is invertible, b # 0, Az = b, and (A+ B)x; = by where
IBl| < 1/||A||. Then

s — 2l _ [JATIAL (e =0l 1B
< = +
[l L—[lA=1B[ ol A

Proof: This follows from the above lemma.

-1

21— 2] |(r+a71B) " 416 - a1
Izl A= 10]
_ 1 A=ty — (I+A7'B) A~10||
— 1-[|A7IB| A= 10]|
- 1 |A=E (by — b)|| + ||A~BA= ||
o 1-]ATB| [A=10]

JA~] (||b1 — b )
< +||B
T a B \aTe) T2l

because A~'b/||A71b|| is a unit vector. Now multiply and divide by [|A||. Then

A 1Al <| o — bl BII)

L—[[A=1B]| \[lA[ [[A=tol — [lA]

[ESIEY (Hbl—bll lB”). n

< +
L—[[A=1B] \ (] 1Al

This shows that the number, ||A~!||[|A]|, controls how sensitive the relative change in
the solution of Ax = b is to small changes in A and b. This number is called the condition
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number. It is bad when this number is large because a small relative change in b, for example
could yield a large relative change in x.

Recall that for A an n x n matrix, ||A||, = o1 where o1 is the largest singular value. The
largest singular value of A~! is therefore, 1/0,, where o,, is the smallest singular value of A.
Therefore, the condition number reduces to o1 /0y, the ratio of the largest to the smallest
singular value of A provided the norm is the usual Euclidean norm.

13.3 The Spectral Radius

Even though it is in general impractical to compute the Jordan form, its existence is all that
is needed in order to prove an important theorem about something which is relatively easy
to compute. This is the spectral radius of a matrix.

Definition 13.3.1 Define o (A) to be the eigenvalues of A. Also,
p(A) = max(]\| : A € 7 (4))
The number, p (A) is known as the spectral radius of A.
Recall the following symbols and their meaning.

lim sup a,, lim inf a,
n—00 n—0o0

They are respectively the largest and smallest limit points of the sequence {a,,} where +00
is allowed in the case where the sequence is unbounded. They are also defined as

lim sup a, = lim (sup{ax:k >n}),
n—o00 n—00
lim nlggo a, = nhﬂngo (inf {ag : k > n}).

Thus, the limit of the sequence exists if and only if these are both equal to the same real
number. Also note that the

Lemma 13.3.2 Let J be a p X p Jordan matrixz

Ji

Js
where each Jy, is of the form
Jie = Ml + N,

in which Ny is a nilpotent matrix having zeros down the main diagonal and ones down the
super diagonal. Then

Tim (7 = p

where p = max {|A\g|,k =1,...,n}. Here the norm is the operator norm.

Proof: Consider one of the blocks, |\x| < p. Here Ji is p X p.

1 1 <[ n o
J,g;Z( ) )N,@A;”
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Then

" n V|
< Ny ——
|2 <o (0 ) B

Now there are p numbers HN ,g” so you could pick the largest, C. Also

1
—Ji
p

M e
pnfz — pnfp
so 13.9 is dominated by
B YR
B prr =P pnr

The ratio or root test shows that this converges to 0 as n — oco.
What happens when |[Agx| = p?

1 " [ n |
—J =w"l + E Niwt ' —
pn k gt ( i > k pz

where |w| = 1.

1
— i £ 1+nPC
p’I’L

where C = max {||[N}||,i=1,--- ,pk=1..,s} 3", pi Thus

1, . 1, 1
pn||J||§nkz_l|Jk||§$(1+np0):snp0<npc+l>

and so
1lim sup [|J7Y™ < lim sup s'/" (nPC)" 1 +1 . =1
pP n—00 - n—oo nPC
lim sup HJ”||1/”

n—oo

<p
Next let x be an eigenvector for A, |A| = p and let ||x|| = 1. Then
pt = p" x| = (1] < [T

and so
p <M

Hence
p>lim sup ||J7)|*™ > lim inf |J*Y">p W
n—o00 n—oo

The following theorem is due to Gelfand around 1941.

NORMS

(13.9)

Theorem 13.3.3 (Gelfand) Let A be a complex p X p matriz. Then if p is the absolute

value of its largest eigenvalue,
lim A"V = p.

n—oo

Here ||-|| is any norm on L (C™,C™).
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Proof: First assume ||-|| is the operator norm with respect to the usual Euclidean metric
on C". Then letting J denote the Jordan form of A, S~1AS = J, it follows from Lemma
13.3.2

lim sup ||A"H1/" = lim sup HSJ"S_lHl/n < lim sup (||S|| HS_1H |\J"||)1/n
n—00 n—00 n—oo
< tim sup (|IS]1[]$7|1771) " = o

Letting A be the largest eigenvalue of A, |A| = p, and Ax = Ax where ||x|| =1,
A" = A" = p"

and so
lim inf [|A"|"™ > p > lim sup [|[A"|"/"
n— oo n— oo

If follows that lim inf,_,o ||A™||Y/" = limsup,,_, . [|A"]|*™ = lim,_e ||A™||Y™ = p.
Now by equivalence of norms, if |||-||| is any other norm for the set of complex p X p

matrices, there exist constants d, A such that
S A™M < [IlA™Il < AJlA™]

Then
S/ AR < (AT < AV AT

The limits exist and equal p for the ends of the above inequality. Hence, by the squeezing
_ 1 nl/n
theorem, p = lim,,_, |||A™||]7". W

9 -1 2
Example 13.3.4 Consider —2 8 4 |. Estimate the absolute value of the largest
1 1 8

etgenvalue.

A laborious computation reveals the eigenvalues are 5, and 10. Therefore, the right

answer in this case is 10. Consider ||A7||1/ " where the norm is obtained by taking the
maximum of all the absolute values of the entries. Thus

9 -1 2 ’ 8015625 —1984375 3968750
-2 8 4 = | —=3968750 6031250 7937500
1 1 8 1984 375 1984375 6031 250

and taking the seventh root of the largest entry gives

p(A) = 80156257 =9.68895123671.

Of course the interest lies primarily in matrices for which the exact roots to the characteristic
equation are not known and in the theoretical significance.

13.4 Series and Sequences of Linear Operators

Before beginning this discussion, it is necessary to define what is meant by convergence in
L(X,)Y).
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Definition 13.4.1 Let {Ay},-, be a sequence in L(X,Y) where X,Y are finite dimen-
sional normed linear spaces. Then lim,_,, Ap = A if for every € > 0 there exists N such
that if n > N, then

[|[A— A, <e.

Here the norm refers to any of the norms defined on L(X,Y). By Corollary 15.0.8 and
Theorem 8.2.3 it doesn’t matter which one is used. Define the symbol for an infinite sum in

the usual way. Thus
S = im 3,
k=1 k=1

Lemma 13.4.2 Suppose {A;};—, is a sequence in L (X,Y) where X,Y are finite dimen-
stonal normed linear spaces. Then if

(o)
D 1Ak < oo,
k=1

It follows that

> A (13.10)
k=1

exists (converges). In words, absolute convergence implies convergence. Also,

S A <S4
k=1 k=1

Proof: For p <m <n,

n

> a3 a

k=1 k=1

<> 1A
k=p

and so for p large enough, this term on the right in the above inequality is less than . Since
€ is arbitrary, this shows the partial sums of 13.10 are a Cauchy sequence. Therefore by
Corollary 13.0.7 it follows that these partial sums converge. As to the last claim,

<D Al < A
k=1 k=1

n

> 4

k=1

Therefore, passing to the limit,

S A <S4
k=1 k=1

Why is this last step justified? (Recall the triangle inequality |||A| — || B]l| < ||A — B]|. )
Now here is a useful result for differential equations.

Theorem 13.4.3 Let X be a finite dimensional inner product space and let A € L (X, X).
Define
o thAF

(I’(t)zz o

k=0
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Then the series converges for each t € R. Also

P — 1
¢ () = lim I

Also A® (t) = ® (t) A and for all t,® (t) D (—t) =1 so ®(t) " = & (—t), ®(0) = I. (It is
understood that A° = I in the above formula.)

Proof: First consider the claim about convergence.
o0
k=

so it converges by Lemma 13.4.2.

t"fAk

k k
Z w — Al ¢ oo

Dt+h)—D(t) 1S (t+h) —t’“)A’“
h - b k!
100 t+9h) hA o +9hk1Ak
— hkz_:< ) kz_l

this by the mean value theorem. Note that the series converges thanks to Lemma 13.4.2.
Here 6; € (0,1). Thus

oo ((t +0kh) T — t’H) Ak
&k —1)!

(t+h i th= 1Ak
(k —

k:l

o (k= 1) (t 4+ mi0h)" 7 03h) A* o (8 i) T 0, ) AF
=2 (k—1)! = Al kzﬂ (k—2)!

k=1

oo |+ h k—2 A k—2
< oy LD A e = a2

so letting |h| < 1, this is no larger than |h| e(tI+DI41 || A||*. Hence the desired limit is valid.
It is obvious that A® (¢t) = ® (t) A. Also the formula shows that

P (t)=AD(t) =D (t) A, ®(0)=1.

Now consider the claim about ® (—t). The above computation shows that @' (—t) =
A® (—t) and so & (®(—t)) = —®'(—t) = —AP (—t). Now let z,y be two vectors in X.
Consider

(@ (=)@ (t) 2, y) x

Then this equals (z,y) when t = 0. Take its derivative.
(=2 (=)@ () + @ (—1) @' () 2, 9) x
(AP (=1) D (1) + D (—1) AP (1)) 7,y) x
= (Ovy)X =0
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Hence this scalar valued function equals a constant and so the constant must be (z,y) .
Hence for all z,y,(® (—t)®(t)x —x,y)y = 0 for all z,y and this is so in particular for
y=®(—t)®(t) x — x which shows that & (—t)® (¢t) =1. &
As a special case, suppose A € C and consider
o RN
k!
k=0

where ¢t € R. In this case, Ay = tk,j!‘k and you can think of it as being in £ (C,C). Then the
following corollary is of great interest.

Corollary 13.4.4 Let . .
R o R
f@= T)'\ =1+ k‘i)'\

k=0 k=1
Then this function is a well defined complex valued function and furthermore, it satisfies the
initial value problem,

y' =Xy, y(0)=1
Furthermore, if A = a + b,

I (t) = e™.

Proof: The first part is a special case of the above theorem. Note that for f(t) =
w(t) +iv (t), both u,v are differentiable. This is because

f+f =T
u = , U= —.
2 21

Then from the differential equation,
(a +1ib) (u +iv) = u' +iv

and equating real and imaginary parts,
v =au—bv, vV = av + bu.

Then a short computation shows

(u® + vz)/ = 2uu’ + 200" = 2u (au — bv) + 2v (av + bu) = 2a (u® + v?)

(u® +0%) (0) = |fI* (0) =1

Now in general, if

Yy =cy, y(0)=1,

with ¢ real it follows y () = e“’. To see this,

Yy —cy=0
and so, multiplying both sides by e~ you get
d ‘
Z (ye=) =0
and so ye~°* equals a constant which must be 1 because of the initial condition y (0) = 1.
Thus

(uQ 4 1]2) (t) — eQat

and taking square roots yields the desired conclusion. l
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Definition 13.4.5 The function in Corollary 13.4.4 given by that power series is denoted
as
exp (At) or eM.

The next lemma is normally discussed in advanced calculus courses but is proved here
for the convenience of the reader. It is known as the root test.

Definition 13.4.6 For {a,} any sequence of real numbers

lim sup a, = lim (sup{a; : k > n})
n—00 n—00
Similarly
(inf {ay : k > n})

lim inf a, = lim

n—oo n—roo

In case Ayis an increasing (decreasing) sequence which is unbounded above (below) then it

is understood that lim,,_,, A, = co (—00) respectively. Thus either of limsup or liminf can

equal +00 or —oo. Howewver, the important thing about these is that unlike the limit, these
always exist.

It is convenient to think of these as the largest point which is the limit of some sub-
sequence of {a,} and the smallest point which is the limit of some subsequence of {a,}
respectively. Thus lim,,_, a, exists and equals some point of [—o0, c0] if and only if the
two are equal.

Lemma 13.4.7 Let {a,} be a sequence of nonnegative terms and let

r = lim sup a;,/p.
p—o0
Then if r < 1, it follows the series, Y, , ax converges and if r > 1, then a, fails to converge
to 0 so the series diverges. If A is an n X n matriz and

r = lim sup ||A?||*/?, (13.11)
p—r00

then if r > 1, then >~ A fails to converge and if r < 1 then the series converges. Note
that the series converges when the spectral radius is less than one and diverges if the spectral
radius is larger than one. In fact, limsup,_, ., ||Ap||1/p = lim,_, |\Ap||1/p from Theorem
13.3.3.

Proof: Suppose r < 1. Then there exists N such that if p > N,
all/p <R

where r < R < 1. Therefore, for all such p, a, < RP and so by comparison with the
geometric series, > RP, it follows > % | a;, converges.
Next suppose r > 1. Then letting 1 < R < r, it follows there are infinitely many values
of p at which
R < azlj/ P

which implies R? < a,, showing that a, cannot converge to 0 and so the series cannot
converge either.

To see the last claim, if 7 > 1, then ||AP|| fails to converge to 0 and so {3}~ , AF}
k

o0
m=0
is not a Cauchy sequence. Hence Y po ) AF = lim,, o0 > pe ) AF cannot exist. If 7 < 1, then

for all n large enough, ||A"||1/" < r < 1 for some 7 so ||A™]| < r™. Hence ), ||A™| converges
and so by Lemma 13.4.2, it follows that >~ AF also converges. W

Now denote by o (A)” the collection of all numbers of the form AP where A € o (A).
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Lemma 13.4.8 0 (A?) =c (A’ ={\": A€o (4)}.

Proof: In dealing with o (AP), it suffices to deal with o (JP) where J is the Jordan form
of A because JP and AP are similar. Thus if A € o (AP), then A € o (JP) and so A = «
where « is one of the entries on the main diagonal of J?. These entries are of the form A?
where A € 0 (A). Thus A € o (A)” and this shows o (AP) C o (A4)".

Now take o € 0 (A) and consider o”.

oI — AP = (&P T+ + aAP? + AP7Y) (ol — A)

and so oI — AP fails to be one to one which shows that a? € ¢ (AP) which shows that
c(A) Co(AP). 1

13.5 Iterative Methods for Linear Systems

Consider the problem of solving the equation
Ax=Db (13.12)

where A is an n X n matrix. In many applications, the matrix A is huge and composed
mainly of zeros. For such matrices, the method of Gauss elimination (row operations) is
not a good way to solve the system because the row operations can destroy the zeros and
storing all those zeros takes a lot of room in a computer. These systems are called sparse.
To solve them, it is common to use an iterative technique. I am following the treatment
given to this subject by Nobel and Daniel [21].

Definition 13.5.1 The Jacobi iterative technique, also called the method of simultaneous
corrections is defined as follows. Let x' be an initial vector, say the zero vector or some
other vector. The method generates a succession of vectors, x2,x3,x*,--- and hopefully this
sequence of vectors will converge to the solution to 13.12. The vectors in this list are called
iterates and they are obtained according to the following procedure. Letting A = (a;j),

Cl,iﬂiz-i_l = — Z aijx;’ + b;. (1313)
J#i
In terms of matrices, letting
* .. *
A =
* e *
The iterates are defined as
* 0 0 xfrl 0 * at by
r+1 r
0 x 0 x b
. P l=—|" o+ (13.14)
0 *
0O -+ 0 = aptt x .- x 0 @y, by,

The matrix on the left in 13.14 is obtained by retaining the main diagonal of A and
setting every other entry equal to zero. The matrix on the right in 13.14 is obtained from A
by setting every diagonal entry equal to zero and retaining all the other entries unchanged.
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Example 13.5.2 Use the Jacobi method to solve the system

310 0 T 1
1 410 x| | 2
02 5 1 z3 | | 3
00 2 4 T4 4

Of course this is solved most easily using row reductions. The Jacobi method is use-
ful when the matrix is very large. This example is just to illustrate how the method
works. First lets solve it using row operations. The exact solution from row reduction

is ( % é—é % S—g >7 which in terms of decimals is approximately equal to

(0.207 0.379 0.276 0.862 )T.

In terms of the matrices, the Jacobi iteration is of the form

3000 z) 0100 ] 1
0400 aptt | 1010 b 2
0050 7 o201 5 | s
00 0 4 ahtt 0020 A 4

Multiplying by the inverse of the matrix on the left, 'this iteration reduces to

zi 0 35 00 ay 3
r+1 1 1 T 1
Ty 1 0 1 0 Ty 3
=— + 13.15
it 020 || m ; (12.15)
aptt 00 3 0 zh 1
T
Now iterate this starting with x' = ( 0 0 0 0 )
Thus
1 1 1
0 5+ 00 0 3 3
2 |1 03 0[]0 > || 2
X = 0 2 0 1 0 + 3 - 3
5 5 5 5
00 35 0 0 1 1
Then
X2
—_——
1 1 1
0+ 00 3 3 . 166
1 1 1 1
X" = 0 2 0 1 3 + 3 - 2
5 5 5 5 :
00 35 0 1 1 7
Continuing this way one finally gets
x5
—_—~
0 3 00 197 3 .216
6_ | 1 0 1 0 .351 | | -386
X = 2 1 Tl 3 | =
0 2 0 % .256 6 3 .295
00 %+ 0 .822 1 871

1You certainly would not compute the invese in solving a large system. This is just to show you how the
method works for this simple example. You would use the first description in terms of indices.
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You can keep going like this. Recall the solution is approximately equal to

(0.206 0.379 0.275 0.862 )T

so you see that with no care at all and only 6 iterations, an approximate solution has been
obtained which is not too far off from the actual solution.

Definition 13.5.3 The Gauss Seidel method, also called the method of successive correc-
tions is given as follows. For A = (a;;), the iterates for the problem Ax =b are obtained
according to the formula

i n
Z aijx}'H = — Z aijl‘§ + b;. (1316)
J=1 Jj=i+1

In terms of matrices, letting

A=
The iterates are defined as
* 0 0 x71‘+1 0 = * at by
* % zy 0 0 T b

IR 2
= S+l T asan

jen)}
*

In words, you set every entry in the original matrix which is strictly above the main
diagonal equal to zero to obtain the matrix on the left. To get the matrix on the right,
you set every entry of A which is on or below the main diagonal equal to zero. Using the
iteration procedure of 13.16 directly, the Gauss Seidel method makes use of the very latest
information which is available at that stage of the computation.

The following example is the same as the example used to illustrate the Jacobi method.

Example 13.5.4 Use the Gauss Seidel method to solve the system

3100 ) 1
1410 x| | 2
0 2 5 1 s || 3
00 2 4 T4 4
In terms of matrices, this procedure is
300 0 z) 0100 ] 1
1 400 eyl o010 zp | | 2
0250 gt 0001 B 3
00 2 4 it 0000 zh 4
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Multiplying by the inverse of the matrix on the left?

zit 0o £ 0 0
aptto| 0 —% + 0
x5 0 5% ~1 3
7y 0 ~% = 1

As before, I will be totally unoriginal in the choice of x!.

T
Therefore, x? = ( i 2 B4 ) . Now
——
1 1
0 3 0 0 3
1 1 5
S0 1= 1 0 12
o L _1 1 13
30 0 3 30
0 _L 1 _1 47
60 20 10 60
Continuing this way,
o &+ 0 o0 .194
1 1
o 0 —11—2 1 (1) .343
0 355 -1 = . 306
1 1 1
and so
0o &+ 0 0 .219
1 1
< = _ 0 —11—2 11 (3 .36875
0 355 -1 =% .2833
1 1 1
0 - 30 ~—10 . 85835

345

this yields

T 1
Ty 3
T 5
Ty + 12
xh 13
3 30
r 47
Ty 50

Let it equal the zero vector.

3 194

5
wo || o343
13
i .306
& 846

1

3 219
| _ | -36875
13

% .2833
4 .85835
z .21042
5

> | | 37657
13

% 2777
4 .86115

This is fairly close to the answer. You could continue doing these iterates and it appears
they converge to the solution. Now consider the following example.

Example 13.5.5 Use the Gauss Seidel method to solve the system

1 4 00
1 4 10
0 2 51
0 0 2 4

x1
x2
T3

Ty

= W N =

The exact solution is given by doing row operations on the augmented matrix. When this
is done the solution is seen to be < 6.0 —1.25 1.0 0.5 ) .The Gauss Seidel iterations

are of the form

1 000 x)
1400 abtto|
025 0 gttt
0 0 2 4 ahtt

o O O
S O O =~

o

0
1
0

0

0 ] 1
0 T4 n 2
1 x5 3
0 Ty 4

2As in the case of the Jacobi iteration, the computer would not do this. It would use the iteration
procedure in terms of the entries of the matrix directly. Otherwise all benefit to using this method is lost.
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and so, multiplying by the inverse of the matrix on the left, the iteration reduces to the
following in terms of matrix multiplication.

0 4 0 0 1

0o -1 4 0 L

r+1 __ 4 T 4
XT=1y 2 11 | X)L
5 10 5 2

o -1 1 _1 3

5 20 10 4

T
This time, I will pick an initial vector close to the answer. Let x! = ( 6 —1 1

N

This is very close to the answer. Now lets see what the Gauss Seidel iteration does to it.

0 4 0 0 6 1 5.0
0o -1 1 0 -1 1 -1.0
x? =~ 2 ! 1 +] 1| =
1 1 1 1 3
0 =5 3% ~10 3 1 .55

It appears that it moved the initial guess far from the solution even though you started
with one which was initially close to the solution. This is discouraging. However, you can’t
expect the method to work well after only one iteration. Unfortunately, if you do multiple
iterations, the iterates never seem to get close to the actual solution. Why is the process
which worked so well in the other examples not working here? A better question might be:
Why does either process ever work at all?

Both iterative procedures for solving

Ax =b (13.18)

are of the form
Bx""l = —Cx"+b

where A = B 4 C. In the Jacobi procedure, the matrix C' was obtained by setting the
diagonal of A equal to zero and leaving all other entries the same while the matrix B was
obtained by making every entry of A equal to zero other than the diagonal entries which are
left unchanged. In the Gauss Seidel procedure, the matrix B was obtained from A by making
every entry strictly above the main diagonal equal to zero and leaving the others unchanged,
and C was obtained from A by making every entry on or below the main diagonal equal to
zero and leaving the others unchanged. Thus in the Jacobi procedure, B is a diagonal matrix
while in the Gauss Seidel procedure, B is lower triangular. Using matrices to explicitly solve
for the iterates, yields

x"t = -B7'Cx" + B~ 'b. (13.19)

This is what you would never have the computer do but this is what will allow the statement
of a theorem which gives the condition for convergence of these and all other similar methods.
Recall the definition of the spectral radius of M, p (M), in Definition 13.3.1 on Page 335.

Theorem 13.5.6 Suppose p (B_lC) < 1. Then the iterates in 13.19 converge to the unique
solution of 13.18.

I will prove this theorem in the next section. The proof depends on analysis which should
not be surprising because it involves a statement about convergence of sequences.

What is an easy to verify sufficient condition which will imply the above holds? It is easy
to give one in the case of the Jacobi method. Suppose the matrix A is diagonally dominant.
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That is |ai;| > >, ai;| . Then B would be the diagonal matrix consisting of the entries
a;;- You need to find the size of A\ where

B7'0x = \x
Thus you need
(AB-C)x=0

Now if |A| > 1, then the matrix AB — C is diagonally dominant and so this matrix will be
invertible so A is not an eigenvalue. Hence the only eigenvalues have absolute value less
than 1.

You might try a similar argument in the case of the Gauss Seidel method.

13.6 Theory of Convergence

Definition 13.6.1 A normed vector space, E with norm ||| is called a Banach space if it
is also complete. This means that every Cauchy sequence converges. Recall that a sequence
{xn}.2, is a Cauchy sequence if for every e > 0 there exists N such that whenever m,n > N,

||z — zm|| <e.
Thus whenever {x,} is a Cauchy sequence, there exists x such that
lim ||z —z,||=0.
n—oo

Example 13.6.2 Let E be a Banach space and let Q) be a nonempty subset of a normed
linear space F. Let B (Q); E) denote those functions f for which

Lf1] = sup {[|f (@) : # € Q} < o0
Denote by BC (; E) the set of functions in B (Q; E) which are also continuous.

Lemma 13.6.3 The above ||-|| is a norm on B(Q; E). The subspace BC (Q; E) with the
given norm is a Banach space.

Proof: It is obvious ||-|| is a norm. It only remains to verify BC (£2; E)) is complete. Let
{fn} be a Cauchy sequence. Since ||f, — fm| — 0 as m,n — oo, it follows that {f, (x)} is
a Cauchy sequence in E for each z. Let f (z) = lim,— fn (). Then for any z € Q.

o (@) = fm (@)l < |[fn = full <€

whenever m,n are large enough, say as large as N. For n > N, let m — oco. Then passing
to the limit, it follows that for all z,

[fn () = F(2)l|p <€
and so for all z,
If @)lg <e+llfn(@)llp <e+Ifal

It follows that | f|| < [|ful +€ and | f — ful < e.
It remains to verify that f is continuous.

1f @) = fWllg < IIf @)= fa@llg+I1fa@) = fo@lg+1fa@) = F@Wlg
2e

< 2lf = fall+ e (@) = Fu Wl < 5+ lfn (2) = o W)l

for all n large enough. Now pick such an n. By continuity, the last term is less than £ if
|z — y|| is small enough. Hence f is continuous as well. B

The most familiar example of a Banach space is F". The following lemma is of great
importance so it is stated in general.
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Lemma 13.6.4 Suppose T : E — E where E is a Banach space with norm |-|. Also suppose
Tx—Ty|<r|x—y] (13.20)
for some r € (0,1). Then there exists a unique fized point, x € E such that
Tx = x. (13.21)
Letting x' € E, this fized point X, is the limit of the sequence of iterates,
xh Tx T2 - (13.22)

In addition to this, there is a nice estimate which tells how close x' is to x in terms of
things which can be computed.

1
|x! —x| < g x! - Tx'|. (13.23)

Proof: This follows easily when it is shown that the above sequence, {T’“xl}zo=1 is a
Cauchy sequence. Note that

|T2x1 —TX1| <r |Tx1 —x1| .

Suppose
|TFx! — T Ix < rh 1 | Tx =X (13.24)
Then
Thtlyl _ Tkxll < 7 |Tkxl _ Tk71X1|
< bt ‘Tx1 — x1| =rk |Tx1 —x!.

By induction, this shows that for all k > 2, 13.24 is valid. Now let £k > [ > N.

k—1 k—1
Thx! — Tlx1| = Z (Tj+1X1 — jxl) < Z ‘Tj'*lx1 —Tix!
j=l j=l
k=1 N
< J;VN ’Tx1 —X1| < |Tx1 —xl‘ T

which converges to 0 as N — oo. Therefore, this is a Cauchy sequence so it must converge
to x € E. Then

x = lim TFx! = lim T**'x' = T lim T*x! = Tx.
k— oo k— o0 k— o0

This shows the existence of the fixed point. To show it is unique, suppose there were
another one, y. Then
x—y|l=Tx-Ty| <r[x—y|

and so x =y.
It remains to verify the estimate.
|x1 fx| < |x1 fo1| + |Tx1 7x| = {xl fo1| + |Tx1 —Tx
< |x1 fo1| +r|x1 7x|
and solving the inequality for |x1 - x| gives the estimate desired. H

The following corollary is what will be used to prove the convergence condition for the
various iterative procedures.
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Corollary 13.6.5 Suppose T : E — E, for some constant C
Tx - Ty| < Clx—yl,
for allx,y € E, and for some N € N,
|TNX—TNy’ <rlx-yl,

for allx,y € E where r € (0,1). Then there exists a unique fixed point for T and it is still
the limit of the sequence, {T’“xl} for any choice of x*.

Proof: From Lemma 13.6.4 there exists a unique fixed point for 7% denoted here as x.
Therefore, TVx = x. Now doing T to both sides,

TNTx = Tx.

By uniqueness, Tx = x because the above equation shows T'x is a fixed point of TV and
there is only one fixed point of TN. In fact, there is only one fixed point of T because a
fixed point of T' is automatically a fixed point of TV.

It remains to show T%x! — x, the unique fixed point of TV. If this does not happen,
there exists ¢ > 0 and a subsequence, still denoted by T* such that

’Tkx1 — x’ >e

Now k = jixN + rp where rp, € {0,--- ,N —1} and j; is a positive integer such that
limg 00 jk = 00. Then there exists a single » € {0,---, N — 1} such that for infinitely
many k, 7, = r. Taking a further subsequence, still denoted by T* it follows

| TNt %t — x| > e (13.25)

However,
TN+l = TrikNyt & T'x = x

and this contradicts 13.25. W

Theorem 13.6.6 Suppose p (BflC') < 1. Then the iterates in 13.19 converge to the unique
solution of 13.18.

Proof: Consider the iterates in 13.19. Let Tx = B~1Cx + B~ 'b. Then
[Thx ~Thy| = |(B70) ' x — (B7'0)"y| < || (B10)"|| I~ w1

Here ||-|| refers to any of the operator norms. It doesn’t matter which one you pick because
they are all equivalent. I am writing the proof to indicate the operator norm taken with
respect to the usual norm on E. Since p (B_IC) < 1, it follows from Gelfand’s theorem,

Theorem 13.3.3 on Page 336, there exists N such that if & > N, then for some r'/¥ < 1,
1/k
H(B*C)kH <r'/F <1

Consequently,
|TNX—TNy’ <rlx-yl.

Also [Tx — Ty| < ||B7'C|| |x — y| and so Corollary 13.6.5 applies and gives the conclusion
of this theorem. W
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13.7 Exercises

1. Solve the system

4 1 1 x 1
1 5 2 y | =1 2
0 2 6 z 3

using the Gauss Seidel method and the Jacobi method. Check your answer by also
solving it using row operations.

Solve the system

4 1 1 T 1
1 7 2 y | =1 2
0 2 4 z 3

using the Gauss Seidel method and the Jacobi method. Check your answer by also
solving it using row operations.

Solve the system

5 1 1 T 1
1 7 2 y | =1 2
0 2 4 z 3

using the Gauss Seidel method and the Jacobi method. Check your answer by also
solving it using row operations.

. If you are considering a system of the form Ax = b and A~! does not exist, will either

the Gauss Seidel or Jacobi methods work? Explain. What does this indicate about
finding eigenvectors for a given eigenvalue?

For ||x||,, = max{|z;|:j=1,2,---,n}, the parallelogram identity does not hold.
Explain.
A norm ||-|| is said to be strictly convex if whenever ||z|| = ||y||,z # y, it follows
T4y
R

Show the norm |-| which comes from an inner product is strictly convex.

A norm ||-|| is said to be uniformly convex if whenever ||x,||, ||yn|| are equal to 1 for
all n € N and lim, o ||Zn + yn]| = 2, it follows lim, o ||2n — yn|| = 0. Show the
norm |-| coming from an inner product is always uniformly convex. Also show that
uniform convexity implies strict convexity which is defined in Problem 6.

. Suppose A : C" — C™ is a one to one and onto matrix. Define

||x|| = [Ax].
Show this is a norm.

If X is a finite dimensional normed vector space and A,B € L (X, X) such that
|B]| < [|A]|, can it be concluded that ||A™'B|| < 17
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10.

11.

12.

13.

14.

15.

Let X be a vector space with a norm ||-|| and let V' = span (vq,- -+ ,v,,) be a finite
dimensional subspace of X such that {v1,--+ ,v,,} is a basis for V. Show V is a closed
subspace of X. This means that if w,, — w and each w,, € V, then so is w. Next show
that if w ¢V,

dist (w, V) =inf {Jjw —v|| :v €V} >0

is a continuous function of w and
|dist (w, V') — dist (wq, V)| < ||lwr — w]|

Next show that if w ¢ V, there exists z such that ||z|| = 1 and dist (z,V) > 1/2. For
those who know some advanced calculus, show that if X is an infinite dimensional
vector space having norm |||, then the closed unit ball in X cannot be compact.
Thus closed and bounded is never compact in an infinite dimensional normed vector
space.

Suppose p(A) < 1 for A € L(V,V) where V is a p dimensional vector space having
a norm ||-||. You can use R? or CP if you like. Show there exists a new norm |||-||
such that with respect to this new norm, |||A||| < 1 where |||A4]|| denotes the operator
norm of A taken with respect to this new norm on V,

[[|A[|] = sup {[[[Ax]|] : |[|x[|| < 1}
Hint: You know from Gelfand’s theorem that
|A™| M < r < 1

provided n is large enough, this operator norm taken with respect to ||-||. Show there
exists 0 < A < 1 such that A
— | <L
”(A)

You can do this by arguing the eigenvalues of A/ are the scalars u/A where p € o (A).
Now let Z, denote the nonnegative integers.

x|l = sup
neZy

n
A

First show this is actually a norm. Next explain why

n+1

[[Ax[|| = A sup < Al
n€Zy

)\’ﬁr‘rl X
Establish a similar result to Problem 11 without using Gelfand’s theorem. Use an
argument which depends directly on the Jordan form or a modification of it.

Using Problem 11 give an easier proof of Theorem 13.6.6 without having to use Corol-
lary 13.6.5. It would suffice to use a different norm of this problem and the contraction
mapping principle of Lemma 13.6.4.

A matrix A is diagonally dominant if [a;| > >~ ; |ai;| . Show that the Gauss Seidel
method converges if A is diagonally dominant.

Suppose f(A) = > .2 a, A" converges if |A| < R. Show that if p (4) < R where A is
an n X n matrix, then

F(A) =) a,A"
n=0

converges in £ (F",F"). Hint: Use Gelfand’s theorem and the root test.
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16.

17.

18.
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Referring to Corollary 13.4.4, for A = a + ib show
exp (M) = e (cos (bt) + isin (bt)).
Hint: Let y (t) = exp (M) and let z (t) = e~y (¢) . Show
2+ 622 =0, 2(0) = 1,2 (0) = ib.
Now letting z = u + v where u, v are real valued, show

W' +0*u = 0, u(0)=1,4/(0)=0
v +b*n = 0, v(0)=0,v"(0)=b.

'~

Next show u (t) = cos (bt) and v (t) = sin (bt) work in the above and that there is at
most one solution to

w” + b*w = 0w (0) = a,w’ (0) = B.

Thus z (t) = cos (bt) + isin (bt) and so y (t) = e (cos (bt) + isin (bt)). To show there
is at most one solution to the above problem, suppose you have two, wy, ws. Subtract
them. Let f = w; — wsy. Thus

f// + b2f =0

and f is real valued. Multiply both sides by f’ and conclude

d "2 2
a (U7 ),
dt 2 2
Thus the expression in parenthesis is constant. Explain why this constant must equal

0.

Let A € £L(R™,R"™). Show the following power series converges in £ (R™,R™).

X Lk Ak
\I/(t)zzt]:!l

k=0

This was done in the chapter. Go over it and be sure you understand it. This is
how you can define exp (tA). Next show that ¥/ (¢t) = AP (¢), ¥ (0) = I. Next let

D (t)=> 7", tk(;,A)k. Show each ® (), ¥ (t) each commute with A. Next show that

® (t) W (t) = I for all t. Finally, solve the initial value problem

x' =Ax+f, x(0) =xo

in terms of ® and ¥. This yields most of the substance of a typical differential
equations course.

In Problem 17 W (¢) is defined by the given series. Denote by exp (to (A)) the numbers
exp (tA) where A € o (A). Show exp (to (4)) = o (¥ (¢)). This is like Lemma 13.4.8.
Letting J be the Jordan canonical form for A, explain why

> th Ak LY L
U (t) = o :SZTS !
k=0 ’ k=0
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19.

20.

and you note that in J*, the diagonal entries are of the form A\* for A an eigenvalue
of A. Also J = D + N where N is nilpotent and commutes with D. Argue then that

e tkjk

k!
k=0

is an upper triangular matrix which has on the diagonal the expressions e where
A € o (A). Thus conclude

o (¥ (1)) C exp (to (A))
Next take et € exp (to (A)) and argue it must be in o (¥ (¢)). You can do this as
follows:

2Lt AR SN R AP >tk
V() — e = Y=Y (A’“ - )\kl)
k=0 k=0 k=0
o) tk k—1 o
= | g ATV (A=A
k=0 " j=1

Now you need to argue
o0

tk k—1

_ k—j\J
D AT

k=0 """ j=1

converges to something in £ (R™, R™). To do this, use the ratio test and Lemma 13.4.2
after first using the triangle inequality. Since A € o (A), ¥ (t) — eI is not one to one
and so this establishes the other inclusion. You fill in the details. This theorem is a
special case of theorems which go by the name “spectral mapping theorem”.

Suppose ¥ (t) € L (V, W) where V, W are finite dimensional inner product spaces and
t — U (¢) is continuous for ¢ € [a, b]: For every ¢ > 0 there there exists § > 0 such that
if |s —t| < § then || (¢t) — ¥ (s)|| < €. Show t — (¥ (¢) v, w) is continuous. Here it is
the inner product in W. Also define what it means for ¢ — ¥ (t)v to be continuous
and show this is continuous. Do it all for differentiable in place of continuous. Next
show ¢t — || ¥ (¢)|| is continuous.

If z (t) € W, a finite dimensional inner product space, what does it mean for ¢t — z (¢)
to be continuous or differentiable? If z is continuous, define

/abz(t)dteW

(w, /abz(t)dt> —/ab (w, z (1)) dt.

Show that this definition is well defined and furthermore the triangle inequality,

/abz<t>dt s/ab|z<t>|dt,

and fundamental theorem of calculus,

(Z(/:z(s)ds) — ()

hold along with any other interesting properties of integrals which are true.

as follows.
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For V, W two inner product spaces, define

/b\IJ(t)thE(V,W)

b b
(w,/ U (t)dt (v)) E/ (w, ¥ (t)v)dt.

Show this is well defined and does indeed give ff U (t)dt € L(V,W). Also show the

triangle inequality
b
\ [ vwa

where ||-|| is the operator norm and verify the fundamental theorem of calculus holds.

(/:\I!(s)ds):\I!(t).

Also verify the usual properties of integrals continue to hold such as the fact the

integral is linear and
b c c
/\I!(t)dt+/ \I/(t)dt:/ W (t)dt
a b a

and similar things. Hint: On showing the triangle inequality, it will help if you use
the fact that

as follows.

b
< [ 1l o

wly, = sup [(w,v)].
jol<1

You should show this also.

Prove Gronwall’s inequality. Suppose u () > 0 and for all ¢ € [0, 7],

u(t) < uo—l—/o Ku(s)ds.

where K is some nonnegative constant. Then
u(t) < upelt.

Hint: w(t) = fotu(s) ds. Then using the fundamental theorem of calculus, w(t)
satisfies the following.

u(t) — Kw(t) =w' (t) — Kw (t) < ug, w(0) =0.

Now use the usual techniques you saw in an introductory differential equations class.
Multiply both sides of the above inequality by e ** and note the resulting left side is
now a total derivative. Integrate both sides from 0 to ¢ and see what you have got.

With Gronwall’s inequality and the integral defined in Problem 21 with its properties
listed there, prove there is at most one solution to the initial value problem

y' = Ay, y (0) = yo.
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24.

Hint: If there are two solutions, subtract them and call the result z. Then
z' = Az, z(0) = 0.
It follows .
z(t) = O—I—/O Az (s)ds
and so .
|z (8)]] < /0 Al |z (s)[| ds
Now consider Gronwall’s inequality of Problem 22.

Suppose A is a matrix which has the property that whenever p € o (A), Rep < 0.
Consider the initial value problem
y' = Ay,y (0) = yo.

The existence and uniqueness of a solution to this equation has been established above
in preceding problems, Problem 17 to 23. Show that in this case where the real parts
of the eigenvalues are all negative, the solution to the initial value problem satisfies

lim y (¢t) = 0.

t—o0

Hint: A nice way to approach this problem is to show you can reduce it to the
consideration of the initial value problem

z' = J.z, z(0) = 29

where J; is the modified Jordan canonical form where instead of ones down the main
diagonal, there are £ down the main diagonal (Problem 19). Then

z' = Dz + N.z

where D is the diagonal matrix obtained from the eigenvalues of A and N, is a nilpotent
matrix commuting with D which is very small provided ¢ is chosen very small. Now
let W (¢) be the solution of

V' =-DU, V(0)=1

described earlier as
>, (=1)" ¢tk Dk
2w
k=0
Thus ¥ (¢) commutes with D and N.. Tell why. Next argue
(U (t)z) = ¥ (t) Nez (1)

and integrate from 0 to ¢t. Then

U(t)z(t) — 2z = /0 U (s) Nz (s) ds.

It follows .
() z ()] < ||Zo||+/0 [N ]® (s)z (s)|] ds.
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It follows from Gronwall’s inequality
1 () 2 (#)]] < |0 el ™eII
Now look closely at the form of W (¢) to get an estimate which is interesting. Explain
why
ett 0
v(t) =
0 etnt
and now observe that if € is chosen small enough, || N¢|| is so small that each component

of z (t) converges to 0.

Using Problem 24 show that if A is a matrix having the real parts of all eigenvalues
less than 0 then if
V' (t)=A¥(t), V(0)=1
it follows
lim ¥ (¢) = 0.

t—o0

Hint: Consider the columns of ¥ (¢)?
Let ¥ (t) be a fundamental matrix satisfying
U (t) = AV (t), ¥ (0)=1.
Show ¥ (¢)" = U (nt) . Hint: Subtract and show the difference satisfies
3 = AD, ©(0) = 0.
Use uniqueness.

If the real parts of the eigenvalues of A are all negative, show that for every positive
t,
lim ¥ (nt) = 0.

n—oo
Hint: Pick Re (o (A4)) < —A < 0 and use Problem 18 about the spectrum of W (¢)
and Gelfand’s theorem for the spectral radius along with Problem 26 to argue that
|| W (nt) /e=*"|| <1 for all n large enough.
Let H be a Hermitian matrix. (H = H*). Show that ¢! = 3> (“Z!)n is unitary.

n=0

Show the converse of the above exercise. If V is unitary, then V = e for some H
Hermitian.

If U is unitary and does not have —1 as an eigenvalue so that (I + U )_1 exists, show
that
H=i(I-U)I+U)""

is Hermitian. Then, verify that

U=(+iH)(I—iH)".

Suppose that A € L£(V,V) where V is a normed linear space. Also suppose that
lA]| < 1 where this refers to the operator norm on A. Verify that

(I-A4)""= fin
i=0

This is called the Neumann series. Suppose now that you only know the algebraic
condition p (4) < 1.Is it still the case that the Neumann series converges to (I — A)~'?



Chapter 14

Numerical Methods, Eigenvalues

14.1 The Power Method for Eigenvalues

This chapter discusses numerical methods for finding eigenvalues. However, to do this
correctly, you must include numerical analysis considerations which are distinct from linear
algebra. The purpose of this chapter is to give an introduction to some numerical methods
without leaving the context of linear algebra. In addition, some examples are given which
make use of computer algebra systems. For a more thorough discussion, you should see
books on numerical methods in linear algebra like some listed in the references.

I will use = to signify “approximately equal”.

Let A be a complex p X p matrix and suppose that it has distinct eigenvalues

{)\17"' a)‘m}

and that |A1| > |Ag| for all k. Also let the Jordan form of A be

J1

Im

with J; an m; X m; matrix.

Jr = Al + Ny,
where N;* 2 0 but N,:’“H = 0. Also let

P lAP=J, A=PJP L.

Now fix x € FP. Take Ax and let s; be the entry of the vector Ax which has largest
absolute value. Thus Ax/s; is a vector y; which has a component of 1 and every other

entry of this vector has magnitude no larger than 1. If the scalars {s1,---,s,—1} and
vectors {y1,- -+ ,¥n—1} have been obtained, let y,, = Ay,_1/s, where s, is the entry of
Ay.,,—1 which has largest absolute value. Thus
AAy,, _ A"
Vi = Yn 2 _ X (141)
SpnSn—1 SpSpn—1-""S51
JT
1 —1
= ——P P 'x
SpSn—1"""S51
I,
—n
n AL
= 7]'}) '.' P_lx (14.2)
SnSn—1"'"S1
AT

Consider one of the blocks in the Jordan form. First consider the k** of these blocks,
k> 1. It equals

Tk

—n n n —n\n—i nTi
A szz:(i)/\l APTING

=0

357
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which clearly converges to 0 as n — oo since |A1| > |Ax|. An application of the ratio test or
root test for each term in the sum will show this. When k = 1, this block is

1

A=A =Y (?)AI"A?”N% - (“ ) PN+ e

=0

where lim,,_,., e, = 0 because it is a sum of bounded matrices which are multiplied by

(’;)/(Z) This quotient converges to 0 as n — 0o because i < r1. It follows that 14.2 is of

the form

v AT <n>P<)\1hN1T1+en 0 )Plx AT (n)wn
SnSn—1-""51 \"1 0 E, SnSn—1-°°*S1 \I1

where E,, — 0,e,, — 0. Let (P‘lx)m1 denote the first m; entries of the vector P~ 1x.

Unless a very unlucky choice for x was picked, it will follow that (Pilx)ml ¢ ker (N7').
Then for large n, y, is close to the vector

AT <n>P< ATTINTT 0 >P1x= AP <n>w=z;£0
SnSn—1-"51 \T1 0 0 SnSn—1-"°"S1 \"

However, this is an eigenvector because

A—XM T
,—/_ —TlN'rl
(A-=MD)w=P(J—-MNI)P'P ( A 0 ! 8 ) P lx =
N, AN
P I P 'x
Jm — M1 0
-7 T1
_op MATNT 0

0 0

Recall Ny 11— 0. Now you could recover an approximation to the eigenvalue as follows.

(Ayn.yn) ., (Az,2)

Goryn) @z

Here & means “approximately equal”. However, there is a more convenient way to identify
the eigenvalue in terms of the scaling factors sy.

An
S <n>(wn—w)H =0
Sp ot 81 \T'1 oo

Pick the largest nonzero entry of w,w;. Then for large n, it is also likely the case that
the largest entry of w, will be in the [*" position because w,, is close to w. From the

construction,
AT n AT n
— Wnl = 1= — wq
sn...sl 7"1 Sn...sl ""'1

In other words, for large n
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Therefore, for large n,

12

AT (n) At (n + 1)
Sn - S1 \"" Sn+1Sn -+ S1 1

()2
r1 L) Spyl
But lim,,_, o (Z)/("gl) = 1 and so, for large n it must be the case that A\; = s,,41.

This has proved the following theorem which justifies the power method.

and so

Theorem 14.1.1 Let A be a complex p X p matriz such that the eigenvalues are
{)\1) AQ, Ty A'r}
with |A1| > |\j| for all j # 1. Then for x a given vector, let

| Ax

Y1 =
S1

where s1 s an entry of Ax which has the largest absolute value. If the scalars {s1, -+ ,8p_1}
and vectors {y1, -+ ,Yn—1} have been obtained, let

_ Ayn— 1
= 5

Yn

where s, is the entry of Ayn,_1 which has largest absolute value. Then it is probably the
case that {s,} will converge to \y and {y,} will converge to an eigenvector associated with
A1. If it doesn’t, you picked an incredibly inauspicious initial vector x.

In summary, here is the procedure.
Finding the largest eigenvalue with its eigenvector.

1. Start with a vector, u; which you hope is not unlucky.

2. If uy is known,

where sy is the entry of Auy which has largest absolute value.

3. When the scaling factors sy, are not changing much, s;1 will be close to the eigenvalue
and uy41 will be close to an eigenvector.

4. Check your answer to see if it worked well. If things don’t work well, try another u;.
You were miraculously unlucky in your choice.

5 —14 11
Example 14.1.2 Find the largest eigenvalue of A = -4 4 -4
3 6 -3
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You can begin with uy=(1,---, 1)T and apply the above procedure. However, you can
accelerate the process if you begin with A™u; and then divide by the largest entry to get
the first approximate eigenvector. Thus

20

5 —14 11 1 2.5558 x 1021
—4 4 -4 1 | =1 —-1.2779 x 10%*
3 6 -3 1 —3.6562 x 1015

Divide by the largest entry to obtain a good aproximation.

2.5558 x 102! . 1.0
L2779 % 107 | ooy 0.5
~3.6562 x 10' ~1.4306 x 1076

Now begin with this one.

5 —14 11 1.0 12. 000
-4 4 -4 —0.5 = —6.0000
3 6 -3 —1.4306 x 1076 4.2918 x 106

Divide by 12 to get the next iterate.

12.000 ) 1.0
—6.0000 — = —0.5
12
4.2918 x 1076 3.5765 x 1077

Another iteration will reveal that the scaling factor is still 12. Thus this is an approxi-
mate eigenvalue. In fact, it is the largest eigenvalue and the corresponding eigenvector

is( 1.0 -05 0 ) . The process has worked very well.

14.1.1 The Shifted Inverse Power Method

This method can find various eigenvalues and eigenvectors. It is a significant generalization
of the above simple procedure and yields very good results. One can find complex eigenvalues
using this method. The situation is this: You have a number « which is close to A, some
eigenvalue of an n x n matrix A. You don’t know A but you know that « is closer to A
than to any other eigenvalue. Your problem is to find both A and an eigenvector which goes
with A. Another way to look at this is to start with « and seek the eigenvalue A\, which is
closest to « along with an eigenvector associated with A. If « is an eigenvalue of A, then
you have what you want. Therefore, I will always assume « is not an eigenvalue of A and
so (A — al) ! exists. The method is based on the following lemma.

Lemma 14.1.3 Let {\,},_, be the eigenvalues of A. If X, is an eigenvector of A for the

eigenvalue \g, then xi is an eigenvector for (A — oz[)_l corresponding to the eigenvalue

1 .
o Conversely, if

1

—-1_
(A-al) "y =+

y (14.3)

andy # 0, then Ay = \y.
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Proof: Let A\, and x; be as described in the statement of the lemma. Then
(A—al)x, = (A — @) xk

and so
1

py oXk = (A—al) ' xy.

Suppose 14.3. Then y :ﬁ [Ay — ay]. Solving for Ay leads to Ay = \y. B
Now assume « is closer to A than to any other eigenvalue. Then the magnitude of ﬁ

is greater than the magnitude of all the other eigenvalues of (A4 — al )_1. Therefore, the
1

power method applied to (A — OJ)_1 will yield ﬁ You end up with s,,41 & = and
solve for .

14.1.2 The Explicit Description of the Method

Here is how you use this method to find the eigenvalue closest to o and the
corresponding eigenvector.

1. Find (A—al)™".
2. Pick u;. If you are not phenomenally unlucky, the iterations will converge.

3. If ug has been obtained,
(A—al) ' uy

Sk41

Ug+1 =

-1

where sj11 is the entry of (A — o)™ u; which has largest absolute value.

4. When the scaling factors, s are not changing much and the uy, are not changing much,
find the approximation to the eigenvalue by solving

1
S = —
R N,
for A. The eigenvector is approximated by ug1.

5. Check your work by multiplying by the original matrix to see how well what you have
found works.

Thus this amounts to the power method for the matrix (A4 — ol )71 but you are free to
pick a.

5 =14 11
Example 14.1.4 Find the eigenvalue of A = -4 4 -4 which is closest to —7.
3 6 -3

Also find an eigenvector which goes with this eigenvalue.

In this case the eigenvalues are —6,0, and 12 so the correct answer is —6 for the
eigenvalue. Then from the above procedure, I will start with an initial vector, u; =

T
( 1 1 1 ) . Then I must solve the following equation.

5 —14 11 1
-4 4 -4 |+71 0
0

oS = O
= o O
I
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Simplifying the matrix on the left, I must solve

12 —-14 11 x 1
-4 11 -4 y | = 1
3 6 4 z 1

and then divide by the entry which has largest absolute value to obtain

1.0
Up — . 184
—.76
Now solve
12 —-14 11 T 1.0
-4 11 -4 y | = .184
3 6 4 z —.76
and divide by the largest entry, 1.051 5 to get
1.0
uz = .0266
—.97061
Solve
12 —-14 11 x 1.0
-4 11 -4 = .0266
3 6 4 z —.97061
and divide by the largest entry, 1.01 to get
1.0
u, = | 3.8454 x 1073
—.996 04

These scaling factors are pretty close after these few iterations. Therefore, the predicted
eigenvalue is obtained by solving the following for A.

1
—— =1.01
A+7
which gives A = —6.01. You see this is pretty close. In this case the eigenvalue closest to

—7 was —6.
How would you know what to start with for an initial guess? You might apply Ger-
schgorin’s theorem. However, sometimes you can begin with a better estimate.

Example 14.1.5 Consider the symmetric matric A = . Find the middle

W N =
= =N
N o W

eigenvalue and an eigenvector which goes with it.
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Since A is symmetric, it follows it has three real eigenvalues which are solutions to

1
p(N) det | X[ 0
0

o = O
— O O

1
-1 2
3

== N
N s W

= N4\ -2\ —-17=0

If you use your graphing calculator to graph this polynomial, you find there is an eigenvalue
somewhere between —.9 and —.8 and that this is the middle eigenvalue. Of course you could
zoom in and find it very accurately without much trouble but what about the eigenvector
which goes with it? If you try to solve

100 1 2 3 x 0
(-8 o1 o |-|2114 y =10
001 34 2 2 0

there will be only the zero solution because the matrix on the left will be invertible and the
same will be true if you replace —.8 with a better approximation like —.86 or —.855. This is
because all these are only approximations to the eigenvalue and so the matrix in the above
is nonsingular for all of these. Therefore, you will only get the zero solution and

Eigenvectors are never equal to zero!

However, there exists such an eigenvector and you can find it using the shifted inverse power
method. Pick a = —.855. Then you solve

1 2 3 1 00
2 1 4 |+85[0 10 y | =11
3 4 2 0 0 1 z
or in other words,
1.855 2.0 3.0 x 1
2.0 1.855 4.0 Y = 1

3.0 4.0 2.855

N
[t

and after finding the solution, divide by the largest entry —67.944, to obtain

1.0
uz = | —.58921
—.23044
After a couple more iterations, you obtain
1.0
uy = | —.58777 (14.4)
—.22714

Then doing it again, the scaling factor is —513.42 and the next iterate is

1.0
ug = | —.58778
—.22714
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Clearly the uy are not changing much. This suggests an approximate eigenvector for this
eigenvalue which is close to —.855 is the above us and an eigenvalue is obtained by solving

1
———— = —513.42
A+ .855 513.42,
which yields A = —0.856 95 Lets check this.
1 2 3 1.0 —0.856 98
2 1 4 —.58778 | = 0.503 66
3 4 2 —.22714 0.1946
1.0 —0.856 95
—0.85695 | —.58777 | = 0.503 69
—.22714 0.194 65

Thus the vector of 14.4 is very close to the desired eigenvector, just as —. 8569 is very close
to the desired eigenvalue. For practical purposes, I have found both the eigenvector and the
eigenvalue.

Example 14.1.6 Find the eigenvalues and eigenvectors of the matriz A =

W NN

1 3
1 1
2 1

This is only a 3x3 matrix and so it is not hard to estimate the eigenvalues. Just get
the characteristic equation, graph it using a calculator and zoom in to find the eigenvalues.
If you do this, you find there is an eigenvalue near —1.2, one near —.4, and one near 5.5.
(The characteristic equation is 2 + 8\ +4X* — X\* = 0.) Of course I have no idea what the
eigenvectors are.

Lets first try to find the eigenvector and a better approximation for the eigenvalue near
—1.2. In this case, let « = —1.2. Then

—25.357143 —33.928571  50.0
(A—al) ' = 12.5 17.5 —25.0
23.214286  30.357143 —45.0

As before, it helps to get things started if you raise to a power and then go from the
approximate eigenvector obtained.

7
—25.357143 —33.928571  50.0 1 —2.2956 x 10!
12.5 17.5 —25.0 1 | = 1.1291 x 101t
23.214286  30.357143 —45.0 1 2.0865 x 10!

Then the next iterate will be

—2.2956 x 10! 1 1.0
11 _ .
1.1291 x 10 ~5 9956 x 1011 0.491 85
2.0865 x 10! —0.90891
Next iterate:
—25.357143 —33.928571 50.0 1.0 —54.115
12.5 17.5 —25.0 —0.491 85 = 26.615

23.214286  30.357143 —45.0 —0.908 91 49.184
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Divide by largest entry

—54.115 1 1.0
49.184 —0.908 88

You can see the vector didn’t change much and so the next scaling factor will not be much
different than this one. Hence you need to solve for A
1

= —54.115
A+1.2

Then A = —1.2185 is an approximate eigenvalue and

1.0
—0.491 82
—0.908 88

is an approximate eigenvector. How well does it work?

2 1 3 1.0 —1.2185
2 1 1 —0.49182 | = 0.599 3
321 —0.90888 1.1075
1.0 —1.2185

(-1.2185) | —0.49182 | = 0.599 28
—0.908 88 1.1075

You can see that for practical purposes, this has found the eigenvalue closest to —1.2185
and the corresponding eigenvector.

The other eigenvectors and eigenvalues can be found similarly. In the case of —.4, you
could let a = —.4 and then

8.0645161 x 1072 —9.2741935 6.4516129
(A - ozI)_1 = —. 40322581 11.370968  —7.258064 5
.403 22581 3.6290323 —2.7419355

Following the procedure of the power method, you find that after about 5 iterations, the
scaling factor is 9.7573139, they are not changing much, and

—. 7812248
U5 = 1.0
.264936 88

Thus the approximate eigenvalue is

L =9.7573139

A+ 4
which shows A = —.297512 78 is an approximation to the eigenvalue near .4. How well does
it work?
2 1 3 —.7812248 .23236104
2 11 1.0 =| —.29751272
3 21 .264 936 88 —.07873752
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—.7812248 .232424 36
—.29751278 1.0 = —.29751278
.264 936 88 —7.8822108 x 1072

It works pretty well. For practical purposes, the eigenvalue and eigenvector have now been
found. If you want better accuracy, you could just continue iterating. Omne can find the
eigenvector corresponding to the eigenvalue nearest 5.5 the same way.

14.1.3 Complex Eigenvalues

What about complex eigenvalues? If your matrix is real, you won’t see these by graphing
the characteristic equation on your calculator. Will the shifted inverse power method find
these eigenvalues and their associated eigenvectors? The answer is yes. However, for a real
matrix, you must pick o to be complex. This is because the eigenvalues occur in conjugate
pairs so if you don’t pick it complex, it will be the same distance between any conjugate
pair of complex numbers and so nothing in the above argument for convergence implies you
will get convergence to a complex number. Also, the process of iteration will yield only real
vectors and scalars.

Example 14.1.7 Find the complex eigenvalues and corresponding eigenvectors for the ma-

trix
-8 6
1 0 0
1 0

Here the characteristic equation is \*> — 5A2 4+ 8\ — 6 = 0. One solution is A = 3. The
other two are 144 and 1 —i. I will apply the process to a = ¢ to find the eigenvalue closest
to .

—02—.147 1.24+ .68 —.84+.12¢
(A—a])_lz —.144+.02¢ .68 —.241 .12 4. 844
02+.14i —.24—.68; .84+ .88

Then let u; = (1,1, l)T for lack of any insight into anything better.

20
—02—-.147 1.244 .68 —.84+.12¢ 1
—.144.02¢: .68 —.24: A2+ .84 1
02+.140 —.24—-.68 .84+ .88 1

—0.40000 + 0.8¢
= 0.200 00 + 0.62
0.40000 + 0.2¢

Now divide by the largest entry to get the next iterate. This yields for an approximate
eigenvector approximately

—0.40000 + 0.8¢ 1.0

. 1 .
0.40000 + 0.2¢ —0.5%
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Now leaving off extremely small terms,

—.02—.147 1.24+4 .68 —.84+ .12 1.0
—.144.02¢ .68—.24i .12+ .84i 0.5—-0.50 | =
024+ .14i —.24— .68 .84+ .88 —0.5¢
1.0
0.5 —0.5¢
—0.5¢
so it appears that an eigenvector is the above and an eigenvalue can be obtained by solving
b =1,s0A=1+1
A—i ’

The method has successfully found the complex eigenvalue closest to i as well as the eigen-
vector. Note that I used essentially 20 iterations of the method.

This illustrates an interesting topic which leads to many related topics. If you have a
polynomial, z* + ax® + bx? + cx + d, you can consider it as the characteristic polynomial of
a certain matrix, called a companion matrix. In this case,

—a —-b —c —d

The above example was just a companion matrix for A* — 5X% + 8\ — 6. You can see the
pattern which will enable you to obtain a companion matrix for any polynomial of the form
A4+ a A" 4+ -+ an 1\ + a,. This illustrates that one way to find the complex zeros
of a polynomial is to use the shifted inverse power method on a companion matrix for the
polynomial. Doubtless there are better ways but this does illustrate how impressive this
procedure is. Do you have a better way?

Note that the shifted inverse power method is a way you can begin with something close
but not equal to an eigenvalue and end up with something close to an eigenvector.

14.1.4 Rayleigh Quotients and Estimates for Eigenvalues

There are many specialized results concerning the eigenvalues and eigenvectors for Hermitian
matrices. Recall a matrix A is Hermitian if A = A* where A* means to take the transpose
of the conjugate of A. In the case of a real matrix, Hermitian reduces to symmetric. Recall

also that for x € F",
n
2 2
X" =x"x = Jayl*.
=1

Recall the following corollary found on Page 166 which is stated here for convenience.

Corollary 14.1.8 If A is Hermitian, then all the eigenvalues of A are real and there exists
an orthonormal basis of eigenvectors.

Thus for {x;},_, this orthonormal basis,
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For x € F™", x # 0, the Rayleigh quotient is defined by

x* Ax
5
]|
Now let the eigenvalues of A be A\ < Ay < --- < A\, and Ax; = A\ipXp where {xk}Zzl is
the above orthonormal basis of eigenvectors mentioned in the corollary. Then if x is an
arbitrary vector, there exist constants, a; such that

n
X:E a; X;.
i=1
Also,
n n n
— = . — oo s Fa G — 2
= a;X; a;X; = a;a;X;X; = a;a;0;; = |a;]
i=1 j=1 ij ij i=1

Therefore,

x*Ax (21 1 @i X*) (Z?:l aj)‘jxj) _ Zij ;A ;XX

2 = 2 = 2
x| iy lail iy lai
Xy @b 3 ag® A € DA
- 2 2 15 Anj -
> iy lail > lail

In other words, the Rayleigh quotient is always between the largest and the smallest eigenval-
ues of A. When x = x,,, the Rayleigh quotient equals the largest eigenvalue and when x = x;
the Rayleigh quotient equals the smallest eigenvalue. Suppose you calculate a Rayleigh quo-
tient. How close is it to some eigenvalue?

Theorem 14.1.9 Let x # 0 and form the Rayleigh quotient,
x*Ax

x|

Il
Q

Then there exists an eigenvalue of A, denoted here by Ay such that
|Ax — gx|

Ag —q| <
7 x|

(14.5)

Proof: Let x =) ,_, apx; where {x;},_, is the orthonormal basis of eigenvectors.

[Ax — gx|* = (Ax — g%)" (Ax — qx)

= (Z AR ARX) — qaka> <Z aRARXE — qakxk>

k=1
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Now pick the eigenvalue A; which is closest to ¢. Then

2 2 2 2 2 2112
[Ax —aqx” =) larl* =) = g =) Y lawl” = (g —0)° x|
k=1 k=1

which implies 14.5. B
1 2 3

Example 14.1.10 Consider the symmetric matric A= 2 2 1 |. Letx=(1,1, 1)T .
3 1 4

How close is the Rayleigh quotient to some eigenvalue of A? Find the eigenvector and eigen-

value to several decimal places.

Everything is real and so there is no need to worry about taking conjugates. Therefore,
the Rayleigh quotient is

12 3 1
(111)221 1
3 1 4 1 19
3 ~ 3

According to the above theorem, there is some eigenvalue of this matrix A, such that

1 2 1 1
19
2 2 1 1 . N
3 1 4 1 1 3
o) s % 7|
5
3

L4 (424 (2)2
R ARG -
V3

Could you find this eigenvalue and associated eigenvector? Of course you could. This is
what the shifted inverse power method is all about.

Solve
1 2 3 1 0 0 1
19
2 21 — 3 0 1 0 Y = 1
3 1 4 0 0 1 z 1
In other words solve
52 3 x 1
13 _
31 -1 z 1

and divide by the entry which is largest, 3.8707, to get

.69925
u; = | .49389
1.0
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Now solve
% 2 3 x .69925
2 -8 1 y | =1 .49389
3 j — z 1.0

3
and divide by the largest entry, 2.9979 to get

.71473
us = | .52263
1.0
Now solve
—% 2 3 T .71473
2 21 y | =1 52263
7
3 I —3 z 1.0
and divide by the largest entry, 3.0454, to get
.T137
us = | .52056
1.0
Solve
-5 2 3 x L7137
2 201 = .52056
3 1 -1 z 1.0

3
and divide by the largest entry, 3.042 1 to get

.71378
us = | .52073
1.0

You can see these scaling factors are not changing much. The predicted eigenvalue is then
about

1 19
30121 Jr? =6.6621.
How close is this?
1 2 3 .71378 4.7552
2 2 1 .52073 | = 3.469
3 1 4 1.0 6.662 1
while
.71378 4.7553
6.6621 | .52073 | = | 3.4692
1.0 6.6621

You see that for practical purposes, this has found the eigenvalue and an eigenvector.
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14.2 The QR Algorithm
14.2.1 Basic Properties and Definition

Recall the theorem about the QR factorization in Theorem 5.7.5. It says that given an n xn
real matrix A, there exists a real orthogonal matrix ¢ and an upper triangular matrix R such
that A = QR and that this factorization can be accomplished by a systematic procedure.
One such procedure was given in proving this theorem.

Theorem 14.2.1 Let A be an m X n complex matriz. Then there exists a unitary QQ and
R, where R is all zero below the main diagonal (R;j = 0if i > j) such that A = QR.

Proof: This is obvious if m = 1.

(a1 an>:(1)<a1 an)

Suppose true for m — 1 and let
Az(al ceeay ), A ismxn

There exists ()1 a unitary matrix such that Qi (a;/|a;|]) = e; in case a; # 0. Thus
Q131 = |a1|e1. If a; = ()7 let Ql = 1. Thus

a b
QlA:(o A1>

where A; is (m — 1) x (n —1). If n = 1, this obtains

Q1A<g), AQ’{<8>, let Q = Q.

That which is desired is obtained. So assume n > 1. By induction, there exists Q5 an
(m — 1) x (n — 1) unitary matrix such that QA; = R/, R}; = 0if i > j. Then

1 0 a b
(o a)oa=(in)-"

Since the product of unitary matrices is unitary, there exists ) unitary such that Q*A = R
andso A=QR. B » »
The QR algorithm is described in the following definition.

Definition 14.2.2 The QR algorithm is the following. In the description of this algorithm,
Q is unitary and R is upper triangular having nonnegative entries on the main diagonal.
Starting with A an n X n matriz, form

AO =A= QlRl (146)
Then
A = RiQr. (14.7)
In general given
A = R Qx, (14.8)

obtain Ap+1 by
Ap = Qr+1Ri+1, Apy1 = Ret1Qr+a (14.9)


http://www.math.byu.edu/~klkuttle/precalculus/lz7.mp4
http://www.math.byu.edu/~klkuttle/precalculus/lz8.mp4
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This algorithm was proposed by Francis in 1961. The sequence {Ay} is the desired
sequence of iterates. Now with the above definition of the algorithm, here are its properties.
The next lemma shows each of the Ay is unitarily similar to A and the amazing thing about
this algorithm is that often it becomes increasingly easy to find the eigenvalues of the Ajy.

Lemma 14.2.3 Let A be an n xn matriz and let the Q. and Ry be as described in the algo-
rithm. Then each Ay, is unitarily similar to A and denoting by Q™) the product Q1Qs - - - Qg
and R*) the product RgRy_1 -+ Ry, it follows that

AF = Q) R

(The matriz on the left is A raised to the k" power.)

A= Q(k’)AkQ(k)*7 Ay = Q(k)*AQ(k).

Proof: From the algorithm, Ry41 = Ax41Q),; and so

Ap = Qrr1Rrr1 = Qry1Ak11Q% 41

Now iterating this, it follows
Ap—1 = QrArQy = QrQri1Ar11Q541 Q%
Ap2 = Qr1Ar1Q% 1 = Qr-1Qr Qi1 Ar11Q% 11 Q1Q% 1
etc. Thus, after £k — 2 more iterations,
A= Q(k+1)Ak+1Q(k+1)*

The product of unitary matrices is unitary and so this proves the first claim of the lemma.
Now consider the part about AF. From the algorithm, this is clearly true for k = 1.
(Al = QR) Suppose then that

AP =Q1Qs - QrRyRy—1 - Ry

What was just shown indicated

A=@Q1Q2 - Qr1Ark1Q5 1 Q- Q1

and now from the algorithm, Ax11 = Rp11Qk+1 and so

A=Q1Q2 Qri1 R 1Q1r1Q5 Q- Q1

Then
AL = AAF =
A
Q1Q2 - Qri1Re1Qr1Qp 1 Q) -+ Q1Q1 - QrRr Ry —1--- By
=Q1Q2 Qi1 Res 1 ReRy_1 - Ry = QYR m

Here is another very interesting lemma.

Lemma 14.2.4 Suppose Q%) Q are unitary and Ry, is upper triangular such that the di-
agonal entries on Ry are all positive and

Q = lim QWR,
k— o0
Then
lim Q™) =Q, lim Ry, = I.
k— oo k—oco

Also the QR factorization of A is unique whenever A~ exists.
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Proof: Let
Q: (q17"' 7qn)7 Q(k) = (qlfa 7qfl)

where the q are the columns. Also denote by rfj the 5" entry of Rj. Thus

™ *
Q(k)Rk = <q’1f7... ,qﬁ)
k

O TTLTL

It follows
k Kk
1191 — d1
and so
k k _k
T = |T11Q1’ —1

Therefore,

q’f—>q1.

Next consider the second column.
ridf + r55d5 — s
Taking the inner product of both sides with ¥ it follows
kli_{go T]fQ = klgglo (Q2 qlf) = (a2 -q1) =0.

Therefore,
. k _k
lim ry5q5 = qa
k—o0

and since r5, > 0, it follows as in the first part that r5, — 1. Hence
lim g5 = qq.
k—o0

Continuing this way, it follows
lim rfj =0
k—o0

for all ¢ # j and
k

kh—>nolo = b kli—{go 4 = q-
Thus Ry — I and Q®) — Q. This proves the first part of the lemma.
The second part follows immediately. If QR = Q'R’ = A where A™! exists, then

Q*Q/ — R(R/)_l

and I need to show both sides of the above are equal to I. The left side of the above is
unitary and the right side is upper triangular having positive entries on the diagonal. This
is because the inverse of such an upper triangular matrix having positive entries on the
main diagonal is still upper triangular having positive entries on the main diagonal and
the product of two such upper triangular matrices gives another of the same form having
positive entries on the main diagonal. Suppose then that Q = R where @ is unitary and R
is upper triangular having positive entries on the main diagonal. Let Q, = @ and Ry = R.
It follows
IR, — R = Q



374 CHAPTER 14. NUMERICAL METHODS, EIGENVALUES

and so from the first part, Ry — I but Ry = R and so R = I. Thus applying this to
QR*Q'=R (R’)_1 yields both sides equal 7. B

A case of all this is of great interest. Suppose A has a largest eigenvalue A which is
real. Then A" is of the form (A”flal, e ,A”flan) and so likely each of these columns
will be pointing roughly in the direction of an eigenvector of A which corresponds to this
eigenvalue. Then when you do the QR factorization of this, it follows from the fact that R
is upper triangular, that the first column of @ will be a multiple of A" 'a; and so will end
up being roughly parallel to the eigenvector desired. Also this will require the entries below
the top in the first column of 4,, = QT AQ will all be small because they will be of the form
qal Aq; = A\q!'q1 = 0. Therefore, A,, will be of the form

N a

e B
where e is small. It follows that A\’ will be close to A and q; will be close to an eigenvector for
A. Then if you like, you could do the same thing with the matrix B to obtain approximations

for the other eigenvalues. Finally, you could use the shifted inverse power method to get
more exact solutions.

14.2.2 The Case of Real Eigenvalues

With these lemmas, it is possible to prove that for the QR algorithm and certain conditions,
the sequence Ay converges pointwise to an upper triangular matrix having the eigenvalues
of A down the diagonal. I will assume all the matrices are real here.

1

0
You can verify quickly that the algorithm will return this matrix for each k. The problem
here is that, although the matrix has the two eigenvalues —1, 1, they have the same absolute
value. The QR algorithm works in somewhat the same way as the power method, exploiting
differences in the size of the eigenvalues.

If A has all real eigenvalues and you are interested in finding these eigenvalues along
with the corresponding eigenvectors, you could always consider A + Al instead where \ is
sufficiently large and positive that A+ AT has all positive eigenvalues. (Recall Gerschgorin’s
theorem.) Then if p is an eigenvalue of A + A\ with

This convergence won’t always happen. Consider for example the matrix

(A4+ M) x = pux

then
Ax=(p—A)x

so to find the eigenvalues of A you just subtract A from the eigenvalues of A + AI. Thus
there is no loss of generality in assuming at the outset that the eigenvalues of A are all
positive. Here is the theorem. It involves a technical condition which will often hold. The
proof presented here follows [27] and is a special case of that presented in this reference.

Before giving the proof, note that the product of upper triangular matrices is upper
triangular. If they both have positive entries on the main diagonal so will the product.
Furthermore, the inverse of an upper triangular matrix is upper triangular. I will use these
simple facts without much comment whenever convenient.

Theorem 14.2.5 Let A be a real matriz having eigenvalues

AM>A > >N, >0
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and let
A=S8DS™! (14.10)

where
A 0

0 An
and suppose S™' has an LU factorization. Then the matrices Ay in the QR algorithm
described above converge to an upper triangular matriz T’ having the eigenvalues of A,
A, -+, \n descending on the main diagonal. The matrices Q%) converge to Q', an orthog-

onal matriz which equals Q except for possibly having some columns multiplied by —1 for Q
the unitary part of the QR factorization of S,

S =QR,

and
lim A, =T = QTAQ’
k— o0

Proof: From Lemma 14.2.3
AF = QW RM = gpkg—1 (14.11)

Let S = QR where this is just a QR factorization which is known to exist and let S~ = LU
which is assumed to exist. Thus

QWR® = QRD*LU (14.12)
and so
QW R® = QRD*LU = QRD*LD*D*U
That matrix in the middle, D* LD~* satisfies

(DFLD™F), = NiLijA; " for j <i, 0if j > i.
Thus for j < 7 the expression converges to 0 because A\; > \; when this happens. When
i = j it reduces to 1. Thus the matrix in the middle is of the form I 4+ Fj where Ej; — O.
Then it follows

AF = QWR® = QR (I + Ey) DU

=Q(I+RE.R ") RD*U =Q (I + F},) RD*U

where Iy, — 0. Then let I + Fj, = @Ry where this is another QR factorization. Then it
reduces to
QWR® = QQxRLRD"U

This looks really interesting because by Lemma 14.2.4 Q) — I and Ry — I because
QxR = (I + Fy) — I. So it follows QQy, is an orthogonal matrix converging to ) while
—1
RyRD*U (R™)

is upper triangular, being the product of upper triangular matrices. Unfortunately, it is not
known that the diagonal entries of this matrix are nonnegative because of the U. Let A be
just like the identity matrix but having some of the ones replaced with —1 in such a way
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that AU is an upper triangular matrix having positive diagonal entries. Note A2 = I and
also A commutes with a diagonal matrix. Thus

QWR® = QQiRyRD*A’U = QQy R, RAD* (AU)
At this point, one does some inspired massaging to write the above in the form
QQi (AD*) [(AD*) ™" RyRAD"| (AU)

— Q(QuA) D* [(AD’“)_l RkRAD’“} (AU)

EGk

Q (QxA) D" [(ADk)_l RkRADk} (AT)

Now I claim the middle matrix in [] is upper triangular and has all positive entries on the
diagonal. This is because it is an upper triangular matrix which is similar to the upper
triangular matrix RiR and so it has the same eigenvalues (diagonal entries) as Ry R. Thus

the matrix G, = DF {(ADk)_1 RkRADk} (AU) is upper triangular and has all positive
entries on the diagonal. Multiply on the right by G,:l to get
QWRMG = QQiA — Q'

where Q' is essentially equal to @ but might have some of the columns multiplied by —1.
This is because Qr — I and so QrA — A. Now by Lemma 14.2.4, it follows

QW - @, RMG ' — I

It remains to verify Ay converges to an upper triangular matrix. Recall that from 14.11
and the definition below this (S = QR)

A=5DS'=(QR)D(QR)"' = QRDR'Q" = QTQ"

Where T is an upper triangular matrix. This is because it is the product of upper triangular
matrices R, D, R~'. Thus QT AQ = T. If you replace Q with @’ in the above, it still results
in an upper triangular matrix 7” having the same diagonal entries as T. This is because

T=QTAQ = (QN) A(Q'A) = AQTAQA
and considering the ii*" entry yields

QTAQ ZA” 'TAQ p Mk = NigAy (Q/TAQ/)“- = (QITAQ/)u‘

Recall from Lemma 14.2.3, Ay = QWTAQ®). Thus taking a limit and using the first
part,
A =QWTAQW - QTAQ =T". B

An easy case is for A symmetric. Recall Corollary 6.4.13. By this corollary, there exists
an orthogonal (real unitary) matrix @ such that

QTAQ =D

where D is diagonal having the eigenvalues on the main diagonal decreasing in size from the
upper left corner to the lower right.
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Corollary 14.2.6 Let A be a real symmetric n X n matriz having eigenvalues
AM>A> o> A, >0

and let Q) be defined by
QDQT = A, D=QTAQ, (14.13)

where Q is orthogonal and D is a diagonal matriz having the eigenvalues on the main
diagonal decreasing in size from the upper left corner to the lower right. Let QT have an
LU factorization. Then in the QR algorithm, the matrices Q¥ converge to Q' where Q' is
the same as Q except having some columns multiplied by (—1). Thus the columns of Q' are
eigenvectors of A. The matrices Ay converge to D.

Proof: This follows from Theorem 14.2.5. Here S = Q,S~! = Q7. Thus
R=5=QR
and R = I. By Theorem 14.2.5 and Lemma 14.2.3,
A= QUWTAQM — QTAQ = QTAQ = D.

because formula 14.13 is unaffected by replacing Q with Q’. B

When using the QR algorithm, it is not necessary to check technical condition about
S~! having an LU factorization. The algorithm delivers a sequence of matrices which are
similar to the original one. If that sequence converges to an upper triangular matrix, then
the algorithm worked. Furthermore, the technical condition is sufficient but not necessary.
The algorithm will work even without the technical condition.

Example 14.2.7 Find the eigenvalues and eigenvectors of the matrix

)
A=11
1

N W

1
2
1

It is a symmetric matrix but other than that, I just pulled it out of the air. By Lemma
14.2.3 it follows A, = QMTAQ® . And so to get to the answer quickly I could have the
computer raise A to a power and then take the QR factorization of what results to get the
kt" iteration using the above formula. Lets pick k = 10.

10
4.2273 x 107 2.5959 x 107 1.8611 x 107

1
2 = 2.5959 x 107 1.6072 x 107 1.1506 x 107
1

5)
1
1 1.8611 x 107 1.1506 x 107 8.2396 x 10°

N W =

Now take QR factorization of this. The computer will do that also.
This yields

79785 —.59912 —6.6943 x 1072

.48995  .70912 —.50706

.35126 .37176 .85931

5.2983 x 107 3.2627 x 107 2.338 x 107
0 1.2172 x 10° 71946.

0 0 277.03
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Next it follows

79785 —.59912 —6.6943 x 1072

Ay = .48995  .70912 —.50706
.35126 .37176 .85931
5 1 1 .79785 —.59912 —6.6943 x 1072
1 3 2 48995  .70912 —.50706
1 2 1 .35126 .37176 .85931
and this equals
6.0571 3.698 x 1073 3.4346 x 1075
3.698 x 1073 3.2008 —4.0643 x 10~*
3.4346 x 1075 —4.0643 x 104 —.2579

By Gerschgorin’s theorem, the eigenvalues are pretty close to the diagonal entries of the
above matrix. Note I didn’t use the theorem, just Lemma 14.2.3 and Gerschgorin’s theorem
to verify the eigenvalues are close to the above numbers. The eigenvectors are close to

79785 —.59912 —6.6943 x 1072
48995 |, .70912 ; —. 50706
.35126 .37176 .85931

Lets check one of these.

5 1 1 1 0 79785
1 3 2 |-6.05711 0 1 0 . 48995
1 21 0 1 .35126
—2.1972 x 1073 0

= 2.5439 x 1073 ~| 0
1.3931 x 1073 0

Now lets see how well the smallest approximate eigenvalue and eigenvector works.

5 1 1 1 0 0 —6.6943 x 1072
1 3 2 |—(—2579)( 0 1 0 —.50706
1 21 0 0 1 .85931
2.704 x 10~* 0
=| —2.m77x107* |=| 0
—1.3695 x 104 0

For practical purposes, this has found the eigenvalues and eigenvectors.

14.2.3 The QR Algorithm in the General Case

In the case where A has distinct positive eigenvalues it was shown above that under reason-
able conditions related to a certain matrix having an LU factorization the QR algorithm
produces a sequence of matrices { Ay} which converges to an upper triangular matrix. What
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if A is just an n xn matrix having possibly complex eigenvalues but A is nondefective? What
happens with the QR algorithm in this case? The short answer to this question is that the
Ay of the algorithm typically cannot converge. However, this does not mean the algo-
rithm is not useful in finding eigenvalues. It turns out the sequence of matrices { Ay} have
the appearance of a block upper triangular matrix for large k in the sense that the entries
below the blocks on the main diagonal are small. Then looking at these blocks gives a way
to approximate the eigenvalues. An important example of the concept of a block triangular
matrix is the real Schur form for a matrix discussed in Theorem 6.4.7 but the concept as
described here allows for any size block centered on the diagonal.

First it is important to note a simple fact about unitary diagonal matrices. In what
follows A will denote a unitary matrix which is also a diagonal matrix. These matrices
are just the identity matrix with some of the ones replaced with a number of the form e*
for some 6. The important property of multiplication of any matrix by A on either side
is that it leaves all the zero entries the same and also preserves the absolute values of the
other entries. Thus a block triangular matrix multiplied by A on either side is still block
triangular. If the matrix is close to being block triangular this property of being close to a
block triangular matrix is also preserved by multiplying on either side by A. Other patterns
depending only on the size of the absolute value occurring in the matrix are also preserved
by multiplying on either side by A. In other words, in looking for a pattern in a matrix,
multiplication by A is irrelevant.

Now let A be an n X n matrix having real or complex entries. By Lemma 14.2.3 and the
assumption that A is nondefective, there exists an invertible .S,

Ak = QWRM = gpkg—1 (14.14)
where
A 0
_D =
0 An

and by rearranging the columns of S, D can be made such that
Al = [Ag] = - = [An].
Assume S~! has an LU factorization. Then
AF = SD*LU = SD*LD~*D*U.
Consider the matrix in the middle, D*LD~F. The ij*" entry is of the form

A LA * i j <
(DPLD™F) =< 1ifi=j

ij
0if j >
and these all converge to 0 whenever |A;| < |A;|. Thus
DFLD™* = (L, + Ey)

where Lj is a lower triangular matrix which has all ones down the diagonal and some
subdiagonal terms of the form

AFLijA; " (14.15)
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for which |\;| = |\;| while E, — 0. (Note the entries of Lj, are all bounded independent of
k but some may fail to converge.) Then

Q(k)R(k) =S (L + Ep) DFU

Let
SLr = QrRy (14.16)

where this is the QR factorization of SLj. Then
QWR® = (QnRy+ SEy)D*U
= Qr (I +QiSELR; ") R,D*U
Qr (I + Fy) R,.D*U

where Fy, — 0. Let I + Fy, = Q} R}, Then Q) R*) = Q) R, Ry D*U. By Lemma 14.2.4
Q) — I and Rj, — I. (14.17)

Now let Ay be a diagonal unitary matrix which has the property that A,”;DkU is an upper
triangular matrix which has all the diagonal entries positive. Then

QWR® = 0, Ay (ALRLRiAy) ALDFU

That matrix in the middle has all positive diagonal entries because it is itself an upper
triangular matrix, being the product of such, and is similar to the matrix R} Rj which is
upper triangular with positive diagonal entries. By Lemma 14.2.4 again, this time using the
uniqueness assertion,

QW = Q@i Ak, R™ = (AR} RiAy) AL DFU

Note the term Q; QA must be real because the algorithm gives all Q™) as real matrices.
By 14.17 it follows that for k large enough Q) =~ QA where &= means the two matrices
are close. Recall A, = QT AQ™) and so for large F,

A 2 (QrAr)" A (QrAr) = ALQLAQLAL

As noted above, the form of A;Q;AQrAy in terms of which entries are large and small is
not affected by the presence of Ay and Aj. Thus, in considering what form this is in, it
suffices to consider Q; AQy.

This could get pretty complicated but I will consider the case where

if |)\z| = ‘)\i+1|, then |)\,‘+2| < |)\¢+1‘. (1418)

This is typical of the situation where the eigenvalues are all distinct and the matrix A is real
so the eigenvalues occur as conjugate pairs. Then in this case, Ly above is lower triangular
with some nonzero terms on the diagonal right below the main diagonal but zeros everywhere
else. Thus maybe (L), , # 0 Recall 14.16 which implies

Qr = SLpR;! (14.19)

where R,;l is upper triangular. Also recall from the definition of .S in 14.14, it follows that
S~1AS = D. Thus the columns of S are eigenvectors of A, the i** being an eigenvector for
Ai. Now from the form of Ly, it follows Llezl is a block upper triangular matrix denoted
by Tp and so Qr = STg. It follows from the above construction in 14.15 and the given



14.2. THE QR ALGORITHM 381

assumption on the sizes of the eigenvalues, there are finitely many 2 x 2 blocks centered
on the main diagonal along with possibly some diagonal entries. Therefore, for large k the
matrix A, = QWTAQ®) is approximately of the same form as that of

Q1 AQy =Ty ST ASTs = T ' DTy

which is a block upper triangular matrix. As explained above, multiplication by the various
diagonal unitary matrices does not affect this form. Therefore, for large k, Ay is approxi-
mately a block upper triangular matrix.

How would this change if the above assumption on the size of the eigenvalues were relaxed
but the matrix was still nondefective with appropriate matrices having an LU factorization
as above? It would mean the blocks on the diagonal would be larger. This immediately
makes the problem more cumbersome to deal with. However, in the case that the eigenvalues
of A are distinct, the above situation really is typical of what occurs and in any case can be
quickly reduced to this case.

To see this, suppose condition 14.18 is violated and A, - - - , Aj 4, are complex eigenvalues
having nonzero imaginary parts such that each has the same absolute value but they are all
distinct. Then let © > 0 and consider the matrix A+pul. Thus the corresponding eigenvalues
of A4 pul are N\j+p, -+, Ajyp + p. A short computation shows |\; + |, -+, |ANjyp + p| are
all distinct and so the above situation of 14.18 is obtained. Of course, if there are repeated
eigenvalues, it may not be possible to reduce to the case above and you would end up with
large blocks on the main diagonal which could be difficult to deal with.

So how do you identify the eigenvalues? You know Aj and behold that it is close to a
block upper triangular matrix Tp;. You know Ay is also similar to A. Therefore, Tj; has
eigenvalues which are close to the eigenvalues of Ay and hence those of A provided k is
sufficiently large. See Theorem 6.9.2 which depends on complex analysis or the exercise on
Page 184 which gives another way to see this. Thus you find the eigenvalues of this block
triangular matrix T, and assert that these are good approximations of the eigenvalues of
Ay and hence to those of A. How do you find the eigenvalues of a block triangular matrix?
This is easy from Lemma 6.4.6. Say

By - %
0 B,
Then forming AI —Tj; and taking the determinant, it follows from Lemma 6.4.6 this equals
[ det (A\1; — By)
j=1

and so all you have to do is take the union of the eigenvalues for each B;. In the case
emphasized here this is very easy because these blocks are just 2 x 2 matrices.

How do you identify approximate eigenvectors from this? First try to find the approx-
imate eigenvectors for Aj. Pick an approximate eigenvalue X, an exact eigenvalue for T'.
Then find v solving Tpv = Av. It follows since Ty is close to Ay that Apv = Av and so

QWAQWTy = Ayv = \v

Hence
AQWTy = AQW Ty

and so Q®)7Tv is an approximation to the eigenvector which goes with the eigenvalue of A
which is close to .
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Example 14.2.8 Here is a matriz.

3 2 1
-2 0 -1
-2 =2 0

It happens that the eigenvalues of this matrix are 1,1+14,1—1. Lets apply the QR algorithm
as if the eigenvalues were not known.

Applying the QR algorithm to this matrix yields the following sequence of matrices.

1.2353  1.9412 4.3657
A= —.39215 1.5425 5.3886 x 1072
—.16169 —.18864 222922
9.1772 x 1072 .63089 —2.0398
Ajs = —2.8556 1.9082 —3.1043

1.0786 x 1072 3.4614 x 1074 1.0

At this point the bottom two terms on the left part of the bottom row are both very
small so it appears the real eigenvalue is near 1.0. The complex eigenvalues are obtained

from solving
1 1772 %1072 .
det [ 0\ [ 91772x10 63089 _0
0 1 —2.8556 1.9082

A=1.0—-.98828:, 1.0+ .98828:

This yields

Example 14.2.9 The equation z*+ 23 +42%+2—2 = 0 has exactly two real solutions. You
can see this by graphing it. However, the rational root theorem from algebra shows neither
of these solutions are rational. Also, graphing it does not yield any information about the

complex solutions. Lets use the QR algorithm to approzimate all the solutions, real and
complex.

A matrix whose characteristic polynomial is the given polynomial is

-1 -4 -1 2
1 0 0 0
0 1 0 0
0 0 10

Using the QR algorithm yields the following sequence of iterates for Ay

299999 —2.5927 —1.7588 —1.2978
21213 —-1.7778 —1.6042 —.99415
0 .34246 —.32749 —.91799
0 0 —.44659 .10526

A =
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—.83412 —4.1682 —1.939 —.7783

Ay — 1.05 .14514 L2171 2.5474 x 1072
0 4.0264 x 1074 —.85029 —.61608
0 0 —1.8263 x 1072 .53939

Now this is similar to A and the eigenvalues are close to the eigenvalues obtained from
the two blocks on the diagonal,

—.83412 —4.1682 —.85029 —.616 08
1.05 .14514 "\ —1.8263 x 1072 .53939

since 4.0264 x 10™* is small. After routine computations involving the quadratic formula,
these are seen to be

—. 85834, .54744, —.34449 —2.0339¢, —.34449 + 2.033 94

When these are plugged in to the polynomial equation, you see that each is close to being
a solution of the equation.

It seems like most of the attention to the QR algorithm has to do with finding ways
to get it to “converge” faster. Great and marvelous are the clever tricks which have been
proposed to do this but my intent is to present the basic ideas, not to go in to the numerous
refinements of this algorithm. However, there is one thing which is usually done. It involves
reducing to the case of an upper Hessenberg matrix which is one which is zero below the
main sub diagonal. Every matrix is unitarily similar to one of these.

Let A be an invertible n x n matrix. Let @} be a unitary matrix

n 2
> o lajl a
a1
/ 0 0
@ = = .
an1 0 0
The vector Q) is multiplying is just the bottom n — 1 entries of the first column of A. Then
let Q1 be
1 0
0 @
It follows
ail a1z - Qin
1 0 a 1 0
Q1AQ] = AQY = : *
0 @ : Al 0 Qi
0
*x % *
a
= "



384 CHAPTER 14. NUMERICAL METHODS, EIGENVALUES

Now let @) be the n — 2 X n — 2 matrix which does to the first column of A; the same
sort of thing that the n — 1 x n — 1 matrix @} did to the first column of A. Let

(1 o0
Q2:<0 Qé)

where [ is the 2 x 2 identity. Then applying block multiplication,

Q2Q1AQ7Q5 =] 0 =
Do A,

0 0
where As is now an n — 2 x n — 2 matrix. Continuing this way you eventually get a unitary
matrix ) which is a product of those discussed above such that

This matrix equals zero below the subdiagonal. It is called an upper Hessenberg matrix.
It happens that in the QR algorithm, if Ay is upper Hessenberg, so is Ax11. To see this,
note that the matrix is upper Hessenberg means that A;; = 0 whenever ¢ — j > 2.

Apy1 = RieQp
where Ap = Qi Ry. Therefore as shown before,
Aj1 = R AR,
Let the ij*" entry of Ay be aj;. Then if i — j > 2

n

j
k41 _ k-1
ij *E:E:“P%qrqa‘

p=i qg=1
It is given that a’;q = 0 whenever p — g > 2. However, from the above sum,
p—q=i—j=2

and so the sum equals 0.

Since upper Hessenberg matrices stay that way in the algorithm and it is closer to
being upper triangular, it is reasonable to suppose the QR algorithm will yield good results
more quickly for this upper Hessenberg matrix than for the original matrix. This would be
especially true if the matrix is good sized. The other important thing to observe is that,
starting with an upper Hessenberg matrix, the algorithm will restrict the size of the blocks
which occur to being 2 x 2 blocks which are easy to deal with. These blocks allow you to
identify the complex roots.
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14.3 Exercises

In these exercises which call for a computation, don’t waste time on them unless you use a
computer or calculator which can raise matrices to powers and take QR factorizations.

1.

3
. Find the eigenvalues and eigenvectors of the matrix A = 2
1

In Example 14.1.10 an eigenvalue was found correct to several decimal places along
with an eigenvector. Find the other eigenvalues along with their eigenvectors.

1
3 numerically.
2

o W o= N

In this case the exact eigenvalues are /3, 6. Compare with the exact answers.

3 21
2 5 3 | numerically.
1 3 2

The exact eigenvalues are 2,4 + /15,4 — v/15. Compare your numerical results with
the exact values. Is it much fun to compute the exact eigenvectors?

Find the eigenvalues and eigenvectors of the matrix A =

0 2 1

2 5 3 numerically.
1 3 2

I don’t know the exact eigenvalues in this case. Check your answers by multiplying

your numerically computed eigenvectors by the matrix.

Find the eigenvalues and eigenvectors of the matrix A =

0 2 1
2 0 3 | numerically.
1 3 2

I don’t know the exact eigenvalues in this case. Check your answers by multiplying
your numerically computed eigenvectors by the matrix.

Find the eigenvalues and eigenvectors of the matrix A =

3 2 3
Consider the matrix A = | 2 1 4 | and the vector (1,1,1)" . Find the shortest
3 40

distance between the Rayleigh quotient determined by this vector and some eigenvalue
of A.

1
Consider the matrix A = | 2 )T. Find the shortest
1

= = N

1
4 | and the vector (1,1,1
5

distance between the Rayleigh quotient determined by this vector and some eigenvalue
of A.

3 2 3
Consider the matrix A=| 2 6 4 and the vector (1,1,1)" . Find the shortest
3 4 -3

distance between the Rayleigh quotient determined by this vector and some eigenvalue
of A.
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10.

11.
12.
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Using Gerschgorin’s theorem, find upper and lower bounds for the eigenvalues of A =
3 2 3
2 6 4
3 4 -3
Tell how to find a matrix whose characteristic polynomial is a given monic polynomial.
This is called a companion matrix. Find the roots of the polynomial 2 + 722 4 3z + 7.

Find the roots to 2* + 323 4 422 + 2 + 1. It has two complex roots.

Suppose A is a real symmetric matrix and the technique of reducing to an upper
Hessenberg matrix is followed. Show the resulting upper Hessenberg matrix is actually
equal to 0 on the top as well as the bottom.



Appendix A
Matrix Calculator on the Web

A.1 Use of Matrix Calculator on Web

There is a really nice service on the web which will do all of these things very easily. It is
www.bluebit.gr/matrix-calculator/ To get to it, you can use the address or google matrix
calculator.

When you go to this site, you enter a matrix row by row, placing a space between each
number. When you come to the end of a row, you press enter on the keyboard to start the
next row. After entering the matrix, you select what you want it to do. You will see that it
also solves systems of equations.
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Appendix B

Positive Matrices

Earlier theorems about Markov matrices were presented. These were matrices in which all
the entries were nonnegative and either the columns or the rows added to 1. It turns out
that many of the theorems presented can be generalized to positive matrices. When this is
done, the resulting theory is mainly due to Perron and Frobenius. I will give an introduction
to this theory here following Karlin and Taylor [19].

Definition B.0.1 For A a matrix or vector, the notation, A >> 0 will mean every entry
of A is positive. By A > 0 is meant that every entry is nonnegative and at least one is
positive. By A > 0 is meant that every entry is nonnegative. Thus the matrix or vector
consisting only of zeros is > 0. An expression like A >> B will mean A — B >> 0 with
similar modifications for > and >.
For the sake of this section only, define the following for x = (xq,- - ,xn)T, a vector.
x| = (Jea], - o))

Thus |x| is the vector which results by replacing each entry of x with its absolute value'.
Also define for x € C™,
11, = D lawl-

k
Lemma B.0.2 Let A >> 0 and let x > 0. Then Ax >> 0.
Proof: (Ax); =3, A;jz; > 0 because all the 4;; > 0 and at least one z; > 0.
Lemma B.0.3 Let A >> 0. Define

S ={X: Ax > Ax for some x >> 0},

and let
K = {x > 0 such that ||x||; =1}.
Now define
S ={)\: Ax > Ix for somex € K}.
Then

sup (S) = sup ().

Proof: Let A € S. Then there exists x >> 0 such that Ax > Ax. Consider y = x/||x]||, .
Then ||y|l; = 1 and Ay > Ay. Therefore, A € S; and so S C S;. Therefore, sup (S) <
sup (S51).

Now let A € S;. Then there exists x > 0 such that |[x||; = 1 so x > 0 and Ax > Ax.
Letting y = Ax, it follows from Lemma B.0.2 that Ay >> Ay and y >> 0. Thus A\ € §
and so S; C S which shows that sup (S1) <sup(S). B

This lemma is significant because the set, {x > 0 such that ||x||; =1} = K is a compact
set in R"™. Define

Ao = sup (S) = sup (S1) - (2.1)

The following theorem is due to Perron.

IThis notation is just about the most abominable thing imaginable because it is the same notation but
entirely different meaning than the norm. However, it saves space in the presentation of this theory of
positive matrices and avoids the use of new symbols. Please forget about it when you leave this section.
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Theorem B.0.4 Let A >> 0 be an n x n matriz and let Aoy be given in 2.1. Then

1. X\g > 0 and there exists xqg>> 0 such that Axqg = AgXg S0 Ao is an eigenvalue for A.
2. If Ax = ux where x # 0, and p # Ao. Then |u| < Xo.

3. The eigenspace for Ao has dimension 1.

Proof: To see \g > 0, consider the vector, e = (1, - - ,1)T. Then

(Ae); = ZAij >0
J

and so \g is at least as large as

min E Aij.
T .
J

Let {\x} be an increasing sequence of numbers from S; converging to A\g. Letting xj be
the vector from K which occurs in the definition of Sp, these vectors are in a compact set.
Therefore, there exists a subsequence, still denoted by xj such that x; — x¢ € K and
A — Ag- Then passing to the limit,

Axqg > AoXp, Xg > 0.

If Axg > AgXo, then letting y = Axg, it follows from Lemma B.0.2 that Ay >> A\gy and
y >> 0. But this contradicts the definition of A¢ as the supremum of the elements of S
because since Ay >> Aoy, it follows Ay >> (Ao +¢)y for € a small positive number.
Therefore, Axg = AgXg. It remains to verify that xq >> 0. But this follows immediately
from

0< ZAiijj = (AXO)z' = )\oin.
J

This proves 1.

Next suppose Ax = ux and x # 0 and p # Ag. Then |Ax| = |u||x|. But this implies
A|x| > |p| |x] . (See the above abominable definition of |x|.)

Case 1: |x| # x and |x| # —x.

In this case, A|x| > |Ax| = |u||x| and letting y = Alx]|, it follows y >> 0 and
Ay >> |p|y which shows Ay >> (|u| +¢)y for sufficiently small positive ¢ and verifies
] < Ao.

Case 2: |[x|=xor |x|] = —x

In this case, the entries of x are all real and have the same sign. Therefore, A |x| =
|Ax| = |p||x|. Now let y =|x|/|[[x||;. Then Ay = |u|y and so |u| € S; showing that
|| < Ao. But also, the fact the entries of x all have the same sign shows p = |u| and so
€ Sy. Since pu # Ag, it must be that p = |p| < Ag. This proves 2.

It remains to verify 3. Suppose then that Ay = A\gy and for all scalars o, axg # y. Then

ARey =M Rey, Almy = AgImy.

If Rey = a1xo and Imy = aox( for real numbers, a;,then y = (a1 +ias)x¢ and it is
assumed this does not happen. Therefore, either

tRey # xg for all t € R

or
tImy # xq for all t € R.
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Assume the first holds. Then varying ¢ € R, there exists a value of ¢ such that xo+tRey > 0
but it is not the case that xg+tRey >> 0. Then A (x¢ + tRey) >> 0 by Lemma B.0.2. But
this implies Ag (x¢ + t Reyy) >> 0 which is a contradiction. Hence there exist real numbers,
a1 and as such that Rey = ai1xp and Imy = asxg showing that y = (a; + ias) xo. This
proves 3.

It is possible to obtain a simple corollary to the above theorem.

Corollary B.0.5 If A > 0 and A™ >> 0 for some m € N, then all the conclusions of the
above theorem hold.

Proof: There exists p, > 0 such that A"y, = pgyo for yo >> 0 by Theorem B.0.4 and
to =sup {p: A™x > ux for some x € K} .
Let A" = po. Then
(A=) (A" L4 M A™ 2 4 4 AT ) yo = (A™ = A\ ) yo = 0

and so letting xo = (A™ 71+ XgA™ 2 4+ + )\6”71[) yo, it follows x¢9 >> 0 and Axg =
)\OXO.

Suppose now that Ax = ux for x # 0 and p # Ag. Suppose |u| > Ag. Multiplying both
sides by A, it follows A™x = p™x and |[u™| = |u|™ > A’ = p and so from Theorem B.0.4,
since |u™| > po, and p™ is an eigenvalue of A™, it follows that u™ = u,. But by Theorem
B.0.4 again, this implies x = cyq for some scalar, ¢ and hence Ayy = uygo. Since yg >> 0,
it follows p > 0 and so u = Ag, a contradiction. Therefore, |u| < Ag.

Finally, if Ax = Aox, then A™x = A{'x and so x = cyq for some scalar, c. Consequently,

(AL XA 2 4 AT ) x = (AT XA R AT ) o
= CXp.
Hence
m)\gl_lx = cXo

which shows the dimension of the eigenspace for Ag is one. B
The following corollary is an extremely interesting convergence result involving the pow-
ers of positive matrices.

Corollary B.0.6 Let A > 0 and A™ >> 0 for some m € N. Then for Ay given in 2.1,

m
there exists a rank one matrixz P such that lim,, . H(;\%) — PH =0.

Proof: Considering A”, and the fact that A and AT have the same eigenvalues, Corollary
B.0.5 implies the existence of a vector, v >> 0 such that

ATv = Aov.
Also let x¢ denote the vector such that Axg = A\gXg with xg >> 0. First note that xgv >0
because both these vectors have all entries positive. Therefore, v may be scaled such that

vixg=xtv=1 (2.2)

Define

P =xqv’.
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Thanks to 2.2,
éP =xovl =P, P <;\4) =xov’ <A> =xov! =P, (2.3)

and
P? = xovTxovT = vTxy = P. (2.4)

Therefore,

Continuing this way, using 2.3 repeatedly, it follows

(@) -(2) e

The eigenvalues of ()‘\io) — P are of interest because it is powers of this matrix which

m
determine the convergence of (%) to P. Therefore, let u be a nonzero eigenvalue of this

(2)- e

for x # 0, and p # 0. Applying P to both sides and using the second formula of 2.3 yields

0:(P—P)x:<P(;\4> —PQ)x:qu.

0

matrix. Thus

But since Px = 0, it follows from 2.6 that
Ax = A\oux

which implies Agu is an eigenvalue of A. Therefore, by Corollary B.0.5 it follows that either
Aot = Ao in which case =1, or Ag |u| < Ao which implies |u| < 1. But if g = 1, then x is
a multiple of x¢ and 2.6 would yield

(2)-)~~

which says xg — Xov’Xo = X and so by 2.2, xg = 0 contrary to the property that xq >> 0.
Therefore, || < 1 and so this has shown that the absolute values of all eigenvalues of

(%) — P are less than 1. By Gelfand’s theorem, Theorem 13.3.3, it follows

(G-

whenever m is large enough. Now by 2.5 this yields

[Go) == () - ) =

1/m
<r<l1
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whenever m is large enough. It follows

A m
li — —P||=0
(%) -7
as claimed.

What about the case when A > 0 but maybe it is not the case that A >> 07 As before,
K = {x > 0 such that ||x||, =1}.
Now define
S1={A: Ax > Ix for some x € K}
and

Ao = sup (S1) (2.7)

Theorem B.0.7 Let A > 0 and let \g be defined in 2.7. Then there exists xg > 0 such
that AXO = )\0X0.

Proof: Let E consist of the matrix which has a one in every entry. Then from Theorem
B.0.4 it follows there exists x5 >> 0 , ||x5]|; = 1, such that (A + dE) x5 = Aosxs where

Xos =sup{X: (A+dF)x > Ix for some x € K}.
Now if a < §
{A:(A+ aE)x > Ax for some x € K} C
{A: (A4 0E)x > Ax for some x € K}

and so \gs > Mg because \gs is the sup of the second set and Ao, is the sup of the first. It
follows the limit, A\; = lims_, o+ Ags exists. Taking a subsequence and using the compactness
of K, there exists a subsequence, still denoted by ¢ such that as § — 0, x5 — x € K.
Therefore,

Ax = \x

and so, in particular, Ax > \1x and so A\; < Ag. But also, if A < Ag,
Ax < Ax < (A+460E)x

showing that Ags > A for all such A. But then A\gs > A\g also. Hence \; > Ao, showing these
two numbers are the same. Hence Ax = \ox. B

If A™ >> 0 for some m and A > 0, it follows that the dimension of the eigenspace for
Ao is one and that the absolute value of every other eigenvalue of A is less than \g. If it is
only assumed that A > 0, not necessarily >> 0, this is no longer true. However, there is
something which is very interesting which can be said. First here is an interesting lemma.

Lemma B.0.8 Let M be a matriz of the form

()
v(1 1)

where A is an v x r matriz and C is an (n—71) x (n—r) matriz. Then det (M) =
det (A) det (B) and o (M) =0 (A)Uo (C).

or
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Proof: To verify the claim about the determinants, note

FRREHIED
(3 8) (3 (h 2)

But it is clear from the method of Laplace expansion that

det(A O)—detA
0 I

and from the multilinear properties of the determinant and row operations that

det I = det ro =detC.
B C 0o C

The case where M is upper block triangular is similar.
This immediately implies 0 (M) = o (A)Uo (C).

Therefore,

Theorem B.0.9 Let A > 0 and let Ay be given in 2.7. If X is an eigenvalue for A such
that |\| = Xo, then \/Xo is a root of unity. Thus (A\/Xo)" =1 for some m € N.

Proof: Applying Theorem B.0.7 to AT, there exists v > 0 such that A”v = \gv. In
the first part of the argument it is assumed v >> 0. Now suppose Ax = Ax,x # 0 and that
[A| = Ao. Then

Alx| = A [x] = Ao x|

and it follows that if A|x| > |A||x|, then since v >> 0,
Xo (v, x]) < (v,Alx]) = (ATv, [x]) = Ao (v, [x]).
a contradiction. Therefore,
Alx| = Xo|x]. (2.8)
It follows that

Y Ayag| = Xolxil =) Ayl
j j

and so the complex numbers,
Ajjxy, Ay

must have the same argument for every k,j because equality holds in the triangle in-
equality. Therefore, there exists a complex number, u; such that

Aijwy = p;Aij | (2.9)
and so, letting r € N,
Aijwjpy = pAig | .

Summing on j yields

> Agmiph =y > A || (2.10)
J J



395

Also, summing 2.9 on j and using that A is an eigenvalue for x, it follows from 2.8 that

J J

From 2.10 and 2.11,

S Agriy =y Al pl
j j
see 2.11
—
=y A gl

Now from 2.10 with r replaced by r — 1, this equals

A . A .
H? ()\O) ZAij |$j\/lj o= H? ()\O> ZAiij |33j|Mj 2
J J
A 2
2 (2 A2
i ()\O> Xj: 3 TjHj

Continuing this way,
A\
E T k 2 : r—k
Aijl'jllvj = H; (/\()) Aijmjﬂj
J J

and eventually, this shows
ka T >\ "
o Agziy = i X > Ay
J J

= () Mo

r4+1
and this says (2 is an eigenvalue for (4 ) with the eigenvector being
S (%, 2o

T
(‘rllﬂlq) T anli:l)

2 3 4
Now recall that r € N was arbitrary and so this has shown that (;—O) , (%0) , (%O) e

are each eigenvalues of (%) which has only finitely many and hence this sequence must

repeat. Therefore, (A) is a root of unity as claimed. This proves the theorem in the case

Ao
that v >> 0.
Now it is necessary to consider the case where v > 0 but it is not the case that v >> 0.
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Then in this case, there exists a permutation matrix P such that

U1
Pv = Ur = < u > =v;
0 0
0
Then
Aov = ATv = AT Pv;.
Therefore,

)\ovl = PATPV1 = GV1

Now P? = I because it is a permutation matrix. Therefore, the matrix G = PATP and A
are similar. Consequently, they have the same eigenvalues and it suffices from now on to
consider the matrix G rather than A. Then

W)= ) ()

where M7 is r x r and My is (n — r) x (n — r) . It follows from block multiplication and the
assumption that A and hence G are > 0 that

/
G:AB.
0 C

Now let A be an eigenvalue of G such that |A| = Ag. Then from Lemma B.0.8; either
A€o (A) or A€ o(C). Suppose without loss of generality that A € o (A"). Since A" > 0
it has a largest positive eigenvalue \; which is obtained from 2.7. Thus Ay < Ag but A
being an eigenvalue of A’ has its absolute value bounded by Ay and so A\g = |A| < A\ < Ao
showing that \g € o (A’). Now if there exists v >> 0 such that A”7v = \gv, then the first
part of this proof applies to the matrix A and so (A/)Ag) is a root of unity. If such a vector,
v does not exist, then let A’ play the role of A in the above argument and reduce to the

consideration of
G/ _ A// B/
0o

where G’ is similar to A’ and \,\g € o (A”). Stop if A”Tv = \gv for some v >> 0.
Otherwise, decompose A” similar to the above and add another prime. Continuing this way
you must eventually obtain the situation where (A" )T v = AoV for some v >> 0. Indeed,
this happens no later than when A"’ is a 1 x 1 matrix. l
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Functions of Matrices

The existence of the Jordan form also makes it possible to define various functions of ma-
trices. Suppose

FO) =D an\" (3.1)
n=0

for all |A\| < R. There is a formula for f(A) = > 7 ,a,A™ which makes sense whenever
p (A) < R. Thus you can speak of sin (A) or e for A an n x n matrix. To begin with, define

P
feN) =D an\"
n=0

so for k< P
P
YN = Y ame(n—k+1)Amh
n=k
L n
= ) an ( )k!)\”‘k. (3.2)
k
n=k
Thus " ,
k
P (A\) _ N\ \n—k
o= > an (k) A (3.3)

n=~k

To begin with consider f (Jp, (X)) where J,, (
D + N where N =0 and N commutes with

P
Z anJm ()"
n=0

A) is an m x m Jordan block. Thus J,, (\) =
D. Therefore, letting P > m

[l
M~
§
NE
7 N
=~ =
N——

S

i

=

n=0 k=0
P P n
= Sy
k=0 n=k
m—1 P n
— Nk Dn—k
> an(}) (3.4)
k=0 n=k
From 3.3 this equals
m—1 (k) A (k) A
ZN’“diag(f” SO ”) (35)
k! k!
k=0
where for £k =0,--- ,m—1, define diag, (a1, , @m—k) the m x m matrix which equals zero
everywhere except on the &k super diagonal where this diagonal is filled with the numbers,
{a1, -+ ,am—g} from the upper left to the lower right. With no subscript, it is just the

diagonal matrices having the indicated entries. Thus in 4 X 4 matrices, diag, (1,2) would
be the matrix

0 010
0 0 0 2
0 0 0O
0 0 0O
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Then from 3.5 and 3.2,

/ @)y (m—1)
fr(X) fpl(l)\) fPQ!( ) f}Em—1§!)
ey LN :
PN 1(’22).(/\) (36)
) fpN)
1!
0 fr(A)

Now let A be an n x n matrix with p(A) < R where R is given above. Then the Jordan

form of A is of the form
Ji 0
Jo
J = . (3.7)

0 JIr

where J, = Jp, (M) is an my x my, Jordan block and A = S~1JS. Then, letting P > my
for all &,
P P
> ap AT =51 "a,J"s,
n=0 n=0
and because of block multiplication of matrices,
S andy 0
P .
> -
n=0 .
0 Yo Gnlf

P .
and from 3.6 ), a,J}' converges as P — oo to the my, x my, matrix

’ (2) (m—1)
£ () f ({}k) f 2(!)\k) f(mkf(f)\!k)
0 f(\w) w :
0 0 ) f(2)2('kk) (3.8)
I'Ow)
: 1!
00 0 0w

There is no convergence problem because |A| < R for all A € o (A). This has proved the

following theorem.
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Theorem C.0.1 Let f be given by 3.1 and suppose p(A) < R where R is the radius of
convergence of the power series in 3.1. Then the series,

i an A" (3.9)
k=0

converges in the space L (F™ F™) with respect to any of the norms on this space and further-
more,

ZZO:O and7 0

3 a4t = 5! S
k=0

0 2z andy’

where ZZOZO anJi is an my, x my matriz of the form given in 3.8 where A = S™1JS and
the Jordan form of A, J is given by 3.7. Therefore, you can define f (A) by the series in
3.9.

Here is a simple example.

4 1 -1 1 2 0 -2 -1
1 0 -1 | [ 1 -4 -2 -1
0o -1 1 -1 | [ o o -2
-1 2 1 4 -1 4 4 2
400 0 5 5 0 3
1 3 1
0210 i -3 0 -i
00 2 1 o ¢+ -1 1
00 0 2 o + 1 1
Then from the above theorem sin (J) is given by
4000 sind 0 0 0
. 0 2 1 0 0 sin2 cos?2 %“‘2
Sin =
00 2 1 0 0 sin2 cos?2
00 0 2 0 0 0  sin2
Therefore, sin (4) =
2 0 -2 -1 sind 0 0 0 5 3 0 3
1 -4 -2 -1 0 sin2 cos2 =3r2 s 75 0 =5 |_y
0 0 -2 1 0 0 sin2 cos2 o + -1 1
-1 4 4 2 0 0 0 sin2 0 & 3 3
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where the columns of M are as follows from left to right,

sin4 sin4 — sin 2 — cos 2 —cos 2
%sin4f%Sin2 %sin4+%sin272c082 sin 2
0 ’ —cos 2 "| sin2 —cos?2
—%sin4+%sin2 —%Sin4—%sin2+3cos2 cos2 —sin2

sin4 —sin2 — cos 2
%sin4+ %sin2—2cos2
—cos 2

—%sin4+ %sin2+30052

Perhaps this isn’t the first thing you would think of. Of course the ability to get this nice
closed form description of sin (A) was dependent on being able to find the Jordan form along
with a similarity transformation which will yield the Jordan form.

The following corollary is known as the spectral mapping theorem.

Corollary C.0.3 Let A be an n X n matriz and let p (A) < R where for |\| < R,
FO) =" ana™
n=0

Then f (A) is also an n x n matriz and furthermore, o (f (A)) = f (0 (A)). Thus the eigen-
values of f(A) are exactly the numbers f(\) where X is an eigenvalue of A. Furthermore,
the algebraic multiplicity of f (X) coincides with the algebraic multiplicity of A.

All of these things can be generalized to linear transformations defined on infinite di-
mensional spaces and when this is done the main tool is the Dunford integral along with
the methods of complex analysis. It is good to see it done for finite dimensional situations
first because it gives an idea of what is possible. Actually, some of the most interesting
functions in applications do not come in the above form as a power series expanded about
0. Omne example of this situation has already been encountered in the proof of the right
polar decomposition with the square root of an Hermitian transformation which had all
nonnegative eigenvalues. Another example is that of taking the positive part of an Hermi-
tian matrix. This is important in some physical models where something may depend on
the positive part of the strain which is a symmetric real matrix. Obviously there is no way
to consider this as a power series expanded about 0 because the function f (r) = r* is not
even differentiable at 0. Therefore, a totally different approach must be considered. First
the notion of a positive part is defined.

Definition C.0.4 Let A be an Hermitian matriz. Thus it suffices to consider A as an
element of L (F™ F"™) according to the usual notion of matriz multiplication. Then there
exists an orthonormal basis of eigenvectors, {uy, - ,u,} such that

A = Z )\jllj ® llj,
j=1
for X\j the eigenvalues of A, all real. Define
AT =D "N ®u,
j=1

where Nt = A
= =5-.
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This gives us a nice definition of what is meant but it turns out to be very important in
the applications to determine how this function depends on the choice of symmetric matrix
A. The following addresses this question.

Theorem C.0.5 If A, B be Hermitian matrices, then for |-| the Frobenius norm,
|A* — BT| < |A-B.

Proof: Let A =}, \;v; ®v; and let B = . u;w; ® w; where {v;} and {w;} are
orthonormal bases of eigenvectors.

|A+—B+|2:trace ZAjvi®Vi—Zu}er®Wj =
i J

trace Z ()\;r)2vi ®v; + Z (u;‘)2 W ® W;

i J
=D N (Wi Vi) vi @ wy = Y Nl (i wy) Wy @ v
i i

Since the trace of v; ® w; is (v;,w;), a fact which follows from (v;, w;) being the only
possibly nonzero eigenvalue,

=2 O+ 3 () 2 A v wy) (3.10)

,J

Since these are orthonormal bases,
2 2
> viowy)P = 1= [(vi,w;)|
i J
and so 3.10 equals

=33 () () — 20t ) (i)

Similarly,

[A=B* =303 (0° + (1) = 2 ) | (vin w)I

Now it is easy to check that (\;)* + (,uj)Q = 2\ip; > ()\;“)2 + (,uj)z — 2/\;ruj'. |
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N, 9
U, 9

A close to B
eigenvalues, 175
A invariant, 237
Abel’s formula, 108, 252
absolute convergence
convergence, 338
adjugate, 85, 98
algebraic number
minimal polynomial, 205
algebraic numbers, 205
field, 206
analytic function of matrix, 399
Archimedean property, 20
augmented matrix, 27

Banach space, 327
basis, 63, 190
Binet Cauchy
volumes, 292
Binet Cauchy formula, 94
block matrix, 104
multiplication, 105
block multiplication, 104
bounded linear transformations, 328

Cauchy interlacing theorem, 185, 187
Cauchy Schwarz inequality, 33, 274, 325
Cauchy sequence, 287, 327
Cayley Hamilton theorem, 102, 251, 262
centrifugal acceleration, 70
centripetal acceleration, 70
characteristic and minimal polynomial, 230
characteristic equation, 143
characteristic polynomial, 102, 228
characteristic value, 143
Cholesky factorization, 324
codomain, 10
cofactor, 83, 96
column rank, 99, 116
companion matrix, 254, 367
complete, 347
completeness axiom, 19
complex conjugate, 14
complex numbers

absolute value, 14

field, 13
complex numbers, 13
complex roots, 15
composition of linear transformations, 224
comutator, 185

condition number, 335
conformable, 42
conjugate linear, 279
convex combination, 232
convex hull, 231
compactness, 232
coordinate axis, 31
coordinates, 31
Coriolis acceleration, 70
Coriolis acceleration
earth, 72
Coriolis force, 70
counting zeros, 174
Courant Fischer theorem, 303
Cramer’s rule, 86, 87, 99
cyclic basis, 242
cyclic set, 239

defective, 148

DeMoivre identity, 14

dense, 21

density of rationals, 21

determinant
block upper triangular matrix, 161
definition, 91
estimate for Hermitian matrix, 272
expansion along a column, 83
expansion along a row, 83
expansion along row, column, 96
Hadamard inequality, 272
inverse of matrix, 85
matrix inverse, 97
partial derivative, cofactor, 109
permutation of rows, 92
product, 94
product of eigenvalues, 168, 178
row, column operations, 85, 93
summary of properties, 101
symmetric definition, 93
transpose, 93

diagonalizable, 222, 295
minimal polynomial condition, 254
basis of eigenvectors, 157

diagonalization, 300

differentiable matrix, 66

differential equations
first order systems, 181

digraph, 44

dimension of vector space, 192

direct sum, 80, 234

directed graph, 44

discrete Fourier transform, 322
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division of real numbers, 21
Dolittle’s method, 130
domain, 10

dot product, 33

dyadics, 216

dynamical system, 158

eigenspace, 145, 237
eigenvalue, 81, 143
eigenvalues, 102, 174, 228
AB and BA, 106
eigenvector, 81, 143
eigenvectors
distinct eigenvalues independence, 149
elementary matrices, 111
empty set, 9
equality of mixed partial derivatives, 170
equivalence class, 199, 220
equivalence of norms, 328
equivalence relation, 199, 219
Euclidean algorithm, 21
exchange theorem, 61
existence of a fixed point, 349

field
ordered, 11
field axioms, 11
field extension, 200
dimension, 202
finite, 202
field extensions, 201
finite dimensional normed linear space
completeness, 327
equivalence of norms, 328
Foucalt pendulum, 72
Fourier series, 286
Fredholm alternative, 123, 284
free variable, 29
Frobenius
inner product, 184
Frobenius norm, 315
singular value decomposition, 315
Frobinius norm, 321
functions, 10
fundamental theorem of algebra
plausibility argument, 16
rigorous proof, 17
fundamental theorem of arithmetic, 24

Gauss Jordan method for inverses, 49
Gauss Seidel method, 344
Gelfand, 336
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generalized eigenspace, 81
generalized eigenspaces, 237, 246
generalized eigenvectors, 247
Gerschgorin’s theorem, 173
Gram Schmidt procedure, 141, 160, 276
Gram Schmidt process, 276
Gramm Schmidt process, 160
Grammian determinant, 293
greatest common divisor, 22, 196
characterization, 22
greatest lower bound, 19
Gronwall’s inequality, 354

Hermitian, 164
orthonormal basis eigenvectors, 301
positive definite, 304
real eigenvalues, 166
Hermitian matrix
factorization, 272
positive part, 400
positive part, Lipschitz continuous, 400
Hermitian operator, 279
largest, smallest, eigenvalues, 302
spectral representation, 300
Hessian matrix, 171
Holder’s inequality, 331
Householder
reflection, 137
Householder matrix, 136

idempotent, 76

inconsistent, 28

initial value problem
uniqueness, 354

injective, 10

inner product, 33, 273

inner product space, 273
adjoint operator, 279
parallelogram identity, 274
triangle inequality, 274

integers mod a prime, 212

integral
operator valued function, 354
vector valued function, 353

intersection, 9

intervals
notation, 9

invariant, 298
subspace, 237

invariant subspaces
direct sum, block diagonal matrix, 238
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inverses and determinants, 97 Markov matrix, 263

invertible, 48 limit, 266

invertible matrix regular, 266
product of elementary matrices, 120 steady state, 263, 266

irreducible, 196 mathematical induction, 20
relatively prime, 197 matrices

iterative methods commuting, 297
alternate proof of convergence, 351 notation, 38
convergence criterion, 346 transpose, 47
diagonally dominant, 351 matrix, 37
proof of convergence, 349 differentiation operator, 218

injective, 65

Jocobi method, 342 inverse, 48

Jordan block, 245, 247 left inverse, 98

Jordan canonical form lower triangular, 84, 99
existence and uniqueness, 247 Markov, 263
powers of a matrix, 249 non defective, 164

normal, 164
ker, 121 polynomial, 110
kernel, 59

rank and existence of solutions, 122
rank and nullity, 121
right and left inverse, 65
right inverse, 98
right, left inverse, 98
row, column, determinant rank, 99
self adjoint, 157
stochastic, 263
surjective, 65
symmetric, 156
unitary, 160
upper triangular, 84, 99
matrix
positive definite, 323
matrix exponential, 352
matrix multiplication
definition, 40
entries of the product, 42
not commutative, 41
properties, 46
vectors, 39
matrix of linear transformation
orthonormal bases, 221
migration matrix, 266
minimal polynomial, 81, 228, 236
eigenvalues, eigenvectors, 229
finding it, 251
generalized eigenspaces, 237
minimal polynomial
algebraic number, 205
minor, 83, 96
mixed partial derivatives, 169

kernel of a product
direct sum decomposition, 235
Krylov sequence, 239

Lagrange form of remainder, 170

Laplace expansion, 96

least squares, 127, 283

least upper bound, 19

linear combination, 39, 60, 94

linear transformation, 54, 215
defined on a basis, 216
dimension of vector space, 216
existence of eigenvector, 229
kernel, 233
matrix, 55
minimal polynomial, 229
rotation, 57

linear transformations
a vector space, 215
commuting, 235
composition, matrices, 224
sum, 215, 281

linearly dependent, 60

linearly independent, 60, 190

linearly independent set
extend to basis, 194

LU factorization
justification for multiplier method, 133
multiplier method, 129
solutions of linear systems, 131

main diagonal, 84
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Moore Penrose inverse, 318
least squares, 318
uniqueness, 323

moving coordinate system, 67
acceleration , 70

negative definite, 304
Neuman
series, 356
nilpotent
block diagonal matrix, 245
Jordan form, uniqueness, 245
Jordan normal form, 245
non defective, 254
nonnegative self adjoint
square root, 306
norm, 273
strictly convex, 350
uniformly convex, 350
normal, 311
diagonalizable, 165
non defective, 164
normed linear space, 273, 325
normed vector space, 273
norms
equivalent, 326
null and rank, 288
null space, 59
nullity, 121

one to one, 10

onto, 10

operator norm, 328

orthogonal matrix, 81, 89, 136, 162
orthonormal basis, 275
orthonormal polynomials, 285

p norms, 331

axioms of a norm, 331
parallelepiped

volume, 288
partitioned matrix, 104
Penrose conditions, 319
permutation, 91

even, 113

odd, 113
permutation matrices, 111
perp, 122
Perron’s theorem, 389
pivot column, 119
PLU factorization, 132

existence, 136

polar decomposition
left, 310
right, 308
polar form complex number, 14
polynomial, 25, 195
addition, 25
degree, 25, 195
divides, 196
division, 25, 195
equal, 195
equality, 25
greatest common divisor, 196
uniqueness, 196
description, 196
irreducible, 196
irreducible factorization, 197
multiplication, 25
relatively prime, 196
root, 195
polynomial
leading coefficient, 195
leading term, 25
matrix coefficients, 110
monic, 25, 195
polynomials
canceling, 197
factorization, 198
positive definite
postitive eigenvalues, 304
principle minors, 305
positive definite matrix, 323
postitive definite, 304
power method, 359
prime number, 22
prime numbers
infinity of primes, 211
principal submatrix, 187
principle directions, 151
principle minors, 305
product rule
matrices, 66
projection map
convex set, 287

QR algorithm, 177, 371
convergence, 374
convergence theorem, 374
non convergence, 178, 379

QR factorization, 137
existence, 139

Gram Schmidt procedure, 141
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quadratic form, 168
quotient space, 212
quotient vector space, 212

range, 10
rank, 117
number of pivot columns, 120
rank of a matrix, 99, 116
rank one transformation, 281
rational canonical form, 255
uniqueness, 258
Rayleigh quotient, 368
how close?, 368
real numbers, 10
real Schur form, 162
regression line, 283
regular Sturm Liouville problem, 286
relatively prime, 22
Riesz representation theorem, 278
right Cauchy Green strain tensor, 308
right polar decomposition, 309
row equivalelance
determination, 120
row equivalent, 119
row operations, 27, 111
inverse, 28
linear relations between columns, 117
row rank, 99, 116
row reduced echelon form
definition, 118
examples, 119
existence, 119
uniqueness, 120

scalar product, 33
scalars, 16, 32, 37
Schur’s theorem, 160, 298
inner product space, 298
second derivative test, 172
self adjoint, 164, 279
self adjoint nonnegative
roots, 307
set notation, 9
sgn, 89
uniqueness, 91
shifted inverse power method, 361
complex eigenvalues, 366
sign of a permutation, 91
similar
matrix and its transpose, 254
similar matrices, 88, 108, 219

INDEX

similarity transformation, 219
simple field extension, 207
simultaneous corrections, 342
simultaneously diagonalizable, 296
commuting family, 298
singular value decomposition, 313
singular values, 313
skew symmetric, 47, 156
space of linear transformations
vector space, 281
span, 60, 94
spanning set
restricting to a basis, 194
spectral mapping theorem, 400
spectral norm, 329
spectral radius, 335, 336
spectrum, 143
splitting field, 203
stochastic matrix, 263
subspace, 60, 190
basis, 64, 195
complementary, 292
dimension, 64
invariant, 237
subspaces
direct sum, 234
direct sum, basis, 235
substituting matrix into polynomial identity,
110
surjective, 10
Sylvester, 80
law of inertia, 183
dimention of kernel of product, 233
Sylvester’s equation, 292
symmetric, 47, 156
system of linear equations, 29

tensor product, 281
the space AU, 292
trace, 167

AB and BA, 167

sum of eigenvalues, 178
transpose, 47

properties, 47
triangle inequality, 34
trivial, 60

union, 9

Unitary matrix
representation, 356

upper Hessenberg matrix, 383
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Vandermonde determinant, 110
variation of constants formula, 182
variational inequality, 287
vector

angular velocity, 68
vector space

axioms, 38, 189

basis, 63

dimension, 64

examples, 189
vector space axioms, 32
vectors, 38
volume

parallelepiped, 288

well ordered, 20
Wronskian, 108, 182, 252
Wronskian alternative, 182
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